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The Elastic Sphere Under Concentrated Loads 


By E. STERNBERG! anp F. ROSENTHAL,? CHICAGO, ILL 


This paper contains an exact solution for the stress dis- 
tribution in an elastic sphere under two equal and opposite 
concentrated loads, applied at the end points of a diameter. 
The solution is based on the Boussinesq stress-function 
approach to axisymmetric problems and is represented as 
a sum of two solutions: A singular solution in closed form, 
and a series solution corresponding to surface tractions 
which are finite and continuous throughout the surface of 
the sphere. It is shown that the singularity at the points 
of application of the loads is not identical with that arising 
at a concentrated load acting normal to a plane boundary. 
The existence of pseudosolutions to the problem under 
consideration, as well as to concentrated-force problems 
in general, is illustrated, and the validity of the present 
solution is confirmed through a limit process applied to 
the case of tractions uniformly distributed over a portion 
of the boundary. The numerical results for the normal 
stress on the plane of symmetry perpendicular to the load 
axis, are compared with the corresponding stress values 
obtained in a recent three-dimensional photoelastic in- 
vestigation of the same problem by Frocht and Guernsey 


(1). 
STATEMENT OF PROBLEM 


HE problem of the sphere in the classical theory of elas- 
ticity an extensive literature.‘ Although there is 
available a variety of general solutions to this problem, in 
series or integra] form, the singularities encountered in the pres- 
ence of concentrated loads require special attention if the solu- 


has 


tions corresponding to such singular loading cases are to be prac- 
tically useful. In the current paper we consider the axisym- 
metric problem of a sphere which is under the action of two equal 
and opposite concentrated loads, applied at the end points of a 
diameter, the body forces being assumed to vanish identically. 
This particular problem is perhaps of interest in connection with 
the stress analysis of ball bearings. Moreover, the treatment 
of the singularities, developed here, remains applicable to any con- 
figuration of radial concentrated loads. Finally, the current 
work is a prerequisite for, and has been applied in obtaining an 
exact solution to, the problem of the spherical shell of arbitrary 
thickness under the same loading conditions; the results of this 
investigation will be communicated in a later publication. 

The solution sought presently must meet the following require- 
(a) It must satisfy the basic field equations of elasticity 
(b) it must conform to surface tractions which vanish 
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throughout the surface of the sphere; (« 
larities at each load point such that the tractions on any surface 


) it must possess singu- 


enclosing the point, and lying wholly in the region occupied by 
the medium, are statically equivalent to the prescribed concen- 
trated These though 
represent an incomplete formulation of the problem, and do not 
uniquely characterize the In a recent paper 
W. Leutert presented a solution in closed form, satisfying the fore- 
going requirements for the problem of an elastic sphere under the 
action of its own weight which is balanced by a single concen- 
trated force applied to the surface of the sphere. It is evident 
that the solution to this problem, by virtue of the principle of 
superposition, is readily extended to the problem considered here. 
The solution so obtained, of course, again meets the foregoing 
however, Leutert’s singularity at the load 


load conditions, however, necessary, 


solution.’ (5), 


three requirements; 
point, as the radius of the sphere approaches infinity, does not 
tend toward the singularity appropriate to a concentrated force 
acting normal to the plane boundary of a semi-infinite medium. 
Moreover, the solution reached on the basis of Leutert’s results, 
is a pseudosolution of the present problem in the sense that it 
does not coincide with the solution corresponding to tractions 
uniformly distributed over regions of the boundary which sur- 
round the points of application of the forces, i» “ise limit as these 
regions are contracted to the load points and the resultants of the 
distributed tractions are made to approach the given concen- 
trated loads. It is such a limit condition which must be added 
to the three conditions already cited, and which provides an ulti- 
mate criterion for the validity of solutions to concentrated-force 
problems. 


Bousstnes@ ApprRoACH TO AXISYMMETRIC PROBLEMS, SPHERICAL 
AND SpHericaL Dipotar Co-OrpinaTEs 


The solution of the problem just stated will be based on the 
stress-function approach originated by Boussinesq (6). Accord- 
ing to Boussinesq (7), the general solution of the displacement 
equations of equilibrium in case of torsion-free rotational sym- 
metry about the z-axis, and in the absence of body forces, is rep- 
resentable as the sum of the following two displacement fields 
which are referred to cylindrical co-ordinates (p, ‘y, z) 


[1] 
[2] 


2G | Up, U 


= grad @ 
{0, 0, 4(1 


yp Mel 


2G [u,, uy, u,] = grad (zp) vy) 
where 
[3] 


V'd(p,z) = 0, V(p,z) = 0 


Here [u,, u,, u,| designate the radial, transverse, and axial com- 
ponents of displacement, G denotes the shear modulus, and p is 
Poisson’s ratio 

The displacement fields Equations [1] and [2], together with 
their associated fields of stress, constitute the first and second 
Boussinesq solutions, whose general axisymmetric curvilinear 
transforms were given in (7) 

In what follows we shall have occasion to refer, in particular, 
to spherical and spherical dipolar co-ordinates. If (z, y, z) denote 
Cartesian co-ordinates, the spherical co-ordinates (r, 6, y) are 
introduced through the transformation 


rsin 6 cos y,y = r sin 0 sin y, z = r cos 6 


O<r< ©,0<0< 4,05 7<2e {4] 


* This fact, in view of the singular loading conditions, is not in 
contradiction with the uniqueness theorems of elasticity theory 


» 


> 














4] 


whereas the spherical dipolar co-ordinates (a, 8, ¥ 


by 


where 7o is a positive constant. The co-ordinate surfaces ol 


di 


tr 


half-plane ¥ const, are reproduced in Fig. 1. This figure also 
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+) are defined which relate the four sets of co-ordinates under consideration 


With the aid of the law of stress transformation we arrive at the 


relations 
ro sin B 


cos ¥ 2 = Pata pqug 
*ug = Pda pqs 
: + p*q?ag + 2ppgi 


cosh a cos 9 


ro sin © rt 
4 17 af 
sin ; : Pl 

osh @ cos B q’ } wt) p*q*o, <PPqq Tap 

PPI" Ca { 4 pg? Pq" )Ta 


’ sinh a 
cosh @ cos 2 i nner the spheric al and dipolar compon¢ nts of disp! we- 
istress. The normal stress 0, is common to both refer- 
7r0OS ¥ 2n ystems whereas the displacement u,, as well as the stresses 
the , | T. a, T>8, Vanish identically in view of the rotational svm 


yolar system were discussed in an earlier paper (8), and the 
pa} ‘ . 
ind second Boussinesq solutions were referred to 


aces of the surfaces a = const, 8 = const upon a meridional 
dinates in (4) and to sphe rical dipolar co-ordinates 
the sake of convenience, we record at this place the 
! + formulas for the displacements and stresses. Ir 


correspo g 


d,, 2Gug 


ano DipoLtar Co-ORDINATE SYSTEMS 


shows the polar co-ordinates (r, 9), as well as the “displaced 


p 
w 


4 


wuxiliary nota 


olar co-ordinates (71, 4) and (r2, 42), the origins of which coincid 
ith th poles of the dipolar system and are located on the z-a 
t 2 ro and z = fo, respectively We now introduce 


tions 


cos 8,, « cos 6, 
sin 4, 8 = sin @ 
cosh @ 


sinh @ 


(1 


* Subscripts attached to functions which originally 


ipt 


. denote partial differentiation with respect to 
ndicated 
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Basic SOLUTIONS IN SpHericaL Co-OrpDINATES 


In this section we compile a catalog of certain basic solutions in 
spherical co-ordinates of the field equations of elasticity theory 
which are needed in the subsequent analysis of the problem under 
consideration. The following are the pertinent Boussinesq stress 
functions, which 


the designations of the solutions so generated’ 


Laplace’s equation, together with 


9 


where P,, is the Legendre polynomial of order n, and 


log 


appropriate to t 


ow from Equations 


The displacements and stresses 
fined by Equations [17 
mponents of strese 


cite here merely th 


Solution [A 


For reasons indicated in (4) it is expec 


linear combination 
B 
We thus reac! 


Solution 


Solution |D 


? Throughout this paper apital letters in brackets denote either 
the displacement vector-field or the stress tensor-field of the corre 
sponding solution, and equality as well as multiplication by 
a scalar, are to be . accordingly 

* The constant » argument 
troduced for later « 


* The argument unless « 


additior 


f the logarithm is in- 


inator in th 


therwise specified, is henceforth as- 


sumed to bec, and P, 


THE ELASTIC 


SPHERE UNDER CONCENTRATED LOADS 


Solution [E, | 


Solution [D.] 


Solution [EF 


were also discussed in (4) where their 


Solutions [A,] and [B, 


physic al significance was examined These solutions are regular 
forn > 0, they 


throughout the finite Cartesian space, for n < 0; 


t stress functio 


z-different 


are generated by the sequence o 


the potential 1/r through successive 


increases possess progressive stronger singulari 
B orrespond, respec 


centrated force 


In particular, [Ao] and 
of dilatation and a cor 
medium 

Solutions [D,}, [D D 


the initial 


1/r througl 


generated by members of t 


tions arising from 


These solutions possess progressively weaker singularities along 


the negative Solution [D,], in particular, represents a 


half-line of dilatation 


Finally, we consider the stress resultants of the tractions acting 


7-4 X15 
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on & hemispherical surface of radius r, centered at the origin and 
> 0, for the basic 
be the resultant force in question 


lying in the half-space z solutions listed in 
Let Z(r 


Furthermore, let the outer normal to the surface be directed 


Equations [17] 


toward the origin and let Z be positive if acting in the positive 


z-direction. A trivial computation yields 


2n(n + 1)r-*-' PO 
im(1 yr P,-(0 

= 297 
47(1 
2rr 

r) = rl 
Z(r) = 2wr? (log r?/4ro? l 


v)r? (log r?/4ro? 


where 
2n 


Pina, (0) = 0, Po, (0) = 1)" [29] 


2((n)2 


DETERMINATION OF SINGULARITIES FOR SPHERE UNpER Con- 


CENTRATED LOADS 


We return here to the particular problem to be considered. 


Let the sphere occupy the region r Z 7, and let the two forces, 
each of magnitude |Q|, be applied at the poles P,, P2, Fig. 1. 
For Q 


center of the sphere 


> 0, both forces are supposed to be directed toward the 
The well-known solution, due to Boussinesq (6), corresponding 
to a concentrated load Q applied at r = 0 perpendicular to the 
plane boundary of a medium occupying the half-space z > 0, in 
our notation appears as'® 

Q 


{([Bo) + (1 2Qv 
2r 


Di) } 


with [Bo], [D,] {20}. The desired 


[|S] to the problem is now assumed as 


defined by Equations [17], 
solution 


S] [Ro] 31] 


where [So] is the “symmetrized” form of [So], that is, the sum of 


the two solutions which represent, respectively, an upward force 
Q acting on the boundary z = —r of the half-space z > —ro and a 
downward force Q acting on the boundary z = ro of the half-space 
z Z m, both forces being applied along the z-axis. On the other 


hand, [R. 
tion of which is implicit in Equation [31 The approach indi- 


is the solution of a “residual problem,” the formula 


cated by Equation [31] is strictly analogous to that commonly) 
employed in developing the solution to the corresponding plane 
problem" of the circular disk under diametrically opposed con- 


centrated loads, where the counterpart of [2] turns out to be 


characterized by a uniform, hydrostatic field of stress 


Solution [.S, 


) } 


by a symmetrization process 
Thus let [7] be 
given by the 


is obtained from [S 
which we define presently in general terms 
any axisymmetric solution of the field equations, 


displacements 
» Oo 


Then the displacement field of the symmetrized form! [7 


7’) is defined as the vector sum of the two displacement fields 


i = H(n, 6 
um = —H(r, 3 


© See also and (9), p. 362 If Q > 0, the force acts 


2), p. 191 


in the positive z-direction. 

1! See, for example (9), p. 107. 

?A bar placed over a letter designating a solution of the fie 
equations will henceforth denote symmetrization 


j 
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where (u,;, Ug,) and (U;2, Ug.) are the components of the displace- 
ment vector with reference to the displaced polar co-ordinate 
According to Equations [33], [9], [11], if [7] is the 


sum of the first and second Boussinesq solutions generated by 


systems, 


@ = Pr, c), PY = Vir,c [34] 
then [7'] is the sum of the two Boussinesq solutions derived from 
Cy re, 


Br. a) 4 


Q = 


Equations [35] permit the determination of [7] 
the stress functions appropriate to [7 Returning to [So], we 
note that according to Equation [30] 


on the basis of 


2v) [Di] } 36 


We next examine the tractions to which [So] gives rise on the 


sphere r = ro, and which are to be removed by superposition of 


[Ro], as indicated by 


whether these tractions, 


Equation [31 In order to ascertain 


and hence the boundary stresses of [Ro], 
are regular, it suffices to examine the local behavior of the normal 
and r(¢ 


and shearing stresses, designated by o , arising from 


So] on the displaced sphere r = 2roc, in the neighborhood of the 


origin, where c = 0. An elementary computation, based on 


Equations [30], [21], [22], and on the law of stress transforma 
1 
tion, yields 


For [S| 


fy 
Rrr,? 


and 0(0 


a finite limit or zero, as c + 0 


where 0(1 , respectively, denote terms which approach 


Equations [37] reveal the important fact that in contrast to 


the situation encountered in the analogous plane proble m of the 


and hence the 


5 onr=r 


circular disk, the shearing stress of 


surface shearing-tractions of [Ro], become infinite at the poles 


P,, P. 


problem of the sphere, the singularity at a point of application of 


This implies, furthermore, that in the three-dimensional 


a radial concentrated force is not identical with that arising in the 
presence of a concentrated force acting normal 1 plane bound 


ary 


In view of these observations, we seek to modify the singular 


solution [So] so as to arrive at a new residual problem, governed 


by boundary stresses which are finite and continuous throughout 


the surface of the sphere In this attempt we are guided by the 
requirement that the modified singularities at the poles must re 
, if the to the prob 


lem is to approach the proper limit as ro — his leads us to 


main dominated by those of [S solution [S 


assume!$ 


with 


Is . Ss) 


where the coefficients e,, do, e:, d; are to be determined so as to 


assure'* o(c) = O(1) and r(c) = O(0) for [S,], the notation being 
regarding relative 


solutions defined by 


43 See discussion, at end of preceding section 


strength of singularities present in aggregate of 
Equations [17] 

‘It should be recalled that r(c) = O(1 
‘ontinuity at the poles in the shearing stress of [Rs 


would correspond to a dis- 
and is therefore 


nadmissible 
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that of Equations [37 With the aid of Equations [23] to [26], 


fe) 
we find that the foregoing two conditions uniquely determine the y 
unknown coefficients of superposition in Equation [39], and thus 

reach fre) 


(1 2v)Q 


2rr 


[Li] 


r rAl 
log “~ w = log 


_ [43] 
The dipolar components of displacement and stress for the com- 


ponent solutions [.S5], [Li], [Le] of [5:] are now established with 


the aid of Equations [36], [40 $2], the co-ordinate Relations 
(5:] give rise 7), and the general dipolar Transforms [14] to [16 We 
to the required stress resultant Q at the poles of the sphere r = here the results of these 
ro. This is confirmed by means of Equations [40] and [28], which stresses are concerned 
imply that the stress resultant Z(r) vanishes identically and indi- Solution [Sy] 
vidually for solutions [Z,] and [Z,]."* 


It remains to be seen whether the singularities of record 
cumbersome computations, so far as 


We observe, parenthetically, that letting 


2v)Q ._, 

2rro Ua] 
leads to a residual proble m, the solution [R,] of which is gov- 
erned by finite and continuous normal tractions at the boundary, 
and by shearing tractions which remain finite but exhibit a dis- 
continuity at the poles of the sphere. 
solutions | S a $1, S thus gives rise to a sequence of solutions 
Ro}, [Ri], [R:] to the associated residual problems, which 


The sequence of singular 


are 
characterized by progressively increasing regularity in the cor- 
responding boundary conditions; this is also reflected by succes- 
sive improvements in the convergence of the series which are 


found to represent this sequence of solutions. It should be em- 


phasized that whereas the boundary stresses of [R,] are finite and 
continuous throughout the surface of the sphere, they are by no 


means analytic For this reason, [.S;] does not contain the 


complete singularity inherent in the problem The process of 
successive “regularization” of the residual problem, which was 


terminated with |/,|, could be continued in an obvious manner 


however, this would seem to serve no particular purpose 


The SIncuLarR So.ution in Dipo_ar Co-OrpINATES 
The singular solution [S,], defined in Equations [40], assumes 


Solution 
simple form when referred to spherical dipolar 


& comparativel) 
co-ordinates To this end we first determine the stress functions 
of the basic component solutions which enter [5,]. By 
Equations [17 


t 


aid of 
ind the symmetrization Equations [35], we ob- 
un 


D 
E ? 
| D2} foi) ), ro{ C2W2 ,v=0 
16 [t is interesting to note that [Z,] and [Ze] are the only linear com- 
binations of solutions [E {Dz} and [Ez], [Ds], which are self-equili- 
brated in this sense 
Note that the coefficient of [Z, 
and [40]. 
1? The derivatives with respect to 6, of these stresses, do not remain 
finite at the poles; see footnote 19 


is the same in Equations [41 
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Solution [Z,] where ¢g, Tag are dipolar components of stress belonging to th 
singular solution [5:]._ By means of Equations [40], [44] to [47 
and observing from Equations [6] and [7] that g = 1/s for 8 = 
a /2, we reach 


v)q*p + p(2qp 


ty q + (3 2p p 


where 


e= (13 


\ 


We now approach the solution of the residual pr 
is subject to the boundary Conditions [49 


eral solution to the 


lem which 
, on the basis of the gen- 
axisymmetric problem of the sphere, pre 
sented in (4 lo this end we expand the bour 

49) as Fourier-Legendre series of 
where 


the form 
, 
w = log 


SoLuTion oF RestpuaLt PROBLEM 


In accordance with Equations [38], 


the solution 
residual proble m obeys the boundary 


onditions 








o3(a, 7/2 
= Taga, 7/2 


nn 


16? )n? 124v? + 80v3 
nin 


. * F< l 5 
'§ See also Fig Equations [49 50 


display the nonanalyti 
vundary stresses of 


Ra} at the poles P:, P: 
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By virtue of Equations [27] and [39] of reference (4), the desired 
solution [R,] is given by 


= > Q-an-1 [A-an-1 


n=l 


5 b-an-2 [| B-an-s] 


where 


(4n? 2n — 2 


+1 
+ 2Qyyn + 1 + vi re? 
27 Non 


2[4n? + 2v)yn + 1 + viro™ 


Equations [52] toe [54], consti- 
The 
are 
The 


2] con- 


together with Equation [17], 
[R.) of the residual problem. 
solutions [A and [B-., 
respectively 


tute the comple te solution 
the 
given explicitly in Equations [19 


stresses ol component 


and [21], 
series lor the components of displ wement and stress of [2 
verge uniformly throughout the r gion 0 Zr Z fo, in luding the 
The convergence ot the stress series remains 
In fact, 


series is at most of the 


boundary’ r =r 


fairly rapid even at r = ro, where it is least favorable 


for r = ro, the nth term in each of these 
order P:,/n?, as compared to the orders P:,/n and Pp, 
found to characterize the behavior of the corresponding series 
and [R This 


demonstrates the acceleration in convergence derived from the 


which are 


representing [R respectively.?! observation 


successive regularization of the residual problem 


Tarovucs a Limit Process, 


DistRIBUTED LOADING 


CONFIRMATION OF SOLUTION THE 


SpHere Unper Partai 


S], the formal determination of which is now com- 
the 
the paper. We proceed to confirm the 


Solution 


plete, clearly satisfies three necessary conditions stated in 
the opening section ol 
validity of [S] through a limit process, by considering the prob- 
lem?? of a sphere which is subjected to a radial pressure of intensity 
w > 0, uniformly distributed over two spherical caps surrounding 


the poles P,, P;. The appropriate boundary conditions appear as 


wior 0 2 


Expanding the tractions given in Equations as Fourier- 


Legendre series of the form [51], and setting cos 6, , we find 


\ —\ —16n? + 24n? + (1 
<4(1 — 12v)r2Py + ro? 
/ n(n — 1 


n=2 


Q 
y= vyrPy +4, 


= 
- «161 
Sarr? | 


For 0 2 r 2 5< ro, also all derivatives of finite order with respect 
to r and 6 of the series under consideration converge uniformly and 
absolutely 
See Equations [31], [41 
41). The 
paper. 

22 The authors are indebted to Prof. E. H. Lee of Brown University, 
for directing their attention to reference (10) in which, they under- 
stand, this problem is also treated. Unfortunately, this report, which 
is apparently still classified, has not been available 


and the discussion following Equation 
series solutions [Ri] and [Re] are not included in this 
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wl4in + 1 
2n(2n + 


O(n = 1, 2, 3, 


Nn = 


and the desired solution [S.] to the problem stated in Equations 
55) is thus equal to the right-hand member of Equations 53), pro- 

vided the coefficients of superposition are now 
27) then taken to be defined by Equations 54), [56]. 


Next, we consider the [Se] as 


limit [S,] of 
[54] the loaded spherical enps are shrunk to the 
while the total 


Thus 


poles of the sphere, load is 


made to approach Q 


“ 


lim [Se 


4mr|4n* + 
Equations [58] constitute a complete solution in series form to 


the main problem treated previously. However, the convergence 


of this solution, particularly in the vicinity of the boundary, is 


exceedingly poor and the stress series are divergent for r = ro, as is 
The identity of [S, 
most efficiently by comparing the corresponding two pairs of 


Th Ss, In 


to be anticipated | and [S} is established 


generating stress functions turn, necessitates the ex- 
pansion of @ and wy for the closed portion [.S)] of [S], as series of 
interior spherical harmonics based on 


Equations [42], [40], [27], and on the identities 


4 tedious computation, 


vields for 


12y)n 


23 In the formula for @ an unessential additive constant has been 


suppressed 
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Equations [17], [38], [52], 


to imply [S] [S,] 


53], [54], [58], and [60] are found 


this confirms the validity of solution [S]. 


NUMERICAL EvALvuatTions, Discussion 


The complete solution [|S] to the problem under consideration 
is given by Equation [38] and has been represented as the sum of 
the closed, singular solution [5,], defined by Equations [30] to 
[40] and [42], and of the series solution [/.], defined by Equations 
[52] to [54] and [17]. The stresses of [.S, 

with reference to dipolar co-ordinates, by Equations [40] and (44] 
to [47]; those of [R,] follow explicitly, with reference to spherical 
co-ordinates, from Equations [52] to [54], [19], and [21]. The 
transition from dipolar to spherical co-ordinates is effected by aid 
[7], (8). 


are given explicitly, 


of Equations 

Particular simplifications arise on the equator plane z = 0, 
where 0 = 7/2,c 
8 = x/2, p = 0 
stress on the equator plane 


=0,a=0,¢= 1, and at the surface r = ro, where 


from 


The contribution S:] to the normal 


is found to be 
(52): o,z=0) =¢,(a 
OV 21 p) : 
[3p 

8rr,? 


At the center of the sphere the series solution [R,] terminates, 
and the complete value of ¢, for solution [S] is represented by the 
closed formula 

3Q(14 + 5v) 


= (0) = [62] 


o,\ r > 7 : 
2rro(7 + Sv) 


0.25 andy = 
ro within three 


Fig. 2 shows the variation of ¢, at z = Oforv = 


0.48. In order to establish the stress value at r = 


4 % /% 
3% 





—Photoelastic Values 
(Frocht & Guernsey) 


‘ 
‘“e —v#0 48 


Plane Problem 
(oq *-Q/2r5t) 


a “ 4 ‘ —" ao 
Oo OF O02 O03 O04 O05 O6 OF O08 AD 10 w 


O° 


Fie. 2 Norma Stress on Equator PLANE 
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characteristic places, ten terms had to be considered in the series 
contribution to ¢,, and toward the interior of the sphere the con- 
0.48 
is to be compared with the dashed curve, which represents the 


vergence is found to accelerate rapidly. The curve for »y = 
experimental values obtained by Frocht and Guernsey (1)** who 
used a photoelastic material of that Poisson ratio. It is seen 
that, although there is some discrepancy near the surface of the 
sphere where the stress is relatively low, the agreement between 
theoretical and experimental values is remarkably good in the 
neighborhood of the center of the sphe re For purposes of com 
parison, the figure also shows the corresponding stress values 
taken from the analogous plane solution to the problem of a cir- 
cular disk under diametrically opposed concentrated forces.** 
In this instance the stress distribution, of course, is independent 
In the three-dimensional problem, the 
0, is illustrated by Fig. 3. 


of the elastic constants 
influence of Poisson’s ratio upon ¢g,atr = 


o, /% 


Oo" -O/ wr 





02. #403 os y 


0 as a Function oF Porsson's Ratio 


O. 


@,aTr= 


O4 
Fia, 3 


It is evident from Equations [30], [38], [40], [52] to [54], and 
[19] to [26], that the state of stress at a fixed point of the space 
interior to the sphere, approaches that consistent with solution 
[So] alone, in the limit as ro tends to infinity while the pole P, is 
maintained in its original position ‘his limit process thus yields 
Boussinesq’s solution to the problem of the semi-infinite body 
under a concentrated load acting perpendicular to its plane 
boundary. 


ACKNOWLEDGMENT 


The authors are greatly indebted to Prof. R. D. Mindlin of 
Columbia University, for most valuable discussions and several 
The 
Eubanks, Research Assistant at Illinois Institute 
Finally, thanks are 


illuminating comments occasional advice and assistance 
of Mr. R. A 
of Technology, is gratefully acknowledged. 
due to the Division of Engineering Mechanics Research of the 
Armour Research Foundation, for generous support of this in- 
vestigation 


BIBLIOGRAPHY 


“A Special Investigation to Develop a General Method for 


*¢ The authors are indebted to the NACA for permission to include 
this curve 

% See (9), p. 108. In connection with this curve it should be noted 
that here the average stress oo = Q/2rot, where ro and ¢ are the radius 
and thickness of the disk, respectively 





STERNBERG, ROSENTHAL 


y M. M. Frocht 
and R. Guernsey, Jr., Report to the NACA under Contract No. 
NAw-5959, September 15, 1951. 

2 “A Treatise on the Mathematical Theory of Elasticity,” by 
A. E. H. Love, fourth edition, Dover Publications, New York, N. Y., 
1944. 

3 “Die erste und zweite Randwertaufgabe der linearen Elas- 
tizitatstheorie far die Kugelschale,”” by Werner Leutert, Dissertation 
Eidgenéssische Technische Hochschule in Zarich, Art. Institut Orell 
Fassli A. G., Zarich, Switerland, 1948. 

4 “On the Problem of Elasticity 
Region Bounded by Two Concentric Spheres,” by E. Sternberg, R 
A. Eubanks, and M. A. Sadowsky, presented at the First U. 8. Na- 
tional Congress of Applied Mechanics, Chicago, Ill., June, 1951; to 
appear in the forthcoming Proceedings of the Congress 

5 “The Heavy Sphere Supported by a Concentrated Force,” 
by Werner Leutert, Pacific Journal of Mathematics, vol. 1, no. 1, 
1951, pp. 97-101. 

6 “Application des Potentiels,” by J. 
Villars, Paris, France, 1885 
7 “On the Stress-Function Approaches of Boussinesq and Timpe 
to the Axisymn Problem of Elasticity Theory,”” by E. Stern- 
berg, R. A. Eubanks, and M. A. Sadowsky, Journal of Applied Phys- 
ics, vol. 22, no. 9, 1951, pp. 1121-1124 

8 “On the Axisymmetric Problem of the Theory of Elasticity 
for an Infinite Containing Two Spherical Cavities," by I 
Sternberg and M. A. Sadowsky, JournaL or AppLieD MecHanics, 
Trans. ASME, vol. 74, March, 1952, pp. 19-27. 

, “2 of Elasticity,” by 8. Timoshenko and J. N. Goodier, 
i edition, McGraw-Hill Book ¢ Inc., New York, N. Y 


Three-Dimensional Photoelastic Stress Analysis,"’ by 


Axisymmetric Theory for a 


Boussinesq, Gauthiers- 


etrit 


Regior 


1eOry 
1951 

10 The Distribution of Stress uu Decelerating Sphere,’ by 
W. R. Dean, I. N. Sneddon, and H. W Theoretical Researct 
Report No 3/44, Armaments Research Department, Sevenoaks, 
Kent, England, 1944 

ll Fourier Transf« by I Sneddon 
Graw-Hill Book Co ne., New York, N. ¥ 


ompany 


Parsons " 


edition, M« 


first 
1951 


Appendix 


PSEUDOSOLUTIONS TO CONCENTRATED Force PROBLEMS 


the existence of pseu losolutions 
of solutions which satisfy 


the 


to concent! i I hat is, 
the three ne stated in the beginning of 
paper, but fail t« neid i e corresponding limit solutions 
described the: 
In connec the 


problem of Boussinesq, consider 


solution 


1 + 2p 


defined by 
It follows from Equations [19], [21 


solutions Equations 30), 


22) that 


whose are 
20), and [17 


[So’] clears the plane z = 


component 


0 from tractions and possesses vanish- 
hoice of the coefficients / 
20 

with 


for arbitrary 
28 


ing stresses at infinity - 
p,. Furthermore, Equations imply that Z(r) = 
Q for [S»’ However, [S the appropriate 
limit of the solution corresponding to a normal load which is 


distributed 


and 


coincides 


ircular region surrounding the 
origin,”* only if k, = p, 0. Thus [S)], 
represents the correct solution to the 


uniformly over a 


which is the solution 


given by Boussinesq (6), 


problem. It is not difficult to show” that Boussinesq’s solu- 


2 See, for example (11), p. 470 
) 


*? See (2), p. 242 
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SPHERE UNDER CONCENTRATED LOADS 121 
tion is identical with the limit of the solution corresponding to 
an arbitrary continuous distribution of normal tractions ap- 
plied over any region surrounding the origin, as the region is 
shrunk to the origin while the total load is held constant 

The existence of pseudosolutions to the problem of Boussinesg 
stems from the existence of solutions which satisfy the field equa- 
tions for z > 0, are singular at the origin, and leave the plane z = 
0 as well as infinity free from stress. In order to examine the 
physical significance of these self-equilibrated singular solutions, 
which when added to [S 
problem, we consider the first term in the series appearing in 


give rise to pseudosolutions of the 


Equations [63] 


(1 2v) [Ao] + [B,] [64] 
and recall the well-known solution™ for a concentrated tangential 
0 of a semi-infinite medium occupying 


Next, consider the solution appropriate to 


force at the boundary z = 
the half-spac ez>0 
four mutually orthogonal tangential forces, each of magnitude 
P, applied at a distance A from the origin in such a way that the 
four lines of action intersect at the origin. A routine computa- 
tion yields the Solution [64] ir as A ~ 0, P — o@, 
whereas the product of A and P is made to tend to a finite limit 
Thus, 
perpendicular tangential force doublets at r 
what might be referred to as 


the limit 
the solution given by [64] corresponds to two mutually 
0 and represents 
surface center of compression 
The remaining terms in the series of Equations [63] admit a 
similar physical interpretation on the basis of higher self-equili- 
at the origir 


mmetric singularities 


brated 
With reference to tl | 


tXIS\ 


lem treated in this paper, the sym 


metrization of Leutert’s results (5) yields the solution 


whose component ire given by uations [17 Solu- 


tion |S lree trom stress 


20), 


leaves the surface of the sphere r=r 


onfirmed by aid of Equations [28] and | 


and, as is readi 


gives rise to the required stress-resultant Q at the poles of the 


It. is, 


not 


nevertheless, a pseudosolution to the problem 


sphere 


identical with the limit solution [S given by 


since It is 
Equations [58 The 
evident from the observation that its singularities at the poles P, 
For 


pseudo-character ol solution [S’] is also 


and P; are of a higher order than that of [S)] at the origin 


the proper limit behavior as r¢ 
the 


this reason |S’) does not exhibit 


approaches infinity. Computing ¢, at enter of the sphere 


on the basis of [S we find 


3Q(4 
. 66} 

2rro*(1 
as compared to the correct value given by Equation [62] In 
particular, for y = 0.48, the stress value obtained from Equation 
the 
This 


comparison shows that any expectation, based on an appeal to 


66] is almost 4 times that consistent with Equation [62], 
latter being within 2 per cent of the photoelastic result 


Saint Venant’s principle, of deriving useful approximations to [S] 
from the closed solution [S’], is unfounded 


28 See, for example - I 





The Analysis of Fully Restrained Slabs 


Under Concentrated Loads 


By C. A. M. GRAY,' SYDNEY, N.S. W., AUSTRALIA 


HE analysis of fully restrained, thin, elastic slabs under 
adding suitable 
In this 
paper use is made of Muschelisvili’s solution? of the biharmonic 


concentrated loads is usually made by 


edge moments to the simply supported solution. 
equation. From it we determine two analytic functions Q(z) 
and w(z) of the complex variable z, given, for simply connected 
areas, by two integral equations of which a direct solution is pos- 
sible, provided that the boundary conditions are in a suitable 
form, and the transformation of the loaded area to a unit circle 
is known. For fully restrained slabs under concentrated loads, 
provided the singularities introduced at the loading points are 
removed, the boundary conditions are of a suitable form for a 
direct application of Muschelisvili’s equations. In this paper the 
load-point singularities are removed by taking the solution for a 
fully restrained circular slab inscribed in the given area and simi- 
larly loaded. Two illustrations of the method are given: an 
infinitely long rectangle loaded at the center, and a square slab 
loaded at the center. In both cases the solution is obtained for 
the edge moments without an excessive amount of labor. 


THeEorY 


It is well known that the deflection of a thin elastic slab by a 
concentrated load satisfies the biharmonic equation at all points, 
except at the load point, and is of the form 

P 
== R? log R 

8rD 
where 

P = concentrated load 

v = deflection at any point z, y 

R = distance of any point from load point 

t) = biharmonic over area of slab 


If the slab is fully restrained on all edges and v is the direction 
of the normal to the boundary, the boundary conditions for v are 


On the boundary these conditions are equivalent to the two con- 


littons 


University of Sydney 
“Practical Solution of the Fundamental Boundary Value Pro 
lems of Elasticity in a Plane for Various Contours,”” by N. Muschel 
isvili, Zeitschrift fiir angewandte Mathematik und Mechanik, vol. 13 
August, 1933, pp. 264-282 
Contributed by the Applied Mechanics Division and presented at 
the Fall Meeting, Chicago, Ill., September 8-11, 1952, of Tue 
American Society or MECHANICAL ENGINEERS 
Discussion of this paper should be addressed to the Secretary 
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understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, October 22,1951. Paper No. 52—F-13 
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Following Muschelisvili, we define two functions Qf: 


w’(z) of the complex variable z by 


where the bars denote the conjugate function, 
differentiation with regard to z. 
The deflection is now given by 


Thus for a fully restr [3 om 


and from Equation [1], 2 and w’ have the fort 


P 
z log 2: log (z 


where 2, and wy are analytic over the whole of the area ir 


piane. 
Suppose we transf 


orm the area conformally in tt 


1 the f-pl ane, by the transfor 


an = Yat 
r 0 


unit circle y: |¢) < lit 


so that the load point 2; got 


Then Equation 


0 


d¢ 


and @ e”’ is the value of € on the unit circk 


But log log ¥ 


where ¢; is the point in the {-plane inverse to the point ¢, with 
respect to the unit circle y, and {; = Get’. Then the first term 


99 





GRAY 


on the right-hand side is analytic within the circle and we can 


replace Equation [5] by 


2xD 


Equatior hen becomes 


Ql fle 


This equation is identical with that occurring in the first bound- 
ary problem of plane elasticity, and the functional solution has been 


given by Muschelisvili as 


the power ser 


following set of in- 


determined from the 


quations 


The derivation of Equations [8] and [9] is given in a previous 


paper by the author.* 
METHOD OF SOLUTION 
Once we have the solution of Equation [8] the remainder of the 
solution follows directly. Now no method is available to obtain 
a complete solution of Equation [8], although we can obtain ap- 
*“Polynomial Approximations in Plane Elastic Problems,” by 


Cc. A. M. Gray, Quarterly Journal of Mechanics and Applied Mathe- 
matics, vol 4, part 4, 1951, pp. 444-448. 


ANALYSIS OF FULLY RESTRAINED SLABS UNDER CONCENTRATED LOADS 


$23 


proximations to the unknowns by either an iterative process or by 
some method of successive approximation, In either case the b’s 
will only be determined approximately, although if sufficent labor 
1s expt nded we can determine them to as high an accuracy as is 
desired. Using an iterative process we obtain each term suc- 
cessively so that after, say, 8 iterations the first few terms are ob- 
tained to a high order of accuracy and the subsequent ones are 
fact that a fully 
restrained circular slab inscribed in the given area and similarly 
loaded must deflect similarly to the given slab, at least at the 


must be in the nature of a correction which will be 


increasingly inaccurate. By virtue of the 


center, RQsg, 
continuous on the actual boundary, and consequently its nth term 
will at least be of the order 1/n*. Thus we may expect that the 


series for £2,’ 


will converge sufficiently rapidly for its first few 
terms to be a sufficiently good approximation for practical use. 
To illustrate, two «¢ xample Ss, & square slab loaded at the center 
long t loaded at the 


ingular slab 
center, will be considered, 


and an infinitely rect also 


Example 1. Consider a square slab loaded with a concentrated 
load P at the center 


in the 2-plane to the 


The transformation for a square of side 2a 


unit circle [| < 1 is given | 


0.02404 ¢ 


where 


Sin 


I85205 Cf + 0.263403 F 


the b’s are obviously real 


0.95262 
0.385295 
0.263403 


0.02404 b 
0.080420 by» 


Qh, 0.1 by 0.041667 bs 
1.20834 b, 0.12020 bs 
0.71636 by + 1.14475 by 


bo + 
0.75 bo 
and so on 


The results of 3 iterations 


0.48097 + 0.07566 v4 0.035938 ¢* 


0.48097 
0.035938 ¢* ] 


J 


Using the conventions given by Timoshenko‘ we have immedi- 


0.07566 f* 4 


ately that the edge moments are given by 


2 ' tp 
R, log ¢ + 
2r a 


ik 
( 
2a 


M = 1 + of 0.48097 


0.07566 of + 


0.035938 o* ] 
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TABLE 4 
Iteration P/22D 
6 0. 406747 
7 0. 4069059 


P/2eD 
0.159761 
0. 158033 


bs P/2"D 
0.074882 
0). 073397 


P/2eD by 
0 043088 
0.042246 


P/2eD 

0 023408 
0 028325 
Table 2 gives values from Timoshenko‘t and from Equation [10]. 


Table 3 gives the computed values of p, 


TABLE 2 TABLE 
My ; 


Timoshenko I 
0 
4) 
0. 069P 
4 O30P 


squation [10] 
0.12692 
0. 099P 
)OT7TIP 
). 025P a ; 
The results for the 6th 
‘ . ‘ this case 
Consider a concentrated load of P at the point 


0 of an infinitely long, fully restrained rectangular 
slab of width 2h 


, Pr | iw Zz P 40695 
= og ¢ + C? ( W950 
2rD th 24D 
The transformation from this case is 


4 


Example 2. 


and 7th iteration of 
ire given in Table 4. Hence 


rz=0O0,y= 


0.158033 ¢2 —0.073397 ¢4 — 0.042246 [¢ — 0.028325 & 

tih | : [11] 
T . 7- . 
For this case Timoshenko 
ment at the point z 


gives only the value of the edge mo- 
; tC zh, y 0, so that a comparison is available 
Since the load is at the center, [; = 0. Hence . _ so that a i availa 
only at this point 


. ~ From Equation [11 
P zpzp | 4 


we obtain M, 0.1695P, taking 
27D & dz 


the terms shown in the series and from T 


Mirah 


= () 


f=¢ 


‘Theory of Plate 
Book Company, Inc 


.1674P 
and Shells,"’ by 8 


New York, N. Y 


Timoshenko, McGraw-Hill 
and London, England, 1940. 





Pressure Drops in the Pneumatic Conveyance 
of Solids 


By OSCAR PINKUS, 


With the object of studying the characteristics of the 
horizontal flow of a mixture of solids and air a theoretical 
analysis of the flow pattern was attempted. Experiments 
were performed whose object was to determine the rela- 
tionship between pressure loss, solids flow rate, and air 
velocity, and to obtain values for the frictional constants 

A justification for the developed 
It was found that the presence of 


involved in the analysis. 
equations was sought. 
the solid phase causes an appreciable pressure loss which is 
a linear function of both solid and gas flow rate. This 
justified the theoretical equations which predicted such 
a relationship. Experiments with two sizes of the same 
sand showed a higher pressure drop for the larger par- 
ticles, other conditions being equal. These experiments, 
however, question the validity of applying the Fanning 
equation to a solid phase. The equation holds for a given 
solid but does not take into account variations in its size. 
The introduction of the dimensionless group d/D is pro- 
posed. On the basis of this investigation, it is concluded 
that the drag coefficient C is a function of the Reynolds 
number. The ratio of solids velocity to gas velocity is 
0.5-0.6 for the small and 0.3 for the large sand. Following 
results of this work it would seem desirable to operate 
pneumatic systems at low gas velocities and high solid 
rates. Recommendations for further investigations are 
made. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
Subscripts 


= acceleration 

duct 

dispersion of solids 
fluid 


force 


a 


D 


friction of solids 
gas 

particle 

solids 


air 


Symbols: 


a= act eleration, fps per sec 
A 


Cc 


projected area of particle, sq ft 


drag coefficient, dimensionless 

! At present with General Electric Company, Schenectady, N. Y. 
Jun. ASME 
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TROY, N.Y 


d article, ft 
D 
Pr 
g 

G. 
L 
\ 
P = pressure, lb per sq ft 

Re 
Ss 
t 
t 
y 
p 

Pa, 


Me = viscosity, 


diameter of } 
diameter of duct, ft 

Fanning friction factor, dimensionless 
frictional head, ft 


gravitational acceleration, fps per sec 


Ib /sq 


constant o 


solids mass flow t-sex 


= length, ft 


= mass of particle, lb-sec*/ft 


number 


= Reynolds number, dimensionless 
it 


distance, 


= time “ 


p 
specific volume, ft 
it* 

dispersed solids density, p/cf of pipe 


velocity, f 
| 


Ib 


density, lb-sec? 
lb-sec ) /sq ft 
INTRODUCTION 


In comparison with the extensive analytical and experimental! 


work done in the field of flow of pure gases or liquids there has 
The 


problem is of considerable importance in many fields of mechani- 


been very little attention given the case of solid-gas flow. 


It 


using pulverized coal as a fuel, in all pneumatic systems, in dust 


cal and chemical engineering arises in burners and boilers 


separators, and conveyers. The future has in store the possi- 
bility of replacing liquid fuels by solid fuels in internal-combustion 
engines, and recently the problem became of paramount im- 
portance in the chemical industry where fluidized systems are used 
as catalysts. A deeper knowledge of the mechanism of pneu- 
matic conveyance and the expected pressure losses becomes essen- 
tial. 

There is very little in the 
of solid-fluid flow Almost all of the work that has been done 
was purely experimental with little, if any, thought given the 
Wood and Bailey (1)* and 
Cramp (2) did some experimentation but their results are of 
limited use for general situations. Vogt and White (3) tried 
to correlate analytically the solid and fluid properties with the 


iterature about the characteristics 


analytical aspect of the situation. 


pressure drop but were only partially successful. The most suc- 
cessful analysis is due to Hariu and Molstad (4) who very con- 
But, as the authors 


themselves point out, they included acceleration pressure losses 


vincingly presented the case of vertical flow 


in the frictional pressure drop, obscuring the results 

The purpose of this investigation was to attempt a theoretical 
analysis of the problem of pneumatic conveyance and, by a 
series of experiments, to verify the validity of the obtained cor- 
relations, and obtain experiment il constants involved in the theo- 
retical work. The most important phase was obtaining a cor- 
relation between pressure losses, solids flow rate, and fluid flow 
The second purpose was to develop some means of estimating the 
relative velocity between the solids and the gas which is an ex- 
Only the 


No attempt was made 


tremely important parameter in the whole analysis 


ease of horizont il flow was considered 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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to investigate the effect of various solids on the flow pattern; 


only two sizes of the same kind of sand were used. ry 


THEORETICAL ANALYSIS For pure fluids the criterion for streamline flow is given | 
Re < 2500; for particles by Re < 2. Since turbulent flow denotes 


Equations of Motion. Let a particle move in the two-dimen- . 
the destruction of the paralle] shearing forces, this last criterion 


sional field z, y, as shown in Fig. 1 We have then : bie 
becomes of doubtful validity when the air itself is already in a 


dv, state of turbulent motion. The following criterion is given by 
<— . a Dalla Valle: 

1 If the fluid flow is in the streamline region then for the par 

o—p __ ticle injected into the stream the value of C is a function of Reyt 

“" ( 2 ) Rp sina olds number where » is given by the relative velocity. 

2 If the fluid is in turbulent motion, the motion of the par 
ticle will always be turbulent regardless of the relative velocity 

It will be a part of this investigation to examine the truth of 
these assertions. Accordingly, equations will be developed as 





suming the constancy of C and others, assuming C to be a fun 
tion of Reynolds number. (The motion of the fluid in this ex 
periment was always turbulent 

Equation [6] as developed previously is true for bodies moving 
through fluids of infinite extent. If the flow takes place in a duct 
there will be retarding forces acting on the partick s Collisions 
between the parti les themse lves, between the solids and the pipe 
walls and the occasional sliding on the bottom of the pipe con 
stitute opposing forces to the flow of the solids and these forces 
will cause a frictional pressure loss due to the solid phase 

Following Vogt and White (7) and Hariu and Molstad (4) ar 
assumption is now made that the Fanning equation 

AP 2fLr,? 
F = = : 
pg gD 

holds also for a solid phase. The friction factor f is to account 
for the frictional] losses due to the lost momentum and sliding 
Equations [8] and [6] constitute two opposing forces which will 
be equal only at steady-state conditions. In the transient phase 
the difference between the two forces will be balanced by an iner 


tiaterm. This is expressed by the following differential equation 


where C, in general, is a function of Reynolds number, then sub- Now, as pointed out previously, two separate ae ee 
* : ‘ , - VU Se} i Cases I ve CON 


stituting in I quations 1] and [2] the appropriate expressions for sidered; one on the assumption that C isa variable, the other based 
Rp we have oot ai ith dctith are oil thes artiaeilinanais : apres 
the turbulent region. The latter case is taken 

Casel: 


Let: 


These equations are true for a fluid at rest. If the fluid itself then 
{s moving, the velocities have to be taken relative to the fluid 
Considering only the case of horizontal flow we write v = (v, 


id using this in Equation [4] we obtain 


Ihe value of C as a function of Reynolds number is given 
several references (4, 6 Dalla Valle (5) expresses this relatior 


by means of the following equation 


1.8 
V C =0.63 + 
Re 
0 so that after some simplification 
where Re, the Reynolds number, for moving perticles is given by t 0 
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Equation [14) becomes 
{10} 


(11) 


where 
Che terminal veloci 


lim t 


at 
r replacing the symb 


ifm Letting 


Dp A 


It can be seen from Equation [12] that the particles never 
reach the fluid velocity unless the value of the radical in the de- 
nominator becomes zero. This is possible only if f = 0 or D is 
very large, theoretically infinite on Gt en 
one : ag — Cile 

rhe result of Equation [12] could have been obtained directly = — 

2P C2 € a “% 
from Equation [9] by letting (d dt) =0 

Case 2: C = f(Re From this the terminal velocity becomes 

In this section let v denote the relative velocity between the 


gas and the particles or » = (1 »,). Rewriting Equation [9 Cts 


‘—> 2P 
113 1" ' i P 
(to) lhe absolute terminal velocity of the solids is given by 


S+A 
2P 


Frictional Losses. Applying the Fanning equation to the flow 
of solids in a horizontal pipe we have 
2f Luv p,, 
‘ AP,, = : 
: pol gD 
Vv « ie ,and Re = kw, where ky = 
m 


so when the expression for Re is used in C and the result substi- 
tuted in Equation 13] it yields the expression for (dv) /(dt) as 
AP,, _ 2fv, 


/ 


= (0.4) y? LG, @D 


iy 
where AP,, is the drop in pressure due to the solids friction in the 
14) pipe 


If the functional rels 


tionship between pressure droy 
flow rate, and gas velocity is correct, then the pressure dr 
linear function of both solids velocity and flow rate 
AP,, against G, at constant v,, and against v, at a cons 
ought, therefore, to represent straight lines 


From previous considerations 


convenient, This assumes values ranging from v, (vr, = 0 
terminal. Since it is expected that the terminal vy ~ (v,/2 


reference 2) we replace v /* by V 3v,/4. (It can be shown that all per one particle 


the eff of this transformation on the final result is very small. The number of particles present in a given 
Letting 


h 


2 _ Ke 3 : 
23 + 2kw, + 6.05 = S 
ky , , 4 


0.4h 
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2 Scnematic View or APPARATUS 





Partiat View or APPARATUS 


The total force exerted on the solids in a given length is Equation IS] represents the forces required to overcome the 
. po A »)?G aa ~ lids friction in the pipe Equation [21] is the 


> 


force exerted 


v the air on the gas At the steady state the two forces will be 
equal and this equality served to compute the friction factor f 
or dividing both sides by A, and G,L The total pressure drop across a given length of pipe will be 


composed of the following three parts 
AP (v, ,)? 


G, L AP = AP, + AP, + AP,, 





PINKUS 


EXPERIMENTAL INVESTIGATION 
The apparatus used for the experiments is shown in Fig. 2 and 
parts of it in Figs. 3 and 4. 
and the air velocity 


Air was supplied by a 1.5-hp blower 
measured with a standard ASME orifice. 
All pressure heads were measured with water manometers cali- 
brated in 0.1 in. The data of AP,, 
water manometer calibrated in 0.01 in. 


was taken with an inclined 


The feeding of the solids into the air presented considerable 
difficulties and required a careful arrangement. The vital part 
of the feeding mechanism was the screw which was manufactured 
by brazing its flights to a steel shaft and placing it in a brass pipe 
The brass pipe had an opening at the top exposing a part ol the 
screw on which a hopper was placed and soldered to the pipe. 
The general arrangement and dimensions of the 
3 and 4 


feeding section 


are shown in Fig. 5 and in Figs 





ve at 
solids into the 


rt 


pipe imounted 


pressure 


ton pressure at the 


feeding 
point Wes 
pipe proper 

] ‘ + 
veloc ie 


Another sour 


particles shich enter ‘ 


pressure 
was the stopping of the screw b 
clearance space between the screw 


Phe screw | 
0.01 


und brass 


nal 


the 


id to be turned down from an origi- 
the 0.03 


pipe 


clearance of to 0.02 in. for small and in. for 


large sand With these 
The s 


system of pulleys giving six different speeds ranging from 20 to 


changes made the feeding was smooth 


and continuous rew was driven by a gear motor with a 


200 rpm 


The test section was a standard 1-in. iron pipe with an over-all 


length of 11 ft. Measuring from the feeding point, pressure 


1.66, and 
In 


each pressure-tap lock a thin rod sealed with graphite rope pack 


pick-up stations were 
10.66 ft. 


located at a distance of 0.66, 
The static pressure openings were '/,, in. diam 
ing was introduced to clean the pressure openings when they were 
filled with sanc 
The solids discharged into a circular can covered with a muslin 
cloth which pe rmitted the air to escape but retained the solids 
The 


sand 


material used in this experiment was New Jersey silica 
The sand was sieved on a Ro-Tap machine with a Tyler 


standard screen allowing 15 min for batches about 4 Ib each 


The density of the sand was determined by the water-displace- 
Tabk 


ment method 1 gives the general characteristics of the 
solids 
Preliminary work done before actual data were taken includes 


the determination of the pressure drop due to the flow of air alone 


PRESSURE DROPS IN THE PNEUMATIC CONVEYANCE OF SOLIDS 


TABLE 1 CHARACTERISTICS OF SOLIDS 
Spec 
Mesh opening Diam weight 
Mesh range in ft p/e 
28-48 0 0232-0.0116 
60-100 0 0098-0 0058 


Large sand 
Small sand 


0 00145 
0 00065 


162 


and the « 
speed of the motor 

The 
with sand to an 
bucket 
startec 
After 15 
weighed 


alibration of the solids feeding rate as determined by the 


was calibrated as follows 
indicated level. 


screw The hopper was filled 
The rest of the sand kept in a 
At 


constantly 


was weighed carefully 
The sand 
min the 

The decrease 


gave the solids flow rate 


a given time the feeding 


was kept at its original level 


flow was stopped and the remaining sand 
in weight divided by the time interval 
The runs consisted of taking pressure-drop readings at vari- 
ous air velocities and solid flow rates, 
the 


The range of air velocities 


was 20-70 fps solids flow rate 17-100 Ib per hr 


{ESULTs AND Discussion 


The direct experimental results, a plot of the pressure drop duc 


to the flow of tlone and the 


to the 


tir vdditional frictional pressure drop 


due presence of a solid phase, are shown in Figs. 6,7, and8 


As pointed out in the introduction, the functional relationship be- 
flow 


experiments 


tween the pressure losses and the 
the 
pressure i linear function of these 


that AP,, is plotted 


lifferer 


rates of the solids and air 


is the 


the 


main result According to these plots 


losses are 


two parameters 


ul of 


tact wainst vr, inste makes no 


is shown later 


kperimenta 


ng pneun 


ressure loss is plotted 


Solld amd gaseous phases 

the the 
it is ob 
At suffi 


" 
eventual le 


pressure drop square of the velocit while 


solids pressure drop ts me function of the velocit 


vious that the curve must have a decreasing slope ently 


wh a 


pressure Ww 


hig flow rates, the peuk ind 


Creuse Consequent! when air aves are taken into 


wcount it is more economical to use high solid-air ratios 


In these 


Settling 


of the solids probably will limit solid-air ratios 


experi 
ments this occurred at a rate of 140 |b per hr 
In setting up the 


the 


tional losses 


experiment, extreme taken 
the 


was divided in two 


ire Was not to 


include vweceleration pressure losses in the data for fric- 


For this purpose the test pipe 


sections—one 4 ft long following the feeding section and another 


6 ft long. It turned out, however, that the acceleration effects 


ceased almost completely in the short distance of 8 in. which sepa- 


rated the first pipe section from the feeding point Thus, while 


in vertical risers acceleration effects were still present several feet 
stems they 
" 


does 


above the feeding point (reference 4), in horizontal-flow s 


cease shortly after the solids are entrained. This, however 


not mean that the pressure drops at the feeding point are negli- 


gible or even small. In fact, it can be shown that the losses in the 


entrainment region are rather high 
the 


Using Dalla Valle’s expression for ¢ 2) 


There is 


and Equation 
solids velocity was computed for both Cases 1 and 2 
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very little data in the literature to compare these values wit 
The only values given are those by Cramp (2) which were 
tained for grain flowing in a horizontal pipe. The values 
the particle velocity were obtained in the following manner: H: 


let the grain discharge into the atmosphere, and measuring the 


or 


distance they traveled and the height from which they fell, | 
ileulated the original velocity of the particles. Although thi- 
method of measurement is somewhat problematical and tl 


shapes of the bodies were different, the similarity of the two sys 


PRESSURE DROP 


tl 


tems justifies a comparison of the results. The values for 


TOTAL PRESSURE DF 


ratio of v,/v,, as given by Cramp, range from 0.4 to 0.47, 7 


Gas 


———=— SMALL SAND . 
ET peetoem values obtained in this experiment are given in Table 2 It 


clear that the values obtained for vr, by treating C as a variabl 


more reasonable and in a closer agreement with Cramp’s resu 


A comparison of the present results with those obtained 


1 2 
Ws — SOL.10S FLOW Mare. fog rABLE 2 RESULTS OF EXPERIMENT TO DETERMINI 
wg ~ GAS FLOw MATE, ibs os ade date C =f (Re 
" Small sand 0.33 0.5 -0.F 
Fic. 12) Pressure-Droe Ratio Versus Frow-Rate Ratio Large sand 0.20 ) 28-0 
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Hariu and Molstad (4) from a more reliable and direct method 
will further support the thesis that C is a function of the Reynolds 
number. Although Hariu and Molstad used a glass riser which 
would give higher v,/v;, the presence of a gravity force and the 
2 in. diam) would oppose 
Table 3 


small] diameters of the conduits ('/, and! 


such an increase and compensat for the first effect 


gives values taken from Hariu and Molstad: 


rABLE VALUES OF v./ey FROM REFERENCE (4 
Diam, ft 

0. 007 

0.00165 


Thus the values obtained in this experiment agree fairly well 
with the values obtained from direct measurements. The values 
of 0.33 and 0.2 obtained by treating C as a constant are decisively 


out of the range of expected values. On the basis of this experi- 


ment, Dalla Valle’s assertion could not be justified. The drag 


coefficient remains a function of Reynolds number 
the velocity of the parti les support 


ned itor 


The values obt 
also the propositior that the C-curve can be applied to the flow 


of solids in pipes, something which cannot be justified from a pure 
theoretical standpoint 

It was said previously that the Fanning equation is introduced 
on the assumption that it will account for the solids-pressure losses 
as it does for fluids. It could be a useful relation, because with f 
found from Equation [12], 


determined rents and pr, 


from experu 
per 


losses could be computed. A close 


the expected pressure investi- 


gation of the Fanr 


2fv,LG, 

aD 
raises, however, some questions. From the expressions for the 
t can be seen that it decreases with an increase in 
Therefore the Fanning 


the pressure loss 


solids velocity, i 
particle diameter value of f in the 
equation could stay constant only, and only if, 
AP, This, 


By using the same kind of solids but of larger particle diameter, 


drops correspondingly however, was not the . 


the pressure drop was higher. The solids velocity being appre- 


smaller, both factors contributed to almost doubling the 


from 0.015 to 0.03 
this work, it can be said that the Fanning equa- 


ciablv 
value of f, 

On the basis o 
tion is correct in its application to a solid phase inasmuch as it 
With a known 


value of f it may supply a means of estimating the pressure losses 


bears a linear relationship to the pressure drop 


however, bears no correlation to the kind of solids 
Therefore, this lack 


The equation, 
used or to different sizes of the same solid. 
it of limited us 


makes 


ol gene rality 

However, a modification of the Fanning equation might be 
possible. It seems that the introduction of the dimensionless 
group d/D would take into account the variation in particle 
diameter. From Figs. 13 and 14 it is seen that multiplying the 
friction factor by 2, which is the ratio of the diameters of the 
small and large sands, will bring the value of f back to approxi- 
mately 0.025. 
extensive experiments with various sand sizes, and possibly vari- 


To justify such a modification, however, more 


ous kinds of solids, are required. 


RECOMMENDATIONS 


For a complete understanding of solid-gas flow, further study 
is necessary. The following seem to the author to be of the 
greatest importance: 

1 A method for direct measurement of the particle velocity. 

2 Extensive experimentation with solids of various sizes, 


shapes, and surface characteristics 
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A Study of Vanes Singing in Water 


By C. A. GONGWER! AZUSA, CALIF 


In the course of propulsion experiments in the ring- 
chaanel and rotating-boom facility at the Aerojet Engi- 
neering Corporation, it was discovered that certain struts 
would 

Tail 


10te emitted was a clear musical 


used to support underwater bodies 


which 
sing’ at surprisingly low speeds, e.g., 5 to 7 knots. 


are 
“ 
surfaces also sang. Ther 
tone in most instances, and, as the speed was increased, 
the note would fade, disappear, and then reappear as a 
note of higher frequency. This singing caused considera- 
ble apprehension as it was feared that the strut would 
fail at high speeds due to build-up of the vibrations. 
Analysis for flutter stability and torsional divergence had 
been conducted, and it was known that the operation was 
well away from the ranges where flutter or torsional diver- 
gence might occur. However, the severity of the singing 
did not tend to become greater at high speeds, and there 
were usually quiet speed zones at high speeds as well as at 


low speeds. 


Review oF THE LITERATURE 


HE unclassified literature on singing propellers has been 
thoroughly reviewed by C. E. Work in a paper? which also 
contains an extensive bibliography. A study of this refer- 
ence reveals that the cause of singing is generally ascribed to “hy- 
drodynamic excitation.’’ Further study of the literature reveals 
that many different remedies are used to cure singing troubles and 
that their efficacy is very uncertain and varies widely and irre- 
producibly. 

One investigator’ relates that frequency was observed to in- 
crease in direct proportion to speed. This suggests that singing 
is caused by the shedding of a von Kaérm4n vortex street; such 
characteristic correlation between frequency, 
speed, and length. Other investigators have attempted to relate 
the frequency of the supposed vortex street to a characteristic 
dimension of the blade, such as the maximum thickness or the 


streets have a 


chord 
to be of the wrong order for the characteristic length used and not 
to be related to changes in thickness and chord 

The investigations presented here show that the observation 


However, the frequency-speed relationships were found 


made by Gutsche? is of primary importance as a clue to the cause 
of singing 


EXPERIMENTAL PROCEDURE 


Test Facility. The facility used in the tests was the 80-ft ro- 
tating-boom and ring-channel test facility at the Aerojet plant 

' Manager, Underwater Engine Division, Aerojet Engineering 
Corporation. Mem. ASME 

***Review of Marine Propeller Noise and Vibration Studies,"’ by 
C. E. Work, U. 8. Naval Ordnance Test Station Propulsion Memo- 
randum 74, September 7, 1950 

+The Singing of Ships’ Propellers,’’ by F. Gutsche, Zeitschrift des 
Vereines deutscher vol. 81, July 3, 1937, pp. 882-883. 
Applied Mechanics 
of THe AMERICAN 


Ingenieure, 

Presented at the National Conference of the 
Division, State College, Pa., June 19-21, 1952, 
Society oF MecHanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1953, for publication at a later date 
received after the closing date will be returned 

Note 
derstood as individual expressions of their authors and not those of 
the Society Manuscript received by ASME Applied Mechani 
Division, December 6, 1951 Paper No APM-33 


Discussior 
Statements and opinions advanced in papers are to be un 
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Vanes. Solid steel struts of diamond or double-wedge section 


maximum thickness were 
thick, (*/,5 in 


profile of 12 in. chord and */s and #/, in 
The 


and these were sharpened down in successive steps 


s in ra- 


The 


s in. thickness, but for high-speed op- 


used trailing edges were initially 
dius), 
leading edges also were of 
eration it was found necessary to sharpen the leading edge in order 
to suppress strip cavitation It was necessary to use an antiaera- 
tion vane placed horizontally just under the water surface at the 
trailing edge to prevent air from running down the back of the 
strut. The span or length submerged was usually about 1 ft 
characteristic of 
diamond Each 
vane was polished with fine emery paper to a finish of about 10 


The ridge at the half-chord point on each side, 
sections, was rounded to about a 3 in. radius 
microinches rms. 
The speed was carried as high as the torsional-diver- 
gence limit would allow. This limited the s; 3 
thick vane to about 45 knots 
speeds as high as 60 knots. 
Attitudes. The 
trailing edge and leading edges perpendicular to the flow) 
Most of the tests were at zero 


Speeds 
veed on the s-in- 


The */,-in-thick vane was run at 


vanes were tested with both vertical (meaning 
and 
swept forward 30 deg attitudes 
angle of attack, but some tests were made with angles of attack of 
1, 2, and 3 deg. 
Photography. Edgerton microflash pictures were taken from 
the underwater observation windows as the strut passed. The 
pictures were timed by a cam on the boom. Underwater mirrors 
were used to concentrate the light of the flash lamps 
The frequency of the singing was 
measured using a cathode-ray oscilloscope which compared the 
frequency of the strut as picked up by a stationary microphone at 
the edge of the pool in the air with a signal of known frequency 
As the strut passed the microphone, 


Frequency Measurement. 


generated by an oscillator. 
the Doppler effect caused a frequency shift, making exact meas- 
urement difficult. Therefore on later tests the microphone was 
mounted on the rotating boom and connected through slip rings 
Later, frequency measurements were made with a General Radio 
sound analyzer. 

Speed Measurement. The speed of travel of the vane was 
measured by a tachometer which was calibrated regularly by 
timing the revolutions of the boom. The relative water speed is 
nearly the absolute speed because the drag-around of the water 
in the channel is negligible for a body of such low drag as the 
streamlined struts. 

Curvature of Path 
ft radius of the boom 

Flow Visibility. The flow is made visible, or at least partly so, 
by cavitation and, in some tests, by aeration. 
ditions the vortex street associated with the singing was visible 
This core cavitation 


All tests were run with the strut at the 40.6- 


Under some con- 


because the cores of the vortexes cavitated 
is the principal means of identifying the streets photographically 
When the aeration plate is absent, the trailing edge aerates when 
vertical and the vortex cores are visible from this aeration at 
speeds below that necessary for cavitation to occur. However, 
aeration has little significance in propeller uses. When the strut 
is swept forward 30 deg, no aeration plate is necessary 


Test Resvutts 


Strut Vertical. In the first set of experiments the strut was ver- 


tical, i.e., flow direction was normal! to the leading and trailing 


edges of the strut. Figs. 1(a) and 1(b) show frequency plotted 





GONGWER—A STUDY OF 
against speed for a number of different trailing-edge thicknesses 
It can be seen that each note holds at nearly constant frequency 
over a short range of speed. The notes jump up or down in fre- 
quency as speed is increased or decreased. At some points a 
zone of silence occurs between various speeds. The lines enclos- 
ing the note segments on the plot were formed by extending 
straight lines from the origin. For purposes of analysis, the char- 
acteristic of frequency versus speed is taken as the slope of a 
straight line bisecting the tone area As the trailing edge is re- 
duced in thickness by successive steps, new zones of notes are en- 
tered. It 


between frequency and speed for propeller singing is borne out 


is seen that Gutsche’s observation® of proportionality 


Microflash photographs of a vane with trailing-edge thickness 
(rounded ) of 0.125 in. are shown in Figs. 2, 3, 4, and 5, for speeds 
of 28, 38, 44, and 46 knots, respec tively 
zero degre es 


The angle of attack is 
The cavitating cores of the trailing vortex street 
can be seen faintly in Fig. 2 and more strongly in the other figures 
the trailing edge into vibrating segments is shown 
As 
the speed increases and the frequencies rise, as shown in Figs 
1(b), the 
higher modes of oscillation until, at 44 knots, four distinct and 


The division of 
clearly by the separation of the streets into separate streams 
l(a) and trailing-edge vibration Jumps in stages into 
separate streets can be seen emerging in phase from four separate 
segments of the trailing edge. It follows that, under these condi- 
tions, the adjacent streets must be of opposite sign; this will be 
shown later. 

Strut Swept Forward 30 Deg 
speed for a strut swept forward 30 deg is shown in Fig. 6. 


The plot of frequency versus 
The 
relationship of separate notes to changes in speed is much the 
same for this strut as it is for the vertical strut, except the fre- 
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VANES SINGING IN WATER 433 
quencies are not as high as those of the vertical strut at the same 
trailing-edge thickness 
Photographs of this strut at 
7 and 8. 


37 and 44 knots are shown in Figs 
not as visible as those in the 
the 
The singing was as loud in these tests as it was in the 


The vortex streets are 


photographs of the vertical strut, as cavitation appears 
tainter 
tests of the vertical strut, however In Fig. 7 progressive aera- 
tion of the vortex cores from the surface with increasing distance 
behind the strut can be seen. Because this strut was swept for- 
ward, its speed of torsional divergence was reduced greatly, and 
it Was necessary to decrease the submergence to about 8 in 

The tests with the vane at 


varving angles of attack showed that the vane sings at the same 


Strut at Different Angles of Attach 


notes (at the same approximate speeds) as when zero angle of 


attack was used. This can be seen in Fig. 9. However, the 


zones of speed where silence prevails are wider, in some instances, 
10 shows that the strength 


the greater the angle of attack. Fig 


of the vortexes is reduced at increased angles of attack. The pic- 
At an attack angle of 3 


whereas for the same 


tures show the suction side of the blade 
deg, no cavitating cores could be discerned, 
speed and an attack angle of about 2 deg, the cores are visible 
The transverse, or lift, force was so great at 3 deg, that the speed 
could not be increased beyond 50 knots because of the possibility 
of strut failure, even though the strut thickness was increased to 
3/,in. for these tests. 


carried to 58 knots. 


The tests with a 2-deg angle of attack were 


Reducing the thickness 
of the trailing edge was found to raise the frequency of vibration 
With 


a thickness of 0.015 in., some high-frequency notes were obtained 


Progressive Thinning of Trailing Edge 


fora given speed. This can be seen in Figs. 1(a) and 1(b) 
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with a thickness of 0.007 in. no singing occurred at any speed, 
It can be observed that, for a fixed speed, as the trailing edge is 
thinned, the frequency increases in inverse proportion, but with 
very thin edges, the increase in frequency is at a slower rate. This 


is treated in the section which follows 
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Fic. 3 CaviratTinc Vortex Street Hep Fr 
WHILe Singinec, Zero ANGLE or ATTACK 


VERTICAL STRUT 
p 46 Knots 


Vortex Street SHED 
NG, ZERO ANGLE OF ATI 
Tes! 


DISCUSSION O} 


Vertical Strut. It is apparent fron 


hydrodynamik 


succeeding photog iphs that the 


1(b) and the 
clapper effect mentioned in the literature is the von Karman vortex 
This 
thickness b through the Strouha 


y of shedding of the 


trailing-edge 
Vb/U, and! 
ves, here taken to 


U is the forward 


correlated with the 


Inum 


street street can be 
a where \ 
is the frequenc alternate vorte 
be the frequency of the note of the singing strut 
alternate vortexes. Consist- 
That the 
cked by dividing vane 
of about 0.1 U’)* by the 
Goldstein gives 


nd 0.148 to 0.18 


spet a and ais the spacing between 
throughout 


ent units must be use frequency of 


shedding is the note frequency can be ch 
velocity diminished by the street velocit 
This has been f« 


of 0.18, Re = 10‘, for a ey 


vortex spacing mind to check 
value of Nb/I 


for a flat plate normal to the flow 


linder : 
For the points in Figs. l(a 
and 1(6) at a speed of 15 knots the values given in Table 1 obtair 
It can be seen that NI 

It has been found that 


for different trailing-edge thicknesses 

LU’ decreases as the trailing edge thins 
the arbitrary addition of 0.016 in. to the thickness b causes Nb/l 
constant, as shown in the last row of 
and is about 0.18 


to remain substantially 
Table 1 This corrected value is called Nb / 
or substantially the same as that for the cylinder 


***Modern Developments in Fluid D Goldstein 


Oxford University Press, London, England, vol 
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VALUES FOR TRAILING-EDGE THICKNES 
0.030 


TABLE 1 
6, in 0.125 
Nb 


0.060 0.015 


0.160 0.0856 


a 
N bf on) 
Vb ( 7 


t 


Ave = 0.18 


The addition of 0,016 to b may be because the boundary layer of 
the plate provides a virtual plate thickness at the trailing edge 
which is greater than the actual trailing-edge thickness 
and Nb’/U for different 
values of b obtained in another series of experiments where the 
The values of Nb/l 
are taken as the averages over a range of speeds from 10 to 50 
knots. The value of Vb’/U obtained is 0.19, which agrees closely 
with the previous value of 0.18 for the series presented in Table 1 
Here, 
edge thickness, as a virtual boundary-layer effect, in order to make 
Vb'/U independent of b 
the strut considered as a flat plate edgewise to the flow at a speed 


Table 2 shows a set of values of Nb/L 


trailing edge was thinned progressively 


however, it was necessary to add 0.022 in. to the trailing- 


Computation of the boundary layer of 
of 15 knots, g ves, lor the thickness of the laminar sublayer at the 
A value of 0.0295 in 
The momentum thickness is 0.0230 
It is appar- 


trailing edge, 5 X 10~° in. is obtained for 
the displacen ent thickness 
in. The flat-plate Reynolds number is 2.33 < 10° 
ent that the contribution of the boundary layer must be doubled 
to allow for the two sides of the vane and that the « xp rimentally 
determined virtual-thickness addition does not agree with any of 
the three thicknesses computed but is greater than the laminar 
the momentum and 


sublayer and is approximately one half of 


displacement thicknesses 
VALUES OF Nt AND 


0 5 0.064 


rABLE 2 


0.031 


rldsten 


strut at 15 knots when / 0.125 in 


nt is seen to be reasonably good. Some 


“ANce ascribed to the virtual thickness when it is re- 


dge thickness of 0.007 in., the sing 
the t 
layer and is, therefore essentially sharp. The 
and 0.008 in., the 


taken as half of the plate-thickness addition of 0.016 in. found pre 


membered that with a trailing- 
ing disappears In other words, tiling e lige is submerged 


in the boundar 
wreement between 0.007 in virtual thickness 
viously, is better than the precision of determination of the limit 
of singing as a function of trailing-edge thickness 

Vodes of Vibration 


mode of vibration of the plate, and particularly the trailing edge, 


Inspection of the figures shows that the 


must in discrete steps as the speed increases. It is 


known from sand figures on flat plates excited by a bow or other 


Increase 


means that the edges are divided into vibrating segments between 
which are nodal points and that the deflections of adjacent loops 
are of opposite sign In Figs. 2, 3, and 4 can be seen the vortex 
streets coming from regions of the trailing edge which must be 
the loops. The frequency of singing is 720, 1070, and 1320 cycles 


per see (eps) for these three tests. The number of vibrating seg 
ments can be seen to increase by | for each figure until, in Fig. 4 
four separate loops can be seen with an additional loop indicated 
in the region of the aeration plate just under the surface of the wa- 
ter. 

That adjacent streets of vortexes are of opposite sigt when firs 


shed is indicated in Fig. 4 where the adjacent streets can be seen 


faintly to link up about half a strut-chord length downstream but 
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(by counting the number of cores to the trailing edge) the number 
of cores differs by 1 for adjacent streets. This produces a distor- 
tion in the linked vortexes, shown clearly in Figs. 5 and 12. 

Strut Swept Forward. 
ing versus speed for the strut which was swept forward 30 deg, 


From the plot of the frequency of sing- 


Fig 6, it can be seen that the singing phenomenon is almost iden- 
tical to that for the vertical strut. However, Vb’/U’ for the strut 
is 0.169, where b’ is taken as b + 0.019 in., and 0.019 in. is the 
mean of the two determinations of the virtual-thickness addition 
This value is lower than that for the vertical strut, but Vb’/l 
can be raised to 0.195 if U is taken as the component of velocity 
normal to the trailing edge. The then slightly better agreement 
vertical strut indicates that fre- 


quency of the street is determined by the normal velocity compo- 


with calculations made for the 


nent, within the precision of these determinations 
flow, but 
This is be- 


since the 


The photographs show the street inclined to the 


somewhat weaker than that for the vertical strut 


there 


cause was less tendency for the cores to cavitate 


normal component of velocity also determines their strength, as 
well as their lrequency. 

An example will be worked out to illustrate 
As shown in Fig. 4, the di- 
ameter of the cavitating core, measured just aft of the strut, is 


0.044 in. At this diameter the whirl velocity is approximately 
known the absolute 


Strength of Vortexres 


the strength of a cavitating vortex 


because pressure approximates the vapor 


pressure of the water at 60 deg, which is 1 ft of water Since ab 


solute pressure is 35 ft, the velocity of whirl at the 


V = 29 (H ha Therefore the 


0.044 
16.8 3 0.534 ft 


can be 


core 


16.8 tps 


computed | 


circulation [’, of the vortex is V wD 


per sec Since the momentalr transver 
irculation is pI'V per foot of 
14 knots Is 


with this « 


span for this vortex at 


Since thi 
bration 


Pe 


I ned but al r 


about 10 per cent. Th 


us indi 


4 maximum permissible range oO 
cates that for an actual singing propeller with the rtexes coming 


in separate streets from discrete pate hes on the tr 


maximum permissible radial extent of a patch is probably 10 pet 


cent of the radius. This is because, other things being equal, th 


variation of Nb/U’ over a patch on the trailing edge will be ap 


proximately the same as the radius variation percentagewis 

Therefore the apparent contradiction between the production of 
discrete notes from a propeller in the absence of discrete values of 
Vb/l 


velocity near the hub is the 


for the trailing edge is resolved. However, the principal 


forward velocity, and the radial-ve 


locity component is not controlling, therefore a wider region or 


patch of permissible range of Nb/U for a single-note production 
is available at this point 
i 


Singing at Angle of Attack The plot of frequency versus speed 


for different angles of attack a, is shown in Fig. 9. It can be seen 
that the note freque ncies are the same at the same mean sper ds for 
angles of attack of 0, 1, 2, and 3 deg However, zones of silence 
between the notes appear at slight angles and widen, speedwise, 
10 shows that the vortex streets are 
No vor- 


tex streets can be seen at 3deg; at 2 deg the speed had to be raised 


as the angle increases Fig 
less sensitive to cavitation and therefore much weaker 
the vortexes were visible This 


and 58 knots before 
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suppression of the vortexes by angle of attack is probably associ- 
ated with the finite span of the strut. The low aspect ratio in- 
sures that a powerful vortex sheet oriented at right angles to 
the streets is left behind the strut. This makes the formation 
of the streets more difficult and distorts those that are 
In Fig. 10 distorted streets can be seen at the lower trailing edge 


formed 


and at the surface 

In Fig cavitation can be seen as well as suc- 
The 
spacing of these strips is equal to that between alternate vortexes 
The of these 
the bubble-bouncing effects shown by Knapp,* 


10 leading-edge 
cessive strips at regular intervals following the cavitation 
of the vortex streets presence strips can be ac- 
counted for by 
but here modified by the strut singing, which causes leading-edge 
oscillations at the same frequency. This would account for the 
correspondence in spacing. 

Data were obtained on 
These 


An analysis of these data on the basis 


Correlation With a Singing Propeller. 
one singing propeller from the Department of the Navy. 
data are given in Table 3 
of the previously described theory follows. 


TABLE 3 DATA FROM NAVY TESTS ON SINGING PROPELLER 


Frequency 
cps 
600 
1000 
Blade chord at0.7R 28. 44in 
Trailing-edge thickness 0.030 in 


Range of singing 
rpm 
80 to 110 
120 + 
Diameter. .7.5 ft 
Pitch 6 Oft 
Slip 30 per « 


ent 

It is not known at what radius from the axis of rotation the 
vortex street responsible for the singing is originating. For this 
example, it can be assumed to occur at the 0.7R point. This is 
the point used in many performance and design calculations for 
computing blade angles and corresponds to a mean radius in so far 
as average influence of the separate blade elements is concerned. 
The first note of 600 cps, from the Navy data, will now be con- 
sidered. The mean rpm for the range of this note, 95 rpm, is 
used. The relative water velocity at the 0.7R point is then 
computed from the peripheral component and the advance speed 
derived from the pitch and the slip. This velocity U is 27 fps. 
It is now necessary to compute b’ = b + 6, where 4 is the virtual 
thickness addition experimentally determined as in the foregoing. 
This will be taken as the same fraction of the computed displace- 
ment boundary-layer thickness as it was in the strut experiments 

The formula for the displacement thickness of a turbulent 
boundary layer is, for one side* 


1 0.372 
~ § (Ur\'* 
v 
in the section Vertical Strut, under 
the mean virtual thickness 


From the last paragraph 
Discussion of Results, the 


addition 
0.016 + 
7 2 


ratio of 


0.022 
= 0.019 in. 


for both sides to 5, for the strut was 


0.019 
= 0.643 
0.0295 


6, for this propeller is 0.0582 in. Therefore 


™ 0.019 
6, = 0.0582 x = 0.0375 in. 


0.0295 


5 “Laboratory Investigations of the Mechanism of Cavitation,” by 
R. T. Knapp and A. Hollander, Trans. ASME, vol. 70, 1948, pp. 419- 
435. 
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0.030 + 0.0375 
= = 0.00563 ft 


12 


600 & 0.00563 


97 


= 0.125 


This is lower than the values of 0.18 and 0.19 for Nb’/U deter- 
mined for the strut but may reflect the uncertainty in choosing the 
radius at which singing occurs 

Next, for the note at 1000 eps, given in the Navy data, the mean 
rpm is taken as slightly higher than 120 rpm, since this is the only 
figure given and is presumably the lower point of the speed range 
of this note. An rpm value of 130 rpm was taken in order not to 
extrapolate too far. The velocity U at the 0.72 point is then 37 


fps, and 


0.00455 ft 


The value of 6, is determined from 6, by applying the previously 
experimentally determined factor, 0.643. 6, is then 0.00455 x 
0.643 = 0.00293 ft or 0.0352 in., and 5’ is 0.030 + 0.0352 = 


0.065 in. or 0.00541 ft. Therefore 


Nb’ = 1000 X 0.00541 
— a = 0.146 


This value is also lower than the experimentally determined val- 
ues of 0.18 and 0.19 and again reflects uncertainty in choosing the 
radius of the singing street. The angle between the trailing edges 
and the relative flow direction is assumed to be 90 deg at the 
street, but, if it is less, the normal component of relative velocity 
would take control, and this error would be in the direction of 
lowered apparent values of Nb'/l 

General Formula for Virtual-Thickness Addition the 


foregoing example the virtual-thickness addition to the measured 


From 
trailing-edge thickness is given by 


l x 
6, = 0.643 X - 0.37 = 0.0297 
8 (" ‘) . l *) ° 
v v 
or simply 0.643 times 64, the displacement turbulent-boundary- 


layer thickness The corrected thickness 6’ is then > the actual 
thickness, plus 6,, the virtual-thickness addition 


SUMMARY AND CONCLUSIONS 


The experimental work performed in this study supports the 
following conclusions 


1 Singing of vanes, and incidentally of marine propellers, is 
caused by the action of von Karman vortex streets which are gen- 
erated at the trailing edge 

2 The critical k ngth, which toge ther with speed, determines 
the spacing of the street, and hence the frequency of singing is the 
thickness of the trailing edge of th 

3 The Strouhal number, Vb/l 
streets and assume the customary range of values by increasing 


Vane 
, can be made to apply to thes« 


the length 6 by a fraction of the boundary-layer thickness 

4 Singing does not occur at speeds from 0 to 60 knots on vanes 
which have trailing edges thinner than 0.007 to 0.010 in. per ft of 
chord. This is suggested as a limit of trailing-edge thickness for 
marine propellers to suppress singing 

5 Singing will occur on a vane of the general type considered 
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here whenever the plate can assume a mode of vibration such that 


the modified Strouhal number Nb’/U is approximately 0.18 
6 One of the principal types of vibration of the plate is with 


the trailing ¢ Ige Vv ibrating in sc illops Each se illop sheds a vor- 


tex street 


7 Vanes in which the trailing edge is not normal to the flow 
will sing and the corresponding vortex street is inclined to the 
flow. The 


controls in the Strouhal number for this case 


component of velocity normal to the trailing edge 


8 Thick vanes require a higher velocity for the inception of 
singing than thin ones, other things being equa! 

9 The effect of angle of attack of th is to weaken the 
This seems to be caused by the effect of finite 


Vane 
ig somewhat 

shedding of the lift vorticity which distorts and 
presses the vortex strects 


10 Leading edges and tips of vanes are not factors in the genera- 


streets and henee do not influence singing 


DECEMBER, 1952 
11 From consideration of the mechanism of the action, the 
singing note is radiated directly from the oscillating surfaces of 
the vane and not from the street or wake 

12 The vibration of the singing vane is generated by the os- 


cillatory circulation produced about the vane as the oscillating 


vorticity is shed in the street. This results in oscillating trans 
vibration 


verse forces on the vane which drive th 


13 In general, when the vane is not singing the vortex streets 


are not being generated 
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Vibrations of Elastic Shells in a 


Fluid Medium and the Associated 


Radiation of Sound 


By MIGUEL C 


This is a study of the vibrations of thin elastic shells 
freely suspended in a compressible fluid medium. The 
effect of the fluid reaction on the dynamic characteristics 
and, in par.icuiar, on the natural frequencies is investi- 
gated for cylindrical and spherical shells. The dynamic 
configuration of such shells undergoing forced vibration 
and the associated radiation of sound are determined. 
The problem is analyzed by means of the classical methods 
of the theory of mechanical vibrations; the Lagrange equa- 
tions for the system are derived, the fluid reaction being 
From the 
boundary condition that the normal shell deflection be 


introduced in the form of generalized forces. 


equal to the normal fluid-particle displacement at the 
shell surface, and introducing the concept of acoustic 
impedance, it is shown that the fluid reaction is equivalent 
to an accession to the inertia of the shell and to a damping 
force. Numerical examples show that the effect of the 
fluid reaction on the dynamic characteristics of a shell 
may be of such magnitude as to render valueless calcula- 


tions neglecting it 
NOMENCLATURE 


lowing nomenclature is used in the paper 


radius of she 

velocity of sound in fluid medium 

Young’s mox 

half-thickn 
N 

wave num 

integer 

generalized fo 

radial distan systenis 

time 

kinetic 

potentia 

ka 

ement of shell surface 


= 0, and 


r ] ' 
vdia disp 
Neumann factor, equal to 1 for n to2forn +0 
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€, = normal strain in @-direction in ¢ 
systems 
normal strain in 6-dire« 


spherical 


= 


tion in spherical systen 
G6 = ‘ 


co-ordinate, Fig. 2 
v = Poisson’s ratio 
p = 
= 

} 


= tangential displacement of shell surfa 


density of fluid medium 
density of shell material 

y " 

@ = cylindrical or spherical co-ordinate, Fi 
@ = change in curvature 


@® = lIrequency 
INTRODUCTION 


The dynamic characteristics of elastic structures vibrating in a 
fluid medium may differ considerably from their characteristics in 
vacuo structures having large areas of 
An 


analytical investigation of the latter is of practical interest, par- 


This is parti ularly true ol 
contact with the surrounding fluid, such as plates and shells 
ticularh he dor fn larchit re suck ans 

icularly in the domaim o! naval architecture Such an analysis is 
presented here for the case of shells of cylindrical and spherical 


shape. The dynamic characteristics of the submerged shells are 
determined and compared with the 
Behavior of 


is also studied 


orresponding characteristics 
in vacuo these shells under steady-state conditions 
follows: A thin elastic shell 


fluid medium is excited by a 


The problem presents itsell as 
freely suspended in a compressible 


The 


be radiated from the she Conne 


variable internal force resulting vibrations cause sound to 
iel ted with this sound radiation 
there is a reaction of the fluid on the shell; this fluid reaction, 
which is equivalent to a damping ferce and to an accession to the 
f the shell, alt 


It is assumed that the 


characteristics of the sys 
deflections and the thick 


inertia rs the dynamic 


tem dynam 


ness of the shell are small compared to its other dimensions and 


that it is composed of an isotropic material devoid of damping and 


obeying Hooke’s law. The fluid medium satisfies the conditions 


for the validity of the simplified wave equation, viz., the absence 


of viscous forces 


Previous related studies in the field of mechanical vibrations 


were concerned with the free vibrations of thin, infinite, cylindrical 


and spherical shells in vacuo. Lord Rayleigh (1)? gives approxi- 
mate solutions for purely flexural vibrations of evlindrical shells 
f the middle surface tayleigh (2 


by assuming no extension o 


also contributed an approximate treatment of extensional vibra 


tions of cylindrical shells based on the assumption that the 
bending of the shell is negligible when 


tial energy associated wit 


compared with the extensional ene rey. The ch apter in reference 
(3)* dealing with shells is based largely on these two papers 
Lamb (4), starting from the equations of static equilibrium of an 
element of cylindrical shell, derivec an expression for the natural 
the effect of 


bending and extension of the middle surface. Lamb (5) also pro 


frequencies, taking into account combined both 


* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
* Vol. I, chapter Xa. 


139 
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duced the first complete analysis of the vibrations of the spherical 
shell 
The present an alysis of the cylindrical shell, which takes into 


A general survey of the subject is given by Love (6), (7 


account the combined effect of bending and extension, shows a 
slight discrepancy with Lamb’s results (4). Lamb’s two simul- 
taneous equations of motion, which give consideration to the 
effect of shearing forces, display a peculiar assymmetry; i.e., the 
coupling terms are different in the two equations, Ww hile the cor- 
responding homogeneous Lagrange equations in this analysis 
display the usual symmetry. The quantitative difference be- 
tween the two solutions is of higher order and therefore of little 
significance. For limiting cases, both solutions give the value of 
natural frequencies obtained from Rayleigh’s two approximate 
analyses (1), (2)—the first assuming purely flexural vibraticns, the 
second purely extensional vibrations. 

While the problem under consideration might be solved more 
elegantly by some other approa h, the classical method of La- 
grange equations is used because it can be extended conveniently 
to more complex nonhomogeneous structures, such as shells pro- 
vided with stiffeners. 

The theory of sound radiation from cylindrical and spherical 
surfaces is used to deal with the acoustical aspects of the problem 
under consideration. This theory was introduced by Stokes (8) 
and developed by Rayleigh (3). It was found convenient to 
borrow, from the terminology of acoustics, the « oncept of acoustic 


The ap- 


-oncept to the vibrations of an elastic surface in a 


impedance to express the reaction of the fluid medium. 
plication of this 
fluid medium has been confined generally to the case of plates and 
membranes (9),’ (10 A procedure akin to the one here used was 
applied to the problem of scattering of a sound wave by elas- 


tic shells (11). 


Dynamic CHARACTERISTICS OF CYLINDRICAL SHELLS 


Consider a cylindrical shell of infinite length as shown in Fig. 1. 
The exciting disturbance, which is independent of z and sym- 
metrical with respect to the (@ = 0) axis, exerts its action nor- 
mally to the shell surface. The resulting dvnamic configuration 
of the shell is two-dimensional (1), (2), (3),* and can be expressed 


Fourier series 


in terms of twe 


T= ) b, sin nd 


n=l 


The generalized co-ordinates a, and b, must satisfy the Lagrange 


equations of the system. These equations form two sets; one, 
nonhomogeneous, in a,; the other homogeneous, in b 
d oT oT os 


dt Oa, Oa, Od, 

a oT oT oV 

dt di ob Ob, 
The quantities required for these equations will now be evalu- 
ated for a unit length of shell. The kinetic energy is the integral 


T’ = ahp, / 6? 4 tT? dd 


. 


* Chapter XXIV 

* Vol. Il, Chapters XVII and XVIII 
’ Section V. 19-21 

* Vol. I, chapter Xa 
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which can be expressed in terms of the generalized velocities a, 
and b,, after substitution of the Fourier series [1] 

The potential energy per unit area of thin shell (6)* is the sum of 
two terms, one representing the energy connected with extension 
in the middle surface, the other with change in curvature of the 
shell 
tial energy takes the following form 


Integrating this expression over the shell area, the poten- 


“ie Ehia 
Ey" 


Eha 
p? 
0 
The circumferential strain €, and the change of curvature xg may 


be expressed in terms of the displacements 6 and rf (6 , 0 and 


hence of the Fourier series [1]. Substituting the resulting series 
in the integral Equation [4], and integrating, an expression for 


the potential energy is obtained in terms of the generalized 
co-ordinates a, and b,. 

The generalized force of order n on the cylindrical shell is 
evaluated by calculating the virtual work connected with an in- 
crement of the generalized co-ordinate a,, and dividing this work 
by the increment. It may be verified that the generalized force 
associated with the sound pressure p in the fluid medium is 


2s 


P)a COS ND lo 


The fluid medium being nonviscous, tangential displacement of 


the shell surface does not give rise to any work by the fluid. It 


also may be assumed, for smal] deflections and changes in curva- 


Fic. 1 


ORIENTATION OF SYSTEM 


ture, that the normal to th » from the radial 
Under 


associated with the b, 


direction these conditions no generalized forces are 
co-ordinates 

The radiated sound pressure p is of the form of a solution of the 
cylindrical wave equation for an outgoing wave (9 12), i.e., of a 
series of products of trigonometric functions and of Hankel fune- 
tions H, 2») of the second kind It 


tunctions, 


is convenient to express 
their 


these and their derivatives, in terms of 


magnitudes and phase angles in the complex plane 


H,, 
dy 


* See p. 530 
* See page 543 
Section VII. 26 
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und 6,’ are tabulated in the “Scatter- 
radiated 


The quantities C,, C,’, 6,, 
ing Tables” (12). Introducing these definitions, the 
sound pressure now takes the form 


cos n@ 


The undetermined coefficients c, are related to the generalized 
co-ordinates a, by the boundary condition that the radial displace- 
ment 6 of the shell surface be equal to the radial component (u), 
of the fluid-particle displacement at the boundary between fluid 
and shell i of the 
fluid-particle displacement and the sound pressure p may be de- 


A relation between the radial component 


rived from Newton’s second law (9)" 


1 Op 
= ah i 


d 


Calculating this quantity at r = a by means of Equation [7], and 
equating the resulting series term by term to the Fourier series 

1] for 6, the boundary conditions stated previously now take the 
form of a relation between the pressure coefficients c, and the 
generalized co-ordinates a,,, or, assuming the latter to be propor- 
Substituting 


tional to e?, the generalized velocities 4, = jwa,,. 


these expressions for c,, the sound pressure is finally written in 
terms of products of acoustic impedances and generalized veloci- 
ties 


p= pe ) [.(kr)a, cos nd 


0 


The acoustic imp dance ratios (,(kr) are defined by 


10 


It is convenient to consider these complex quantities to be the 


sum of a real and of an imaginary term, respectively, the acoustic 
resistance and reactance ratios 


+ IX,(Ar 11 


x, (z) and 6,(2) were plotted for values of n from 0 to 20, for the 
range from z = Otoz = 10(13 

Using Equations [9] to [11 the Integral [5] can now be 
evaluated and the generalized force Q, written as the sum of a 


reactive and a resistive term 


2rapc [x,(2r) ‘ 
Q, = = | Xe Gd, + 6,(z)a, 12 
& Ll@ 


Substituting the derivatives of the er es 


[3] and [4], and the generalized forces, Equation {12 


proper Equations 


, and trans- 
ferring the forces to the left side of the equations, the Lagrange 
Equations [2] become 


; 2m 
2ra [2 _? —e Ja F [ ® cB 
€, k 
4nrE hj ; n‘ (: 
€,(1 v*)a ( 3 \a 
2rE ( 
l , 


12 See p. 295 


2rahp,b,, + 
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Each value of n larger than zero represents two coupled modes 
having loaded 
These frequencies are smaller than the corresponding frequencies 
of the shell vibrating in vacuo because of the damping effect and 


natural frequencies p,., and p,2, respectively. 


the accession to inertia. They are obtained from the characteris- 


tic equation of order n 
A(s,2) = 0 [14] 


where A(s,? 


is the determinant of Equations [13] after substitu- 


tion therein of selutions of the form Ae™. This fourth-degree 


equation admits roots of the form 


Nar + Pai 
Ning = JPn2 


where n,;.2 and p,;.2 are real numbers. The former is a measure of 
damping; the latter is the damped natural frequency of oscilla- 
tion of the system 

Setting n = 0 in the Lagrange Equations [13], the second equa- 
tion vanishes. The corresponding mode, which is a uniform 
radia] pulsation of the shell, is therefore uncoupled 

The 


coupling between extensional and flexural deformations. An 


analysis presented in the foregoing takes into account 


approximate solution may be derived by neglecting extension en- 
(3)."* The condition that the middle surface undergo no 
extension then takes the place of the second set of Lagrange equa- 


tirely 


tions 
This 


pendent of frequency 


inde- 
thus 


purely geometrical and therefore 


The characteristi 


condition is 
equations are 
quadratic, so that only one natural frequency is found for every 
value of n This frequency corresponds to the smaller of the two 
roots of the characteristic Equation [14]. The accuracy of the ap- 
proximate solution improves with decreasing values of p,, i.e., of 


(h/a 


CYLINDRICAL SHELLS ASSOCIATED 


RADIATION OF SOUND 


Forcep VIBRATIONS OF AND 


It is now assumed that the shell is undergoing steady vibrations 
under the effect of a radial exciting force acting along the cylin- 
drical generator located at @ = 0. The force has a magnitude 
fe per unit length. The corresponding generalized forces are all 
equal to fe". The introduction of the radial exciting force leaves 
the second of the Lagrange Equations [13] unchanged but renders 
the first equation (in a,) nonhomogeneous, the term fe? appear- 
ing on its right side 
The particular solution of the resulting set of differential equa- 
tions is expressed conveniently in terms of loaded mechanical] im- 


pedances 


Zu = Z, + pet,(x [16] 


where the acoustic impedance ratios ¢,(2) are defined by Equation 


10}, and where Z 


Ing in vacuo, are 


the mechanical impedances of the shell vibrat- 


Vol 


I, section 235 
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the free vibrations of spherical shells (5), these requirements are 
fulfilled by two coupled modes: A radial mode whose amplitude 
is of the form of a zonal surface harmonic P,(cos @), i.e., of a 
Legendre polynomial of argument cos 8; and a tangential mode 
oriented in the 6-direction whose amplitude is of the form 

w'a’p,( l 

P.(cos 0) = — P,* (cos 0 

dé “ 

The particular solutions of the Lagrange equations may now be 
written in terms of Z,,; substitution of these solutions in the 
series [1] yields expressions for the dynamic deflections 


The deflections may be written in the form of two series of su 
solutions 


fert €, 
6 = - "cos n@ 
2jT AW homed 


=() 


The terms of the series form a complete orthogonal set (14)'* and 
therefore may be used to represent an arbitrary 


the shel 


onfiguration of 
Because the differential equations are linear, several solutions 


The analysis proceeds exactly as the cylind 
can be superimposed. Taking f = 1, the response to a unit har- 


hence will 


| and 
be carried through in somewhat less d The 
monic force is obtained. Solution [18] can thus be used to calcu- Lagrange equations are of the form of Equations Tl 
late the response to an arbitrary distribution of normal harmonic 


forces, viz., bending moments. The same remark applies to the 
expression for the radiated wave pressure about to be given. 


kinetic energy is again expressed in terms of a, and b,. The pro- 


cedure in obtaining the potential energy is, however, somewhat 
different from the cylindrical case; there the deformation tends 
The sound pressure of the radiated wave is obtained by sub- 


to be mainly flexural, the extension of the middle surface be: 
stituting in the series [9) the particular solution of the 


non- ing important only at high frequencies. This, however, i 
true in the case of the complete spherical shell. A theorem 
by Jellett 


homogeneous Lagrange equations le 


5)'§ states: ‘The most general displacement 


1 

pe fer €nS al! r closed, oval, inextensible surface admits, is that of a rigid 
cosn®@ ‘ S . ~ 

2ra Zz, Such a surface is I 


therefore inextensible In other w 
closed surface cannot be bent without stre 
energy of a deformed spherical shell thus m 


1 

The power of ra liated sound is 

out regard for changes in curvature 
2m Eha* 


l y? 


2(1 


Dynamic CHARACTERISTICS OF SPHERICAL SHELLS Relating the normal strains to the deflections 


Let us now turn to the case of the spherical shell in Fig. 2. The ®®°°8Y ®8&!n may be expressed as a function « 

system of co-ordinates is rotated so that the exciting disturbance co-ordinates a, and 6,. 

acts at the pole (@ = 0), in a radial direction. The assumed solu- The generalized forces are calculated as in the eylindrical 

tions must be independent of QD and correspond to shell vibrations in terms of the radiated sound pressure This function is o 
lving a radial dieplacement. According to Lamb’s study of form of a solution of the spherical wave equation for an outgoing 

wave, i.e., a series of products of zonal surface harmonics and of 

spherical Hankel functions h,* (kr), (9 12 


si These functions 
and their derivatives may be expressed in terms of definition 
Equations [6], provided spherical Bessel and Neun 

dn( kr) and n, (kr) are used in lieu of the corresponding cy | 
functions. Introducing these definitions and using, as in the 
cylindrical case, the boundary condition 6 = (u), to correlate the 
undetermined pressure coefficients c, and the generalized co-ordi- 
nates a,, the pressure of radiated sound is again expressed in 


terms of acoustic impedance ratios and gener ilized velocities a, 


= pc } C.(kr)a,P,(cos 6 
new) 
The impedance ratios ¢,(kr) coincide formally 
‘ See 
ww 


Fic. 2) ORIENTATION OF SysTEM OF 
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{10}. 
and 6,(z) were plotted for a range of values of z and n (13). 
generalized forces corresponding to Equation [23] are 


ke Pe + a2, 
WwW 


[2] can now be formed 


a(2)| 4, 


[2a,, - 


The corresponding reactance and resistance ratios x,(z) 


The 


. 4ma'pc 
Q@=—5 


2n + 1 


The Lagrange Equations 


4mra*pc 
; [ah + P «2)| a, + | p 
k 


J 2n + 1 


4a? 
2n 


SrEh 


v)(2n + 1) 


ni . 4n Eh 2n(n + 1) [ n ( 
—a, + 
agar ; 


-(n+ il 


Srathp, 


As in the case of the cylindrical shell, the Lagrange Equations 
25] show that the reaction of the fluid medium is equivalent to an 
accession to the inertia of the shell and to a damping force 

The characteristic equation is of the form of Equation [14] 
where A(s,*) is the determinant of Equations [25], after substi- 
tution of solutions proportional to e*™. This determinant admits 
two roots of the form of Equation [15] for every value of n > 0 
As in the cylindrical case, n = 0 corresponds to an uncoupled 
mode, 
Forcep VIBRATIONS OF SPHERICAL SHELLS AND THE ASSOCIATED 

RADIATION OF SOUND 

Now the case of forced vibrations will be considered. These 
vibrations are excited by a radial harmonic force fe’ applied at 
the pole (@ = 0). The corresponding Lagrange equations differ 
only in that the term fe? appears on the right 


from Equations [25 
side of the equations in a,. The particular solution to these equa- 
mechanical 


tions will again be expressed in terms of loaded 


impedances of the form of Equation [16]; the mechanical im- 


pedance Z, of a shell vibrating in vacuo at the mode n is given by 


2h 


ae 


Ww? 


Z 


f 


l+v 


v | w%pl + v)a? 
E 


Lagrange equations in the series [21], expressions for the dy- 


tions are obtained 


, 2 + 1 
- P.(cos 6 
Za 


n=O 


(2n + 1)P,,(cos 6 


w*a%p,(1 yp?) 


n=1 Z,, [mn +1 
E 


As in the case of the cylindrical shell, the linearity of the differen- 
tial equations permits superposition of the particular solutions. 
Substituting the particular solutions for 4, in the series [23], 


the pressure of radiated sound is obtained 


(1 


: 
pcfert (2n + 1)t,(kr) 


at Z P,(cos @ 


al 


= 
aye 


Substituting the particular solution of the nonhomogeneous 


VIBRATIONS OF ELASTIC SHELLS 


The corresponding power of sound is 


2n + 1)0,(z) a 
—— — [29] 
al + pex,(z)]*? + [pc8,(z)]? 


NUMERICAL ILLUSTRATION 


The solution for the cylindrical shell will be illustrated by a 


(1 — p) 
b,| = 0 
v 


numerical example. 
thickness to radius 
having a Young's modulus E of 19 X 10" g/cm sec?, a Poisson's 
ratio v of 0.27, and a density p, of 7.7 g/cm*. The fluid medium 
is water whose density p is 1.0 g/cm’, and whose sound velocity ¢ 
is 146,000 cm/sec. 

The effect of the fluid reaction on the dynamic characteristics 
of the shell is studied first. The block diagram in Fig. 3 demon- 
strates the effect of the fluid reaction on the natural frequencies 


The shell has a radius a = 300 cm and a 


ratio (2h/a) = '/y. It is made of steel 


of the system. 


4 
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The damping ratios (ai. = Me Vv Pra »? + nae? are a Measure 
of relative damping of modes (nl, 2) of free vibration, and are 
associated with the resistive component of the fluid reaction 
Damping ratios for certain values of n are given in the block 
diagram in Fig. 4 

The reactive component of the fluid reaction is equivalent to an 
accession to the inertia of the shell. Its relative importance is 
taking the ratio T,.:+ of the increment of 


best illustrated by 
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kinetic energy owing to the fluid reaction and of the kinetic 
energy associated with the shell material, for a given mode of free 
vibration. These ratios are plotted in the block diagram in Fig. 5 

Turning now to forced vibrations, the radial deflection 6 and 
the absolute value of the radiated sound pressure p are calculated 
for an exciting force of unit amplitude f = 1. The polar diagrams 
of these quantities are presented in Fig. 6 for a frequency corre- 
sponding tor = 0.1. Owing to a condition of mild resonance, the 
n = 3 mode is predominant 
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Discussion 


The effect of the fluid medium is prim arily to cause a decrease of 
the natural frequencies; this decrease may be of the order of 50 
At low frequencies, it is due mainly to the added inertia, 
and at high frequencies to the damping action. The acoustic re- 
actance ratio x,(7 } 
to 


per cent, 


rises from zero to a maximum and again tends 


zero as Zz increases from zero to infinity The acoustic re- 


sistance ratio 6,(z) rises from zero to a maximum, and then tends 


13 The vanishing of the 
effect at high frequencies may be interpreted as follows: 


to a steady value of unity inertial 


Under 
these conditions, the shell surface oscillates with such rapidity 


that the disturbance does not spread far before the action is re- 
versed; in other words, a low-frequency vibration tends to ac- 
celerate large quantities of fluid, while a high-fre quency vibration 
compresses a small amount of fluid. 

For predominantly extensional modes, i.e., p,:-modes, and in 
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particular, for the , the relative damping may be very 


large and approach a f critical damping, even though 
the fluid 


modes, the relatiy 


Ion O 


medium viscous 


For the low-frequency pji- 


ying provided by the resistive impedance 


is usually very smal Phus extreme resonance phenomena may 


be observed. A feature ty il of such systems is that a small 


variation of the disturbing frequency may cause a considerabk 


change in the amplitude response ol the system In practice, 


of course, an actual structure provides its own damping, especially 


at resonance, when the inertia forces are large enough to over- 


come the static friction between metal surfaces; Coulomb damping 
is probably a mo factor in the dissipation of energ 


than the solid frictior in the metal or than the viscosity 


of the water. Unfortuna nformation on this subject is ver 
neomplet. 

A few commer 
of the 


n= 1 


ts sh made about the natural frequencies 


system. The lower frequency (p,:)-mode corresponding to 


represents a back-and-forth movement of the shell as a 
forces are connected with such a con- 
It also should 


1 submerged shell 


rigid body. Since n | it 


dition, the corresponding natural frequency is zero 
be mentioned that the natural frequencies of 
letermined thy 


This diff 


ter! 


may not be dire: 


, but only through successive ~ 
arises from the fact that the 


» ther 


proximations 
tive and resistive welves functions of 
Thus the 


juatio 


irequency eristic equations are 


speaking, ¢ mstant coefficients 


he ion is usually rapid, 


convergence of 


A development of present investigation, which m 
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an investigation le y Phe 
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Large Deflection Theory for Orthotropic 


Rectangular Plates Subjected 


to Edge Compression 


By SYED YUSUFF,? BROOKLYN, N. Y. 


A theory is presented of the large deflections of ortho- 
tropic (orthogonally anisotropic) rectangular plates when 
the plate is initially slightly curved and its boundaries are 
subjected to the conditions prevailing in edgewise com- 
pression tests. Results are given of computations carried 
out for four different combinations of load and lamination 
in Fiberglas panels. These theoretical results duplicate 
the substantial variations in the load-strain and load- 
deflection diagrams obtained earlier in experiments at the 
Polytechnic Institute of Brooklyn. 


INTRODUCTION 


N experimental investigation of the buckling loads and the 

A postbuckling behavior of rectangular Fiberglas panels 
carried out at the Polytechnic Institute of Brooklyn (1 

disclosed substantie! differences in the load-deflection and load- 
strain diagrams when the directions of lamination and loading 
were varied. As cross-laminated panels loaded in one of the grain 
directions can be assumed to behave approximately as isotropic 
panels, a theoretical investigation (2) was initiated in which the 
large deflections of initially slightly curved isotropic panels were 
an aly zed. 

This analysis, undertaken by Coan (2), was based on earlier 
work by Levy (3) as well as by Hu, Lundquist, and Batdorf (4 
and took the boundary conditions along the unloaded edges mor: 
weurately into account than was done before. The results of the 
inalysis compared well with the tests and led to suggestions re- 
garding the evaluation of experimental data. 

In the present paper this work is carried further through an 

The results 
licate the load-deflection and load-strain diagrams of the ex- 


analysis of plates that are orthogonally anisotropic. 
luy 
perimental investigation, as can be seen from the diagrams given 
In order to save space, only the most important equations are 
presented here and for many details omitted reference is made to 


similar parts of Coan’s paper (2 


This paper is based on a dissertation submitted to the Polytechn 
Institute of Brooklyn in partial fulfiliment of the requirements for the 
legree of Doctor of Aeronautical Engineering 

Lecturer in Physics, University of Mysore, on leave of absence for 
advanced studies sponsored by the Government of Mysore, India 
Now Stress Analyst, The Bristol Aeroplane Company, Ltd., Bristol 
I ngl au 1 

Numbers in parentheses refer to the Bibliography at the end of the 
paper 

Presented at the National Conference of the 
chanics Division, State College, Pa., June 19-21, 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of paper should be addressed to the Secretary 
ASME, 20 West 39: Street, New York, N. Y., and will be accepted 
until January 10, 1953, for publication at a later date 
date will be returned 
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the Society Manuscript received by ASME Applied Mechanics 
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PLates Wirn Epges Remainine Stratcut UNDER 
Loaps 


ORTHOTROPI 


When von K4rman’s derivation (5) is modified to take into 
account the anisotropic properties of the plate, and the plate is 
assumed to have initial deflections wo, the following two equations 
are obtained (6 

ow ) 


dD, “ + 2Ds 
or‘ 


=h (?: 
h 


ow 
Or*dy? 


Wo) 


oF Ow 
oz? dy? 


OF Ow 


OF Ow ) r 
oy? 


ox? ~ Qxdy drdy 
oF 
oy* 


v “| o'r 1 
E, E,/ ordy* E, 


O'w Ow ( O*we y O*wo Owe 
Or? Oy? Oroy ox? oy? 
12)(Eh*)/(1 rv 


12) Eyh*)/(1 vv, 
H)3Dy, + 3Dyw, + WG 


D = (1 
D, = (1 
Ds = (1 


It is assumed that the edges of the plate are parallel to the 
principal directions of elasticity of the orthotropic plate which are 
The initial deflection is wo and the total 


Young’s moduli and Poisson’s ratios are represented 


designated by z and y 
deflection w. 
by E,, E, 


the x- and y-directions. 


, ¥,, and v,, and G is the shear modulus corresponding to 
The thickness of the plate is h, and p, is 
the transverse external load acting perpendicularly to the plate, 
that is, in the direction of the deflections w. 

If the origin of the co-ordinates is the center of the plate and the 
+h, the initial deflection 


edges correspond toz = taand y = 


can be represented by the series 


We = > > Woimny COS (max/2a 
m=1, 3," n= 1,3, 


The stress function F is assumed in the form 


« 
p=0,2,.-q=0,2 


and the total deflection w in the form 


Wan COS(mmrr 2a) cos ( nTry Dh 


mal Birr mal 3, 


and [6] into the com- 


expre ssion of all the trigono- 


Substitution from Equations [4], [5], 


patibility equation, Equation [2], 
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metric functions in terms of even cosines, and matching of the co- 
efficients of like trig ymetric terms lead to an expression for the 


coefficients b,, in terms of the coefficients w,, 


where 


»-le-! 
B, = ) > kt(p 
k=1 ¢t=1 


if q ~Oand p ~ 0, andB 


forn # 1 can be 


0. Values of B, 
following Equation [10] 


Oitg =O0orp 
found in reference (2 


Values of boy.) are obtained from Equation [7] if in the sums 
representing B, one replaces w by wo 


If the transverse load is 


substitution in the 
manipulations vield the following expression for the coefficient p,, 


equilibrium equation, Equation [1], and 


Pre 


w here 


A, = ) ) 8 t)i (7 kt}, 
k 3 1.3 


and for the values of A 
[18] of Coan’s paper (2 
of A, by replacing 6 by by in the expressions corresponding to 
Equation [11 

It can be easily shown that the equations given satisfy the 


with n # | reference is made to Equation 


Values of Ao, can be obtained from those 


boundary conditions of a plate upon the edges of which average 
stresses Pp, and p, are acting, provided all the edges are simply 


supported and are compelled to remain straight. Because of the 


requirement regarding displacements the edge stresses need not 


be distributed uniformly. With known initial deflections and a 
prescribed transverse load, Equation [10] represents an infinite 
number of simultaneous nonlinear equations in which the only 


unknowns are the displacement coefficients w,,, 


Ortsortropic PLtate Wirn Untoapep Epces Free to DispLace 
IN PLANE OF PLATE 


In careful edgewise compression tests the test equipment in- 
sures that the four edges of the plate are simply supported. At 
the same time only the loaded edges are compelled to remain 
straight, while the unloaded ones are free to displace in the plane 
of the plate. Along the unloaded edges not only the average 
stress must vanish, but the stress at any point must be equal to 
zero. This condition can be realized in the calculations if a correc- 
tion term is added to the stress function. Such a correction term 
was used in a different problem by Levy, et al. (7), and applied to 
the large deflection problem, of the isotropic rectangular plate in 
edge compression by Coan (2). The final total stress function 
then becomes 


ORTHOTROPIC RECTANGULAR PLATES, EDGE COMPRESSION 


(1/2)p,y* + >» 


p=0,2,-- ¢g=0,2 


X cos (prr/2a) cos (gry /2b 


when the total edgewise load along the edges z = +a is 2b/ Ps 


the edges y = +b are free of stress. In E quation [12 


rp® sinh (prb/2a 


Tra*h p/a)*® + (q 5)? 


r=R8ifq <0 
with ' i, 0 
ifq= 


8 was shown in connection with Equation [23] o 


¢ 


In Equation [13] C, is given by 


| [cosh (prb/2a) + (pwrb/2a)] /sinh (prb/2a)} C, 


for p = 2,4 
With the stress function of Equation [12] the expression given in 


Equation [10) is transformed into 


Pp, = (97*/16)(Di(r/a)* + 2D¢rs/ab)* 


4 


h( mr? /Sab)? > E 


hp rr 


where E, is determined in the same manner as A that ¢,, 


replaces b, 


except 


in all the expressions corresponding to A; in Equation 


SOLUTION FOR SQUARE PLATE 
The main purpose of this analysis is the investigation of the be 
havior of orthotropic plates subjec ted to edgewise ompression in 
With plates which are 
reasonably plane before loading the Fourier component of the 
initial deflections corresponding to the first buckling load has a 


the neighborhood of the buckling load 


dominant influence upon the total deflections (4). It is permissi- 
ble, therefore, to describe the initial deflections of the average 
plate by the single term 


u = u cos (wr/2a) cos (wy /2h [16] 


In the numerical work the plate was assumed to be 
uy) Was taken as (A/10) 
average value for the specimens which were noticeably warped 


square 
(a = b) and u This was a reasonable 
because they were tested long after they were manufactured 

The final deflected shape at loads exceeding the buckling load 
by a factor not greater than 3 is represented accurately enough by 
the first three terms of the series given in Equation (6) 


wy, cos (w2/2a) cos (wy/2b) + wy cos (wr /2a) cos (3ry/2h) 


+ wy, cos (3927/2a) cos (wy /2b 17 


If all the other coefficients w,,, are assumed to vanish, Equation 
[8] yields the following expressions for the coefficients of the stress 
function of a square plate 
(E,/32)( wy? + 9wy? 4+ 

, /64 wu 

288 )w,,7 

32 ( wy,? 

64 wi wn 

288 )ws,? 

4 wywn + u 

16 )(wywys + 2 

16 wywn + 


16 pwyten 








148 JOURNAL OF 


where a E,) , R+(1 E,)] : 


E, = ((1/E,) +4R + (16/E,)]~ 


: [18a] 
((16/E,) + 4R + (1/E,) 


Ey 


and R= v,/E 


(1/G (v,/E, ,/E, [18] 


and all other Doe 
\s the initial deflections are represented by a single term, the 


only 


values are zero. 


nonvanishing boipg) values are 


3200 jh? 
3200 )h? 


(E,/32)wo (E, 


(E, 32)wour)? = E, 119] 


With the values of the b,, taken 
in terms of the w 


from Equations [18] expres- 
ma With the aid 
If in these calcula- 


sions can be obtained for the A, 
of Equation [11] and its associated equations. 


tions the b,, are replaced by the e,, according to Equation [13], 
one obtains expressions for the Z,, again in terms of the unknown 
Wn Finally, replacement of the w,,, by the won») in Equations 
18] results in expressions for the Aon. Substitution of these ex- 


pressions in Equation [15] leads to a set of nonlinear equations in 


the u 


mn: 


In the probk m to be solved here no transverse loads act 
upon the plate. Hence the left-hand side of Equation 15 is zero. 
With only three of the w,,,-coefficients assumed to be different 
from zero the following three equations are obtained for the square , 


‘mn 
plate if the nondimensional coefficient 

20) 
is introduced 


» E,/12)1 + »,)/(1 
(G/3 DP, — 0.000238E,, — 0.000625E,} ku 
0.0003719E, + 0.000625E, )h 0.000625 Eka 
0.0625E, + 0.023782, ku? + (0.18752, + 0.037192, 
0.30976E, — O0.0774E2)kutkis + (0.1100E, + 0.309762, ) 
x kutka 
0.2500F, + 0.2140E, + 0.7028E, + 0.136882: )kukis? 
2.042, 1.9362; + 0.07438E, )kukika 
0.5625E, + 0.2166E£, + 1.00E, 
0.3347E,kis* + (0.56262, + 2.811E; + 
0.5625E, + 3.867E; + 
l+y | vv,)] + ((E, 


3.423 
1.904E; )kiskn? = {| 


121 + v,)/(1 
1+(G 3) } (woury/h) 


0.000625E, + 0.0003719E, ku 
] [(3E,/4)(¥y, + 9)/(1 
0.00214E,} kis 

0.0625E, + 0.0372E, ki? 
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v,v,)] + 3G 
0.001162E ka 
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O.33472E, + 2.7878E 0.4280E: )kukis? + (0.38822, 
S.6703E, + 5.2169E, + O.1589Es)kukiska 
0.5625E, + O3518F, + 3.0714E, 1.085194 )kiuks:? 
(0.06246E, + 1.926B, )kis? 
L.O4G1E, + 11.1518 
HST3SE 27.530E; )kish 


vv.) + 


z"y 


2a/mrh)*p, 


17.424E; )h 
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+ 5.0625E, kn? = 0 


9 2a wh 
0.0625EF kit 
0.21652, 
3.074E 
O.3518E, + 
+ LOGE, Ak, 
0.04937E, 


kis + (0.56252, 
(0.56272, 


23 


These three equations suffice for the calculation of the deflec- 
tions of an orthotropic square plate with slight initial deflections 
under the action of an edge wise compression 
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STRESSES AND STRAINS 
The median fiber normal stresses are 


o, = OF /dy?, o, = 0°F /dz* 


z 


and the corresponding strains are 


For the stresses at the center of the plate substitutions yie Id the 
following expressions 


¢, = Pp. + (wh/2a)*{(0.125E, + 0.0139E, ku? 

+(0.5E, + O.8888E, + 1.0279E2)kuk 

+ (0.01359E, + O.8888E, + 0.3071E;)h k 

+ (0.125E, + 0.1257E, )kis? + 1.125E ku? 

+ (44975E, + 25.697E 8.078623 )kish 
0.000625E, — 0.000139E, 

2+ (1.3099EF 


L.OTEs)kuh 
1.935E2 


0.07742E2)kish 
+ 0.7767E kis? 
+ 27.1496Es)kisks: 


0.000238 2, | 27 


o, = (wh/2a 1 0.086342 k 
+ (0.4049E, + 1.30992, 
+ 0.09846E ks? + (6.172, 


The extreme fiber bending strain in the direction of the load is 


v(o,'/E 28) 


expre ssed as 


Substitutions yield the following expression for the extreme fiber 
bending strain in the z-direction at the center of the plate 


> 


m=1.3,- n#1,3,- 


+ 1/2(mrh/2a)? [30] 


The total extreme fiber strain at the center of the plate will be 
denoted by € on the 
Hence 


concave side of the plate, and by € on its 


convex side. 


€ 


ks 0.1 33] 


when the initial deflection is (h/10). Finally the total edgewise 


compressive load acting on the plate is 


P = 2ah p 34 


z 


NumericaL Work aNp Comparison Wita ExperIMeNt 


The theory here presented was applic d to the calculation of the 
the 
the 


tested earlier at 
The 


panels was a low-pressure resin-bonded laminate of glass fibers 


postbuckling behavior of panels 


Polytechnic Institute of Brooklyn (1 


square 
material of 
commercially known as Fiberglas. Edgewise compression tests 
were carried out with four different combinations of lamination 
and load direction and the mechanical properties of the material 
There 


The values selected 


were determined for the principal directions of elasticity 
was some scatter in the values obtained (8 





YUSUFF—ORTHOTROPIC RECTANGULAR PLATES, EDGE IMPRESSION 


x wo 


LOAD i.8 


“566-1600 1500-3000 — 6 : =400 605 805-1605 
STRAIN IN PER IN x 10° STRAIN IN PER IN x 10° 
Fic. 1 Tagoreticat V ALUES OF STRAIN IN CENTER OF PARALLEL- Fig, 2 THEoReTICAL AVERAGE STRAIN PARALLEL TO Loap IN 
LAMINATED Pane. Loapep PaRaLiet To GRAIN Crenrzr or Pane 





sho 7 - ~5000 755800 -200 -400 -600 
STRAIN IN PER IN x 10° STRAIN IN PER IN x 10° 


Fic.3 Experiuwentar VALugs oF STrRatn in CENTER OF PARALLEL- Fic. 4 Expermmentat AveraGe Srrain Parattet To Loap In 


LaMINATED Pane. Loapep ParaLuet To Grain Center or Panel 
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Bending of a Uniformly Loaded Rectangular 
Plate With Two Adjacent Edges Clamped 


and the Others 


Either Simply 


Supported or Free 


By M. K. HUANG? ano H. D. CONWAY,? ITHACA, N. Y 


The distribution of deflection and bending moment in a 
uniformly loaded rectangular plate having two adjacent 
edges clamped and the others either simply supported or 
free, are obtained by a method of superposition. Numeri- 
cal values are given for square plates and, in one case, the 
results are compared with those obtained by another 


method. 


INTRODUCTION 


HE problem of the bending of clamped rectangular plates 


has interested mathematicians and engineers for many 


years. In many cases it has been found impossible to 
find a function which will satisfy both the differential equation 
Various methods 
One 


and the boundary conditions simultaneously. 
have been presented for obtaining approximate solutions. 
important method, which was proposed by Timoshenko (1),‘ 
involves the determination of an infinite number of unknowns in 
an infinite number of equations obtained by the superposition of 
several known solutions. The method has been applied to other 
cases (2, 3, 4), but, in so far as the authors are aware, no attempt 
appears to have been made to analyze the problems discussed 
here, viz., the uniformly loaded rectangular plate with two edges 
These 
two problems will be treated separately in the following sections, 
The general 


clamped and the others either simply supported or free. 


as each requires a special method of superposition 
assumptions relating to the small bending theory of plates are 
adopted 
BenpviInG oF a Unirormiy Loapep PLate Wirn Two ApJjacent 
EpGes CLAMPED AND THE Oruers Simp_y SupPporTEeD 


{nalysis. The deflection w of the thin plate must satisfy the 


Lagrange differential equation 
Otu O*u q 
or*dy? oy* D 
esis by M. K. Huang submitted to Cornell Univer- 
in- partial fulfillment of the requirements for the 


1 Based on a tl 
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* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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and the following boundary conditions 


At 


At 


The usual assumed 
edges, z = Oand y = 0, and two edges simply supported, z = a 
and y = b, Fig. 1. As there is no known function which satis- 


fies both the differential equation and the boundary conditions, 


notation is The plate has two clamped 


the following approach was made: 


a 








CClamped 


Clamped 





Simply Supported 








Fic 


Consider a uniformly loaded, simply supported, rectangular 
plate whose sides are twice the length of those of the actual plate 


to be investigated, Fig. 2(a). The deflection w, at any point ob- 


tained by the Levy method is 


64ga‘ } . ; a,, tanh a,, + 2 , may 
= coen 
rD t 2 cosh a,, ‘ 
m=1,3,5 
l may 
sinh 


2 cosh an 2a 


Along the X-axis 
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Fic. 2(a) Simpry Supportep Piate Wir Fic. 2(¢ Simpty Suprortep Piate Wits Fig. 2(¢ Simpty Supportep PLate Wits 


UntrorMLy Distrisutep Loap s Loap Atone X-Ax18 IN THE FORM OF A 4 Loap Atone Y-Axis IN THE FoRM oF A 
Cosine SERIES Cosine Serres 


tanh On 


, 
a,, t inh Qa 7 2 cosh? a: cosh P 
2 cosh a, 
my 
tanh a, 
and along the Y-axis 


6H4gh* 
(wi)z=0 = == > 
P n= 1,3,5 


3,5 


6,, t anh é.. r 4 l ( Ge 
> tanh a, 


2 cosh G,, 2b \ cosh? a, 


Along 


m—l 


2 1 a, 
= (tanh a, ; 
” cosh? a, 


mary 
tanh On 


ou 


The expressions in parentheses in Equations [4d] vanish at the 
edge sy = =b They can be expanded into a Fourier series of 
the type 
Next consider a similar plate, Fig. 2(b), simply supported along 
all edges but with a line load along the X-axis represented by the 


series 


in which the coefficients C,; are calculated from the formula 


The expression for the deflection of this plate had 


“or 
a 5 1) Qn 
— AL C; = tanh a,, cosh 
l . tanh On b { —b cosh? a,, 
ysh 
cosh? a, 


mar mar nmr 
tanh a,, —~ sinh — - for 0 < 
1 Za 7 


- ofl 


§ Derivations of the expressions are given in the Appendix 
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The given problem is then solved by superposing the 


b 

ss (aun - : . in such a manner that the resultant deflections along the co- 
. ordinate axes in Figs. 2(a), (6), and (c) are zero. The remaining 
Lury mr boundary conditions are satisfied due to symmetry In this 
sinh 2a 9 2a manner, two infinite sets of equations containing two inhi te sets 
of unknowns are obtained. For instance, when using Equations 

3b}, [4c] and [5d] and grouping the terms in cos(i7 2a) to ob- 
tain zero resultant deflection along the X-axis, an infinite set of 


linear equations of the following type is obtaine 


It follows that 
, $2qa l , a; tanh a; + *) 
2 2\2 : ‘ 2 cosh a 


p> 


Substituting this in 


16/ 


Dr‘ 
r 


0 
A similar set of equations is obtained by equating to zero 
the resultant def! ons along 
Se}, | te 
V umerica 
square pla ul th ‘ ts of equations 
and A ; 


the Y-axis and using Equations 


In a similar manner, if a simply supported plate is loaded by 


line load represented by the series 


m 


along the Y-axis Fig the expressions for the deflections are 


” 
tanh £6,, 
By using first seven coefficic 


Ing equations 


mar mmr NWL 1.30428 A 0.0254648 A, + 0.00876608 A 0.001L01859 


_ 2h c 2b ne 2b +0.000378715 A 0.000171088 A, + 0.0000881134 4 
= 0.314385 K 
for0< 0.0763944 A; + 0.134501 A 0.00660851 A, + 0.00227004 A, 
0.000943 141 A, + 0.000452088 A O.000241113 A 


0.0116014 K 


B, | ; 0.0188349 A 0.0110142 A, + 0.0450928 A 0.00232513 A, 
tanh Bq +0.00113318 Ay —0.000597316 Ay, + 0.000838304 A, 


= 0.00159388 A 


, mmr marr maxX 0.007 13014 A, + O0.00520886 A 0.00325518 A 
Cosh +-0.0222642 A 0.00105475 Ay + O.000616794 A 


cosh? 8, 
0). 000375081 A 0.000416402 A 


= tank 2. = coorey ey 0.00340843 A 0.00282042 A, + 0.00203972 A 
* é 2} - 0.00135611 A, + 0.0132190 A 0.000561668 Ay 
+-0.000366693 A 0.000152414 K 
0O.00188107 A, + O.00165747 A O.OOLSIALO As 
+-0.000969249 A 0.000686484 A, +0.00874276 Ay 
0.00033307 1 A 0.000068301 K 
0.00114547 A 0.00104482 A, +0.000879579 A 
0.000696579 A; + 0.000520667 A, 0.000393629 Ay 
+-0.00620693 Ay = 0.0000350128 K 


Solving these equations yields the following values for the co- 
efficients 

245485 K 

224458 K 

O1O128 A 

042281 K 
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0.002564 K 

0.012279 K 

0.004861 K 
where 


K 32qa/m* 


Values of the deflection at several points along the diagonal 
of symmetry (this includes the maximum deflection) have been 
calculated by superposition. The results are shown in Fig. 3, 
and it is observed that the maximum deflection of 0.002203 ga‘/D 
= 0.506a. 


oceurs at zr = y The accuracy of the solution natu- 




















hu 


rally depends upon the degree to which the deflection of the 
cl amped edg ‘Ss Approar hes zero by this method of approximation 
An inspection of the calculated results of deflection at several 
edge, Table 1, shows that they 
the deflections u By 
assuming the deflection at the clamped edge exactly equal to zero, 
th 
the 


points along the clampec are 


xceedingly small in comparison with 


bending moments along the clamped edge are calculated from 


formula 


t t O*u 
VJ ) + : 
OY . oy? Jy=0 


The moments along the clamped edge are also shown in Fig. 3 


and the maximum bending moment is found to be 0.0695 ga? at 


rABLI )EFLECTION ALONG CLAMPED EDGES BY SUPEI 
POSITION FOR UNIFORMLY LOADED PLATE WITH TWO ADJA 
CENT EDGES CLAMPED AND OTHERS SIMPLY SUPPORTED 


s for plates shown ir sulta 
ig. 2(b ig. 2 

0.155394 0.155304 

9 0 145664 

0.255243 5275 0 119966 

0 188409 0 084276 


0.100647 57377 0.043267 


: leflection 
0.000004 
0. 000007 
0. 00000: 
0 000013 
0.000003 


d by 64 gat/De5 to obtain the 


This problem has been discussed by Stiles (5 


| 
method due to Weinstein (6, 


values of deflection along the diagonal of symmetry by the two 


ilso using a 
7 


. Table 2 gives the comparative 


DECEMBER, 


1952 


TABLE 2 COMPAR 2 VALUES OF DEFLECTION ALONG 

DIAGONAL OF SYMM 4 JNIFORMLY LOADED PLATE 

WITH TWO ADJACEN’ 1ES CLAMPED AND OTHERS SIMPLY 
TED 


A 
N 


Location 
z u 
0 2a 0 
0.4a 
0 6a 
0.8a 


—Deflection x 
Present method 
0.000314 
0.001607 
0.002170 
0.001025 


(D/qa* 
Stiles’ method 
0.0003 
0.0016 
0.0022 
0. 0010 


2a 
0.4a 
0.6a 
0.8a 


TABLE3 COMP 
UNIFORMLY LO 
EDGES CLA 


Location 


ARATIVI 
ADED 
MP 


VALUES OF CLAMPING MOMENT FOR 
SQUARE PLATE WITH TWO ADJACENT 
ED AND OTHERS SIMPLY SUPPORTED 


Clamping moments X (1 
Present method Stile 
4). 0272 
0.0594 
0. 0692 
0.0510 


qa 


methods, while Table 3 gives the comparative values of the « 


Ing moments 
BENDING 4 UnrrorMLY Loapep PLATE 


OF Wirn Two 


EpGes CLAMPED AND THE Oruers Fret 


ADJACENT 


ina 


grange equation and the following boundary conditions 


The deflection w of this pl ite must satisfy the 


0 and 


j 


amped ¢ dges at 2 


= 0, Fig. 4. The 


The pl ate has two 


edges at x = Oand y of this p 


solution 














Clamped 5 








Fig. 4 


is obtained by superimposing the five cases shown in Fig. 5 
5(a) shows a simply supported plate carrying a uniformly 


tributed load of intensity q, while Figs. 5(b) and 5(« 


ire simpi 


supported pl ites bent by arbitrary edge moments 


(M,)z= +a 
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respectively. The expressions for the deflection, slope, and bend- 
ing moment for the foregoing three cases can be obtained 


In addition, the expressions 


0*w dw | O*u O*w 
- +(2—s and 2—y» ~ 
or ordy* Jz =0 oy? Or* Oy y=0 


are zero for all three cases because of symmetry. Fig. 5(d) has 
no lateral load but is bent by moments at the edge z = 0 having 


the form 




















y 


ortep Prate Wirn UNtrorMy 
uTep Loap 


DIsTRIB- 
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Srmup.iy Supportep Piate Bent sy 


4 UNIFORMLY LOADED RECTANGULAR PLATI 

















Y 


Pirate Wits Taree Epvces Simp_y SupPporRTeD AND THE 
Orner Epoe Bent sy 


r Unsupported 
L 

















Pirate Wire Taree Evces Simp.y SUPPORTED AND THE 
OrHer Epce Bent By 


Similarly, Fig. 5(e) is a plate bent by moments at y = 0 having 


the form 


Also, due to symmetry 


| 


in Fig. 5(d), 


in Fig. 5(e), are both zero. These five case ombined in such 


a manner that the bound ynditions in Equatior 8) are 


of simultaneous equations involv- 


,and H, 


satisfied. This gives four sets 
ing four sets of unknowns E,, F,,, G,, 


Equations for Fig 


For Fig. 5(a 


= * anh a, 


2 cosh a, 


[130] 


Ge 
( — tanh an) 
cosh? a,, 
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Ve 


For Fig. 5(c) 


; ! 2a? 7 : (—1 
’ 5 = . Zi... 
£ m? cosh @,, 
a, tanh a,, + v(2 cosh a,, a,, tanh a,, 2) at a 
2 cosh @,, es 


miry 
sinh 


2a 2a 
where 


i ME > 
Dra —< m 


" 


(tanh a, + = 
cosh? Oe, 


a ¢ Denote the 


lifferential equation 


O*ws 
+ 2 16 
ort Or*0y? 


and the boundary conditions 


where 


* When we expand into a Fourier cosine series, we tacitly 
assume that the function of period 4a represented by has finite 
jumps of 4¥ cosh 8» at the points z ta. It is seen that by the 
superposition process we remove all bending moments My along the 
X-axis except at the points z +a, because at these points (.Wy) y<. 
is not represented by the Fourier series A similar state of affairs 
exists at the points y = +6 in Equation [15d 
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Take the solution of Equation [16] in the form of the series The expression in parentheses in the last equation ean be ex- 
panded into a cosine series of the form 


m = 1,3,5... 


in which X 


F _ , 13 
m is a function of z alone. Then the function : 
found to be 


from which it follows that 
mar 
2b 
mAr 
cosh 
) 2b 
From the boundary 
are 


conditions in Equations [17] the constants 


v) tanh 


Similarly, the 


(2) 
Or /yz 


following equations are obtained 


(1 v)8,, sinh 9, sech? §,] 
tanh 6, + (1 v)? B,, sech? B,, 


mry 


oF, 


p 


nm 


» sech? 6, 


, 
sinh — 
2b 


: mmr 
-y 8. sech? Be cosh 





o}, 


mar mmx mrz\ 
+ ] cosh 


* sink 
i. a 2 2» { 


The equations tor Fig 5 


(M,)z=0 = ” 


v) tanh 9, ( v)? 8, sech? 8, aa ein tl 
i 


; mar 
(tanh 8, + 8,, sech? 8,,) cosh 


2b 


he mmr " mar mmr , maz | 
- tanh p> sinh cosn 
™ oh 2h 2b 2b | 





JOURNAL OF APPLIED MECHANICS DECEMBER, 1952 


l6ga* 1 a, 
: tanh a, 26) 
rT? §6i* \cosh? a; 


In a similar manner, two other equations can be obtained from 
9 , the other two boundary conditions, i.e., MV, = Oat z = 0 and at 
2 sech @,, I v)a,, sinh a@,, sech? @ b. : 

r=a Thus we have four sets of equations providing relations 


m! for determining the unknowns E,,, F,,, G,,, and H,,. After these 


3+ v)tanha, + (1 v)*a,, sech? a 


max constants have been determined numerically, the deflection and 


2a 3] the bending moment at any point can be obtained by superposi- 
tion. 

Numerical Example. Consider the case of a square plate in 
which a = 6, E; = F,, and G,; = H,, and the four sets of equations 
ure reduced to two sets. In the following, Poisson’s ratio is as- 
sumed to be zero in order to reduce the arithmetical work In 


this case, Equations 25) and [26] becon 


Solution of Froblen Since one boundary condition requires 
V/, to be zero at y = 0, we combine Equations [12], [13c], [14e], 
15e}], and [19], and write the sum equal to zero. In this way we ; 
obtain the follewing set of equations , tanh a, 
} 


osh a 


inh 8 


va, tanh a, 


2 cosh a, 


idition that the slope Ow/Oy must be 


set of equations is obtained 


0.006278 BE; + 0.002377 E 


v + “ r 124 } 0.11459 G 0.04709 G 0.02496 G 


0.57284 / + 0.01697L FE; + 0.002511 BE; + 0.000679 E, 
1.8033 G 0.07639 G 0.01884 G 0.00713 @. 
0.66768 K 

0.025457 FE, + 0.30976 FE; + 0.011014 EB, 0.005299 E; 
0.012732 G, 0.043487 G, + 0.027536 G. 0.018546 G 


0.0005225 K 


a, ; 0.15274 FE, + 0.052552 E; + 0.013217 E; + 0.004542 E; 
cosh*a, a4. Pe 2 + 0.076394 G; + 0.40452 G; + 0.033043 G, + 0.015897 G 
= — 0.012325 K 


tanh a, + 
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0.006276 E 0.011010 E 0.19151 BE; — 0.005425 E; Appendix 
0.001884 G, + 0.009913 G 0.012278 G; + 0.011393 G, 
= 0.00000488 K 


Derivation of Eq iation [4a]. Consider the case in which a 
concentrated load P acts at a point A on the X-axis, Fig. 6. The 
0.062763 E, + 0.036701 EF; + 0.016730 EB, + 0.005425 EF, 

0.018835 G 0.033043 G. 0.22547 G, 0.016276 G, 

= 0.001600 K 








0.002376 EF 0.005297 EF; + 0.005425 FE; 4- 0.13853 E 
+ 0.0005093 G 0.003406 G, + 0.005813 G 0.006518 G; 
= 8 xX 10° K 





0.033263 BE, + 0.024719 BE, + 0.015191 BE, + 0.008690 EF 


0.007130 G, + 0.015897 G, + 0.016276 G, + 0.15585 G 








0.0004165 K 





bia. 6 


A = l6qga*/F 
deflection of the portion ot the pl ite above the X-axis is giver 
Solving these equations yields the following values for the co- 4p, following equation’ 
efficients 
E 0.1254 K, G, = —O4AIS4 A 
E; = 0.0412 K, G,; = O.O895 K 
E; = 0.0046 K, G; = —0.0152 K 
E;= 0.0092 K, G; = 0.0280 K 


The maximum deflection occurs at the origin, Fig. 4, and is 
found to be 
= 0.03619 qa* bD 


ax 


which 
If six coefficients are taken for each series, the following values 


are obtained ys h « oth 2 y,, sinh a, 


0.1251 K, G = ri) 133 A 
0.0419 K, G,; = 0.0893 K 
0.0055 K, G,; = 0.0147 K 
0.0102 K, G = 0.0276 K 
0.0015 K, G, = —O.0115 K ; ; sinh a, » Coth 2 7, sinh a, 
0.0045 K, Gy = 0.0137 K 


By using these values, the maximum deflection is found to be the 
sume as in the foregoing 

In calculating the moments, a difficulty arises At the junc- 
tions of the clamped and free edges, the moments actually be- 
come singular and, near these junctions, the moments are large 
The present analysis makes use of a finite number of functions 
which are regular in the corners and hence cannot show this 
growth rate of the moments. It follows that moment calcula- 


tions near the corners are not dependable However, the de- 2P. 


flection as given is probably quite accurate hb, Dr 
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If the load along the Y-axis ts repre sented by the series 


nwr : , ' 
1, sin _ 
; « a > 


and the deflectior ’ ] quation 2], becomes 


the deflection w’ can be obtained by integration of Equation [30 


inh @ 


1 7 ” 
tanh a,, sinh 


tanh aa 


may 


mar ; Tr 
cosh sin for 0 < 
1 


a 


Shifting the origin to the center of the plate, the load, Equation which is Equation [4a Equation [4b] can be derived i 


$1) becomes lar manner. 





A Nonlinear Problem in the Bending 


Vibration of a Rotating Beam 


By HSU LO,' WEST LAFAYETTE, IND. 


The problem of bending vibration of a rotating beam is 
a nonlinear one when the vibration takes place in a plane 
The nonlinear 
From the non- 


not perpendicular to the plane of rotation. 
term arises from the Coriolis acceleration. 
linear equation established, it is found that the exi 
of periodic solutions depends on the initial conditions, 
and the most important parameter which affects the 
periodic solutions is the nondimensional amplitude 4. 
The percentage error in the frequency of vibration due to 
neglect of the Coriolis acceleration is a function of the 
For most of the present-day applica- 


tence 


parameter ./ only. 
tions the error is negligible. 


INTRODUCTION 
Lo and Renbarger presented results of an 


N a recet 


Investigatior 


oblem of bending vibration of a rotat- 


ing be a plane making an arbitrary angle 


rotation It was found that except 


plane of rotation), the 


the Coriolis acceleration. By 


to the 


neglecting the nonline ver, the authors of that paper 


lished an interesting theory which states that the vibration 


lependent of the angle 8 and the vibration frequen- 


at 8 = 0 


modes are 


cies w are ated to the corre sponding frequencies @ ) 


in the following simple manner 
(2? sin? 9 [1] 


where @ is the speed of rotation. Since the bending vibration 
t 


f rotating beams at 8 0 has been investigated by many au- 


thors, the results of their investigation can be used together with 
the foregoing theory to give the modes and frequencies for vibra- 
anes 0 


ning are 1 


tions in any other pl 
The questions ren what are the errors induced by 


dropping the nonlinear term, and (6) what are the parameters 
that affect the error It is the purpose ot the present paper to 


seek an answer to those questions by studying the nonlinear 


In order to simplify the problem, however, the 


that is, the 


equation itself 


beam Is re plac ed by its semirigid re presentation beam 


is assumed to be rigid in bending everywhere except at the root 
where a spill il spring Is used to connect the beam to the rotating 
provided so that the bending vibration 


shaft. Guides are 


takes place in one plane only 
Associate Professor Aeronautical Engineering, Purdue Uni- 

versity 
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EQuATION OF MoTIoN 


beam at its neu- 
The 


san angie 


axis O-E of the 


an arbitrary deflected position 


Shown in Fig. 1 are the elasti 
tral position and O-E’ at 
line O-E 

6 with the 
with the elastic 
O-xr and O-z t« 


lies in the plane of vibration O-D which make 


axis of rotation, O The z-axis is chosen to coincide 
axis O-E, and the y-ayis is perpendicular to both 
1 left-hand s Both the z and 


form ixes 


rotate with the beam 


y,/] 
i 


Fic. 1 Co-Orpinate System or Rotatine Beam 


that 


the displ wement in the z-direction is neglec ted for small oscil- 


With the same assumption used by Lo and Renbarger,* 


an element of the beam originally located at the point 
A(z, y, 2 


The symbol W(x) 


lations 
A(z, O, O) displaced to the position 
W(zr) sin 8 and z = W(x) cos p. 
denote the displaceme nt in the plane 0O-D of the beam at station 


where j= 
is used to 


i 


Let i, j, and k be the unit vectors along the z, y, and 2-direc- 
tions. The radius vector R to the deflected position A’(z, y, z) is 


then 
R = 


Differentiating twice with respect to the time ¢ gives the accelera- 


tion 
oR 


PY 


sin 8 Q?z {2 (r) sin B 


W(z) sin B] + k(t cos 8 


The 


is the Coriolis 


refers to differentiation with respect to { 


the dot 
the right-hand side o 
The 


position A‘(z, y is 


where 


first term or f Equation [3 


acceleration inertia force of the element m(x)dz at the 


if 


The bending moment at the root due to the iner 





JOURNAL OF 


(. eR 
m( x )dx (7 x ) 
ot? 


and the total bending moment at the root due to the inertia forces 


tip aan 
* oR - 
mx)\ R X — |} dr [6 
0 ot? 


Since we are only interested in the bending moment in the plane 
of vibration O-D, we take the dot product of the total bending 
moment with the unit vector 


dM =RXdF = 


of the whole beam is 


M = 


ov 


J cos 3+ksing [7] 


i= 


which is normal to the plane O-D, as shown in Fig 1. The re- 


sult is the bending moment in the plane O-D at the root of the 


_ + ae 
0 \ of* 


Substituting Equations [2] to [7 


use of the relation W(z) = (z/L 


beam, or 


into Equation [8] and making 


W(L) gives 
ae m,LW(L) 


20» 


. sin 8B W(L)W(L 
m,LA&2? cos? 8B W(L [9 


} 


where L is the length of the beam, W(L) is the bending deflection 


it the tip, and m, is an equivalent mass defined as 
10 


The equilibrium of the inertia moment Mop, and the 


SW(L)/L, 


gives the following equation of 


spring 


moment M s where S is the spring constant of the 


spiral spring, motion 


WL L 22 m, Sin OV L W l 


Substitution of the relation 
o* 32? 


and dropping the symbol Z in term 


gives 


bean 


the equation governing th 


Before the solution of Equation [12] is discussed, the follow- 


The nonlinear term, i. 


vecelera- 


ing points are worth mentioning. (a 


the middle term, of Equation [12] is due to the Coriolis 


thor Had the Coriolis accelet 2QW 
t 


2) 4} neglected, the resulting equation of motion would have 


ation sin 8 in I quatior 
3) beer 


W+o?W =0.... 13 


which is a harmonic vibration with the natural frequency w 
b) When 8 = 0, i.e., when the plane of vibration is perpendicular 
to the plane of 1 


tation, the Coriolis acceleration drops out 


automatically and the natural frequency becomes 


wy? = 2? + S/m.L? 


(c) Substitution of this expression into Equatior 


: (2? sin? 8 
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DECEMBER, 1952 


which checks with Equation [1 
S/m,L* in Equation [11] is the square of the natural frequency 
w of the beam when Q = 0. 


(d) Finally, the expression 


Therefore Equation [11] can be 
written as 


wt = ww? + 2? cos? 8 
which agrees in general form with Southwell’s equation 


A System By ANALOGY 


Equation 12] is in effect the same equation of motion for a 
simple spring-mass system with a nonlinear viscous damping 
The coefficient of the damping term is (2Q/L sin 8 W). This 
coefficient is an antisymmetri? function of the displacement VV 

To the best of the author’s knowledge, a nonlinear system with 
A gen- 
the existence and uniqueness of periodic motions 


antisymmetric damping has not been discussed before. 
eral study of 
of such a system is therefore desirable for general damping and 
spring functions. Because of space limitations the general dis- 
cussion of this problem will not be included here It is enough 
to mention at present that for positive W the damping is positive 
ind the vibration is dissipative; for negative W the damping is 
Because of the anti 
ted that 
dissipated in the first half cycle of vibration will be compensated 


negative and the vibration is self-excited 


symmetric characteristics it can be expe the energy 


by the energy gained in the second half cycle of vibration. Peri- 
odic solutions, therefore, can be antic Ipate d 


SoLuTIon In Puase PLANE 


With the introduction of the following nondimensional parame- 
I 


ters 


15 


Equation [12] can be written in the following nondimensional 


form 


where the prime system is used to denote tl 
respect to the nondimensional time ? 
Let U = W’ be the 


an be written as 


nondimensional veloci 


log 


where C; and C; are the constants of integration 
[19] represent two different types of solu 


Equations [18] and 
tions; the former is a family of concentric closed curves in the 
phase plane with the origin as the center while the latter is a fam 


ily of open curves, as shown in Fig. 2. The line C = 1 divides 





LO 


the phase plane into two regions corresponding to the two differ- 
ent solutions. This line is called the “‘separatrix.”” For any given 
combination of the initial displacement and velocity lying above 
the separatrix, the re-v'ting motion is periodic. For any given 
combination of the initial displacement and velocity lying below 
the separatrix, the motion of the system follows the arrow (the 
direction of increasing time) on the corresponding open curve 
with increasing amplitude and velocity until the system meets its 


destruction 


—peiee i 


Fic. 2 Periopic anp Nonpertopic So.uTions 


From the definition 
it follows that tl 1 becomés 
20) 


rhe negative sign means that the velocity is opposite to the direc- 
£ PI 


the that di- 


the motion will fol- 


For any case where 


rection is greater than tl 


tion of rotation velocity in 
1¢ critical value w?/a, 
low the open curves 


PERIODIC SOLUTIONS 


The 
by Equation [18 


constant of integration C, in the periodic solution as given 


in be determined by the following condition, at 


= 0 


= amplitude A, 


In nondimensi ondition becomes, ¢ 


where A is the nondimensional amplitude. Substituting this 


condition into Equation [18] gives 
log (1 + U A’ /> 21) 


For a given value of A, the periodic solution is therefore uniquely 
determined. 


A NONLINEAR PROBLEM IN THE BENDING VIBRATION OF 


4 ROTATING BEAM 


1635 
It is interesting to note here that when the Coriolis acce leration 
is disregarded, E juation [16] becomes 
Ww" W 0 
the solution of which in the phase plane is the circle 
Ww? 


+ U* = A? 


3 the nonlinear 


In Fig 


solution and the harmonic solution are plotted together for the 


which represents a harmonic vibration 


U 
NONLINEAR 7 


—- a 





or NonurnearR anp Harmonic So! 


0.5, A = 1, { 3. As the 


es, the shape of the nonlinear solution departs more Vay 


three cases A = and value of A in 


a circle Solutions for many other values of A have been 


ied out by Marshall.* - 
Vehe 


hase plane displace- 


Ib 


From the nonlinear solution in the 
ment W 


the following line 


12 a function of time ¢ can be obtains carrying out 


integration 


The line integration is to be perfor ned in the clock wise 
which is the 


the 
In carrying out the 


lirection of increasing time. For the cas 


t curve is shown in Fig. 4 
integration by method, 


id to the 


line numerica 


special attention should be p region close to the points 


U 0, at which the integrand becomes infinite A discussion of 


the proper method can be found in Appen lix B of the I 
Marshall.* 

From the W t curve 
W-plane, the velocity UD can be obtained as a function of ¢ 
stitution of W and O rf) 


celeration W” asa function of ¢ 


and the corresponding 

Sub- 
into Equatior 16] gives the a 
The velocit and the 
t forthe case A = 3 


d around the 


acceler 4 
tion curves are also plotted in Fig 

When the line integral in Equation |23] is carrie 

3“The Effect of Coriolis Acceleration on the Bending Vibration 
of a Rotating Beam,” by H. M. Marshall 
of Aeronautics, Purdue University, in partial fulfillment of the re- 
quirement for the degree of Master of Science in Aeronautical Engi- 
neering, January, 1952 


thesis submitted to School 
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" vibration, and f is the frequency of the harmonic vibration when 
DISPLACEMENT W 
——— VELOCITY W' ; 
ACCELERATION W" 2 the vibration frequency resulting from the drop of the Coriolis 


the Coriolis acceleration is neglected. The percentage error in 


acceleration is therefore 


; 1 f di 
€ per cent = — l= 
i 2a 


percentage error is 39.3 per cent 





the same procedure one can determine the per- 

ror for any other values of 4. In Fig. 5 the error 

ve is given with the percentage error € per cent plotted against 
he nondimensional amplitude A. 


CONCLUSION 


Ihe most important parameter in nonlinear solution is 





the nondimensional amplitude A = (@/w)A. From the defi- 
Fic. 4 Dispracement, VeLociry, AND ACCELERATION CURVES FOR 
: . nitions 

NONLINEAR SOLUTION, A = 3 





120r— 


one obtains 


:¢ 


The percentage error in frequency when Coriolis acceleration 
is neglected is therefore a function of the following three phy 


quantities: (a) The ratio of the stationary frequency w 


> 
oO 
z 
ww 
=] 
fe] 
w 
a 
uw 
z 


beam to the rotating speed Q b) the orientation of the 
vibration defined by the angle 8; and (c) the amplitude of vibra- 


tion A in terms of the length of the beam L 


ERROR 





2 In the practical applications at the present time, the value 


° 
Ye 


of A seldom exceeds 0.4, for which case the percentage error is 
ipproximately 0.7 per cent. The dropping of the Coriolis ac- 
celeration in the paper by Lo and Renbarger is therefore justi- 


fied 
| 


. 
3 In the case of nonlinear damping and asymmetric spring 

















force, the periodic solution in the form of a limiting cycle may or 


| 


ERROR IN UEN( UNCTION OF Pa- 
- FREQ yasal anon . may not exist. A general discussion has been given by Lo in an 


RAMETER A | , 
: unpublished paper while the study of several special cases can be 


found in the paper by Marshall.* 
lt should be pointed out that the present investigation is based 


period 7’, of the nonlinear vibration nm 
on the assumption of no displacement in z direction. The 


; av > displacement in the axial direction is governed by the equilibrium 
Tl. = I <4 condition of the stretching forces due to both rotation and vibra 


closed curve in the phase plane, the result is the nondimensional 


ictual 


tion. The determination of the ual stretching of the beam re- 
The subscript ¢ is used to denote that the Coriolis acceleration quires the solution of two simultaneous nonlinear equations If 
has been taken into account From the definition of the non- the stretching is completely ignored, the Coriolis acceleration dis- 
dimensional time ippears and the problem is reduced to a nonlinear one of a dif- 
ferent type. The use of the assumption of no displacement in 
the x direction is, in the author’s opinion, a conservative estima 


tion of the error due to neglect of Coriolis acceleration for the 


where T', : f. are the period and frequency of the nonlinear — stretched beam 





Plastic-Rigid Analysis of Long Beams 


Under Transverse Impact Loadin 


By 


The object of this paper is to set forth the results of an 
investigation of the behavior of long beams under trans- 
verse, constant-velocity impact loading, when a plastic- 
rigid type of analysis is adopted. It was expected that 
such an analysis would be satisfactory for problems in- 
volving large strains, and easier to evaluate than the 
corresponding elastic-plastic solution. Consideration is 
first given to the case of ideal plasticity. Elastic strains 
are neglected and the material of the beam is assumed to 
flow plastically at a constant yield limit. In this case 
expressions for the bending moment, shear force, curva- 
ture and deflection distributions along the beam are 
obtained analytically for any given impact velocity. The 
manner in which the solution for a beam having an elastic- 
ideally plastic bending moment-curvature relationship 
converges to the plastic-rigid solution, as EI increases, is 
discussed. Consideration is next given to the case of 
work-hardening where the material is assumed to obey a 
plastic-rigid bending moment-curvature relationship 
consisting of a straight line with nonzero slope. Un- 
fortunately, difficulty arises in finding a solution ana- 
lytically in this case. However, by considering the solu- 
tion for a beam having the corresponding elastic-plastic 
bending moment-curvature relationship and a large EI- 
value, some speculation as to the probable form of the 
solution may be made. 


NOMENCLATURE 
The following nomenclature is used in the paper 


z distance along beam 
y deflection 
K 07y/Or?, 


mass per unit length of beam. 


curvature of deflection curve 


Young’s modulus 

moment of inertia of cross section 

be nding moment 

shearing force 

time 

limiting value of M for elastic bending 


INTRODUCTION 


A theoretical] analysis of the plastic deformation of long beams 
subjected to transverse impact load has been developed by H. F. 


1 The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
N7onr-35801 (Task Order 1) with Brown University. 
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PROVIDENCE, R. I. 


Bohnenblust In this analvsis the bending moment is assumed 
to depend on the curvature of the deflection curve according to a 


M(K 


As in the case for the usual elastic analysis, 


nonlinear relation , that is obtained from the stress-strain 
curve of the material 
the theory neglects both the shear displacements of the cross 


sections and the rotary kinetic energy of the motion of 


the beam 
The beam is assumed to extend infinitely in both directions and to 
be At ¢ = 0 the beam is struck at z 0 with 


such a force that the point = 0 moves at a constant velocity V;. 


initially at rest = 


the elastic de- 


t, shows that 


Bohnenblust, guided by Boussinesq’s theory of 
formation of a beam subjected to a transverse impac 
ase, y/tis a function of r*/t, 


in the plastic case, as in the elastic 


where y is the beam deflection at time ¢ at a distance z from the 
point of impact 

» The 
in this paper 
the plastic deformation of long beams when 


theory of Bohnenblust is the basis for the work described 
However, the purpose ol the paper is to consider 
a plastic-rigid analysis 
is adopted rather than the elastic-plastic type of analysis; that is, 
we will assume here that elastic strains are negligible compared 
to plastic strains and so the elastic material can be considered to 
Other 
problems in which elastic strains can be neglected are, in general, 
to handle th the 
It was hoped that by making this assumption more 


be rigid work in the field of plasticity has shown that 


muc h easier an orresponding elastic -plastic 
problems. 
general, boundary-value problems for beams would be amenable 


to analysis 
Piastic-Rigip ANALYSIS 


the beam is assumed to extend infinitely in both 
At ¢ = 0 the beam is struck 
orce that it moves with a constant velocity 


As before, 
directions and to be initially at rest 


atz = Owith sucha 


Vi 


The « quation of motion for the beam is 


or 


tf(n), where 9 = x*/4t. 


However, Is inalogous to the n-variable 
introduced in Bohnenblust’s elastic-p! it is not the 
ible. The same 7 cannot be used here because 
to consider the limit of the 


form a nondimensional variabir 


We will assume that y is of the form 


here 


y 


while used 


ustic anal 


sis, 


same vari we want 


solution when £ approaches infinity, 
so that we cannot use E to Thus 


we have 


By differentiation and using tl 


A 


vndM 

Vit dn 

The I 
Duwez, D. 8 
MecHANICS 


165 


se} s Under Impact Loading,”’ by P. E 
Bohnenblust, JouRNAL oF APPLIED 


avior of Le 
Clark, an 
Trans v 72, 1950, pp. 27-34 
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and 


v1 oO 
t on 
be obtained from S, the main 


Before substituting these expressions into Equation [1], let us, Since M, Q, K, y, and V; may 


introduce a new variable, S(y problem consists of finding S from our fundamental equation 


following Bohnenblust 
dK 


S = 0 17] 
aM ; 


ms 


in such a way as to satisfy the boundary conditions of the problem 
Let us assume that the material of the beam obeys the plastic- 


rigid bending moment-curvature relationship of F 1. Then 


Substituting Equations [4] and [8] into Equation [1] we obtain 


as the equation of motion for the beam 
S’ + 2mn’/*f" = 0 


quation [3] this is equivalent to 





S' + my n(2K f' = () 
By differentiation of Equation [10] and from Equation 


follows that 





dK 


dn 


2m V1 {11 “a 


1K /dM(dM /dy) and S = 2y/ndM /dn, dK/dM is either 0 or 1/b, where b is the slope of the second 


straight line. From Equation [17] it is clear that S is composed 


of sections of a number of curves of the form 


iK 
g 
dM 


[12 


Solutions of this equation with appropriate boundary conditions 


distributions for constant-velocity impa*ts 
I 


give shear-force 
be obt ane d 


S having been determined, Q, K, VM, y, and V; may 


integration. From Equation [7 


where 1 Vv b, the occurren yur regions being a special 
, and D are determined 
by the following conditions: ” of S at 9 2 
mtinuity of 


The unknowns 


con- 


tinuity of S at me; (3) continuity 
nm; (5) continu f y for n lus 


and from | 
two integral con 


ill be shown later that in the plastic-rigid analysis M 
Vo, and K, y, and y 


Because 0 


S must be continuous, for the shear-force distribution 
tinuous along the beam since no external forces are applied other 
than at the center. The bending-moment distribution is als: 
continuous along the beam since no external moments are applied 
In the case of a work-hardening material the curvature must be 
continuous, as a discontinuity in curvature would imply a dis- 
continuity in bending moment. However, in the case of an ideally 
plastic material having a moment-curvature relationship of the 
form of Fig. 2 or Fig. 3, the curvature may be discontinuous. S 
must be continuous when the curvature is continuous according to 
Equation [10]. Therefore, S’ can be discontinuous if the materia] 


If this expression is substituted into Equation 


shown that 
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My 


Mo 


Fic. 2 Fic. 3 


of the beam is ideally plastic, but must be continuous for a work- 
hardening material 
Condition (7) imposes the condition that the change in bending 


moment during unloading is 2M», Fig. 1. Coadition (8) is merely 
Equation [16]. 

The last region must be the straight line S = 0 because any 
Thus it is seen 
Oand M = M, for» this 
is true independently of the boundary conditions at 

Also to be noted is that m < cm/2 and n This 
follows from the fact that S = 0 corresponds to a Maximum or 


M. 


it is clear that an elastic region occurs between a maximum and a 


other straight line would lead to M(« = 
that in plastic-rigid analysis S = > Me; 
Ss cr 


minimum value of From the moment-curvature relationship 
minimum bending-moment value and so the inequalities men- 


tioned must ly 


tpl 


Case or Ipeav PLasticity 

The 
Fig. 2. 0, regions I and 
III of Equations Oand 7» = m, 


spectively, as a consequence of the inequalities just cited; that is, 


bending moment-curvature relationship is as shown in 
Oandec = VV b/m = 


18] shrink to the points 7 


Since in this case b 


re- 


in the case of an ideally plastic material, plastic hinges for min- 
stead of finite 


appear atz = 


plastic Since 7 = 2? 


As was mentioned before, the 


regions. it, plastic hinges 
O and atz = x. 
curvature of the beam may be discontinuous at these hinges and 
allowable at these 


the Fig. 4 


thus a discontinuity S’ is points 


Equation [18 form, 





Given the limiting bending moment of the material, Mo, and 
the impact velocity, V;, the unknowns B and 7, may be deter- 
mined from conditions (7) and (8 


tions, we find that 


Carrying out these integra- 


2RSE IMPACT LOADING 467 
3M 


mV, 


3M, 
B= 
m’? 


Since B and m are constants, we see from Equation [2 


and from Equations [7] and [19} 


(0) = . = Bm ~ 
2vVt vi 
That is, the shear force at the center of the beam is proportional to 
1/V/t, while the position of the hinge at z = 2 
lovet. 

According to Equation [15] 
by 


is proportional 


the deflection of the beam is given 


(‘B 


» 


with the aid of 


beam shape is shown in a plot of y versus z 


y versus z may be con puted from Equation »? 


The 


Equation 2 


taking { = 1, Fig. 5 Vote y is considered positive 


Fia 


when measured dow: By differentiation of Ea 


it is seen that 


VtB 


and 
plasti 
The 
puted from Equation [13 
M=M the 


Substituting for B from Ex 


hence the curvats 


hinge a 


bending-moment distribution along the beam may be 


Since in the case of ideal plastic 


for 7 > m, lower limit may be replaced by 7 


juation [21] and integrating, 


Min) = M, 2n../n + 


M(n) = 
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A, B, and n; are determined f 
= 1. two bending moment conditions, 


But 7 = 27/41, so we can compute the bending-moment distribu- 
tion along the beam. ./(2r) versus z is shown in Fig. 6 for ¢ 
Hence it is clear that for the case of ideal pl usticity, given the 
limiting bending moment 5 and the impact velocity Vi, Equa- 
22) constitute the « 


20}, [21 und [22 


= 0.006 


tions {19}, omplete solution of 
the problem, 


enblust has shown tha velocity 


beam remains 


beam remai tic throughout for +/ E/ 


one region ind no plasti 


solution then for +/ El < 


167 Vm, S is compose ' 
ilues 


hinges appear for such El-v 


167 Vm is 


Oand M Vo, this solution is 
am with fixed ends until such time 


1 of the beam 


Moreover, since for 


ilso the solution for 


finite | 
is the hinge at 2 reaches the enc 
CONVERGENCE astTic-PLasTic SoLtuTion TO Piastic-Riaip 
SOLUTION 


Now that we have determined the complete solution for a beam co 
S B sin —(n 
Ve 


of idealls plastic material under a plastic-rigid analvsis, 
teresting to see in just what manner Bohnenblust’s elastic- 
to the plastic-rigid solution with increasing ust’s conclusion that for an ideally 


s follows from Bohnenb! 
l plastic hinge appears at the center of the beam 


solution converges 
materi2i one pl 


values of El. \ consideration of this convergence process also 
brings out the f 
of plastic hinges along the beam is less than or at most equal to 3 

J 


We will consider a beam which is subjected to a transverse im- 
tz 0 such tl it the cente f the beam move v 1 <y\ EI,8 is of the form 


uct that in the case of ideal plasticity the number 


2.087 V, 


t loading 


tant vel 
Plastic hinge at 7 = 0 


the constan 


pa 


0.006 


where 0.006 in units has dimensions of time /(distance 
III Plastic hinge 


This value for } 
normal practical values of the parameters 


oment-curvature relation of Fig. 3. As be- : n 
IV S= B sin n 
El 


t solution of 


is chosen because it leads to large strains for 


The beam is assumed 


bene wn 


to have the 
ve must determine 
IK Values of ¥/ E/ ranging from 167 ym to 

units which are used throughout the numeri nal 
ind the foregoing elastic-plastic solutior msid 
been graphed in Fig. 7 to show 


been taken ered, 
Rinee dk n) solutions have the 
egions shrink to hinges ir convergence of the e “plastic soluuon, 


the creasing EI, to the 


the heavy black line 


problem 
in- 


Equations [20] and 


0.00027 
0 
V El 


this table 


the 
d is giver 
7.83 4 

f minimum be 


V 


moment 


unge at 





CONROY—PLASTIC-RIGID ANALYSIS OF LONG 


BEAMS UNDER TRANSVERSI 


TABLE 1 RESULTS OBTAINED FOR RANGE OF vV&iI VALUES 


N of 


\ 
00600 

” 
00599 
00599 
00601 
00602 
00600 
00600 
00600 
005997 


0.006001 
f 
m 


Hinge | first appears at center 


® Hinge 2 first appears at 


ever, it is to be observed from the table that Min at this point 
increases (from —0.606 M,) with increasing EJ and hence never 
becomes < VW: that is, M(» M, <2M But the theory 
demands that the change in bending moment between any two 
successive points or maximum and minimum bending moment 
decrease in absolute value as we proceed along the beam 
Therefore it is clear that there will be at most three plastic 


hinges along the whole beam 


129 My 
1369 M 


1400 Me 


OOS5S0TOM 
001597 


00027 


From column S 


S(0)/2 \/t we see that the she 


creases with EJ until such time 


the shear force 


f +} 


the formation of this hing 
beam decreases with increasing 
creases to the value obtained t 

From the 7,-columm of the tabk 
™ increases with increasing E/ t 
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606M 
). 606 M 
0. 600M 

04M 


816M 


1 from the 


t the ce 


as a hinge 


E] 1Or Sone 


e plastic-rigid ana 


ind from Fig. 7 it is seen that 


»>™ = 513 and then decreases 





470 
with increasing EJ to m = 500, the m:-value determined by the 
plastic-rigid analysis. 


Case or a WorK-HARDENING MATERIAL 


The bending moment-curvature relationship is as shown in 
Fig. 1, and S is composed of curves of the form given by Equations 
{18}. Both S() and S’(n) must be everywhere continuous be- 
cause the shear-force distribution and the bending moment are 
continuous along the beam. Also to be satisfied are boundary 
conditions of the type 


1 " Ss I ote J 
dyn = 2M); dyn = Vi 
2 Vn 2m Vn , 
% 0 


and, since the material is plastic-rigid, M = M,for 7 > m. This 
last requirement, that M be constant for 7 > m2, demands that 
S = Ofor » > m. However, it appears impossible to obtain a 
solution, S(7), of the form of Equation [18] for which (1) S(») 
and S‘(m) are everywhere continuous, (2) S = 0 forms the last 
region, and (3) S(m) has a finite number of regions. For this 
reason there is difficulty in obtaining a plastic-rigid solution 
analytically for the case of a work-hardening material. 

A likely possibility, then, is that S(») is composed of an infinite 
number of regions in the case of a work-hardening plastic-rigid 
Bohnenblust an elastic-plastic, Fig. 8, 


material encountered 


Fie. 8 


solution consisting of more than four regions in the case of a copper 
beam for which ~/E//m = 216.5 ft?/see, Vb/m = 30.31 
, and V,; = 100 fps. The following question then arises: 
Does the number of regions increase indefinitely as E] ~ = } 


and 
ft?/sec 
, 

Let us consider a case where again +/b/m = 30.31 ft?/sec, but 
V El/m = 10° ft?/see. 


mental ¢ quation 


now We seek a solution of our funda- 


_dK 
mi 


S = 0) 
dM 


such that S and S’ are everywhere continuous and the usual bend- 
ing moment and velocity boundary conditions are satisfied. Let 


us assume, moreover, that V, is such that m = 7/4 VW/b/m 


If we assume that S(n) is composed of six regions, it is found 
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that all of the boundary conditions may be satisfied by the solu- 
tion: 


I S = 2.1402 My cos 7/30.31 
0 < 9 < 23.8054 (ft?/sec) 
54.0961 
23.8054 < n < 54.0961 


II 19.9681 My sin 10-%7 


BF n — 54.0961 
Ill 1.545 My sin 
30.31 
54.0961 < 114.47 


182.04 


ns 
= 20.471 Moy sin 10-7 
114.47 < 9 < 182.04 
il 182.04 
> = 0.62047 Mg sin 
39.31 


182.04 < n < 230.046 


VI S 0.67474 My sin 10-% 1396.84 
230.046 < » 


7.7893 Me and therefore another plastic re- 
Hence there are more than six regions in 


But W(1396.84) = 
gion must appear at 7s. 
this case. The calculations have not been carried out any further, 
but again it is indicated that the number of regions increases as 
El increases and in particular that the number of regions may be- 
come infinite in the case of the plastic-rigid analysis for a work- 
hardening material, thus implying the difficulty mentioned pre- 
viously. 


CONCLUSION 


It was hoped that by neglecting elastic strains and adopting a 
plastic-rigid type of analysis for beams under transverse-impact 
loading, rather than Bohnenblust’s elastic-plastic analysis, it 
would be possible to evaluate solutions more easily and to make 
more general boundary-value problems amenable to treatment 
In the case of problems involving large strains, it was expected 


that such a plastic-rigid solution would be satisfactory, and it has 


been demonstrated by other work in the field of plasticity that a 
plastic-rigid analysis of a problem is, in general, much easier to 
handle than an elastic-plastic analysis. 

In the case of an ideally plastic material which flows plastically 
at a constant yield limit, this investigation showed that a plastic- 
The shear force »« 


rigid solution can be obtained very easily. urva- 


ture, bending-moment, and deflection distributions can be ob- 
tained analytically for any given impact velocity It was also 
shown that there will be at most three plastic hinges along the 
beam and that the solution obtained for an infinite beam is also 
the solution for a finite beam until such time as the hinges reach 
the end of the beam. 

In the case of the work-hardening material, the 
showed that a plastic-rigid analysis produced no simple solution. 


The analysis, while not carried through completely, 


investigation 


imply that an infinite number of localized plastic regions form 


along the beam 





Free Vibrations of 


By WINSTON F. Z. LEE? 

A general expression is developed from which the fre- 
quency equation for the vibration of a constrained beam 
with any combination of intermediate elastic or rigid 
supports, concentrated masses, and sprung masses can be 
found readily. The method also is extended to the case 
where the constraint is a continuous elastic foundation or 
uniformly distributed load of any length. This method 
requires only the knowledge of the natural frequencies and 
natural modes of the beam supported at the ends in the 
same manner as the constrained beam but not subjected 
to any of the constraints between the ends. The frequency 
equation is obtained easily and can be solved to any desired 
degree of approximation for any number of modes of vibra- 
tion in a quick and simple manner. Numerical examples 
are given for a beam with one concentrated mass, for a 
beam with one sprung mass, and a continuous beam with 
one sprung mass. 


NOMENCLATURE 


The following nomenclature is used in the 


z = horizontal co-ordinate 
deflection of beam 
ce fle« tion ol 


= mass of beam per unit length 


transverse 


maximum transverse beam 


= distance from left end of beam to ith constraint 
= magnitude of the ith concentrated mass 


= spring constant of ith elastic support or the ith 
spring 

coefficient in series expansion of function 

eigenfunction of simple beam 


eigenvalue of simple beam corresponding to $,{z) 


natural circular frequency of rth mode of vibration of 
simple beam 
natural circular frequency of constrained beam 
length of beam 
strain energy of bending of beam 
= potential energy of inertia force of mass of beam per 
unit length 
V strain energy stored in elastic supports 
W = potential energy of vibrating system 
R, = maximum support reaction of the ith intermediate 
rigid support 
k = modulus of elastic foundation, iLe., load per unit 
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anp EDWARD SAIBEI 


Constrained Beams 


PITTSBURGH, PA 


length of beam necessary to produce a compression 
in foundation equal to unity 
= intensity of uniformlydistributed load 


INTRODUCTION 
The 


vibrating system bex 


classical method for finding the natural frequencies of a 
the 
rigid supports, concentrated m 


It is the obj 


omes intractable wher beam is con- 


strained by elastic supports Asses, 


or sprung masses, separately or combined t of this 


paper to develop a simple and readily applied method 


whereby 
the natural frequencies may be evaluated to any desired degree of 
approximation. This method also is extended to find the natural 
frequencies of a beam on a continuous elastic foundation or under 


“d loads o The meth« 


extension of the method developed earlier for the solution of the 


uniformly distribut iny length xd used is an 
natural frequencies of continuous beams.‘ 

Essentially the method consists of developing the deflected 
shape of the beam with constraints in terms of the eigenfunctions 
of the same beam without the inner constraints. These eigen- 
functions are presumed known and in most applications, this is the 


case 
TueEory 


The differential equation for the free vibrations of a beam is 


oe oy ory 
El(x - |: m( x) —— l 

ox? oz? of 

where E]/ is the flexural rigidity, m, the mass per unit length, and 


y, the deflection. The deflection may be expressed in the form 


y = ¥(z) sin (pt + e) 
where p is the natural circular frequency and e is the phase angle 
The differential equation which Y(2z) 
d? ay” 
El(z 


dx? dr? 


must satisly is 


= m(x)p*Y(z 


Associated with Equation [2] and the usual boundary conditions 
at the ends for simple or built-in supports or free ends, there is a 
complete set of eigs nfunctions @,(2) and eigenvalues A, 


These eigenfunctions satisfy Equation [2] 


= p,*. 
and they are ortho- 


normal, satisfying the following relations 


l 
f, m@l(ridf(ridzc = Or #28 


f 


Consider a beam of length L with given end conditions 


rydz = 1 


mo, 


simply 


supported, built-in, or free) with n intermediate elastic supports 


l 
} 
i 


having spring constants K,, Ko, ..., K,, respectively, and located 
at distances h,, h. , h, from the left end as shown in Fig. 1. If 
this composite beam is vibrating without external exciting loads 


with natural fre quenc\ A, the leflection may be expressed as 


= V(2 At +e 4] 


sin 


Since the and 


and 


shape of the deflection curve y(z, () is continuous, 
the set of eigenfunctions ¢,(7) of the simple beam is complete 


satisfies the same end conditions, we may express 
f 


Frequencies of C Edward 


8S-—90 


Beams,” by 
vol. 11, 1944 


‘Vibration mtinuous 
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PP 





JOURNAL OF 








=1 
of the composite beam 


A*mY(z)} 


Consider the maximum deflection Y(r 
as being produc ed by the distributed inertia forces 
per unit length of the beam. The total potential energy W of the 
vibrating system consists of three parts, the strain energy V, of 
the beam, the potential energy V: of the distributed inertia forces, 
and the strain energies V; stored in the intermediate elastic sup- 


porte. 
For small deflections of a beam, the strain energy due to bend- 


ing in its maximum deflection is given by 


The first term of this equation vanishes for any combination of 


standard end conditions, thus V; reduces to 


rating by parts, we have 


Coe 


Again the boundary conditions 
Therefore J 


t 
nt 


eg 


Es 
2 


it the ends of the beam make 


becomes by means of Equation 


the first term zero 


equation and using I 


frequ 
9, 


distributed 


Substituting Equation 


takes the form 


tions [3] | 


where is the natural circular y of the simpk 


P; 
corresponding to i 
The potential energ f the 


} is 


ts elgentunction 


inertia forces 


Substituting Equation 


3) we get 
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Corresponding to the maximum deflection of the beam, the 
spring force F, of the ith elastic support is 
F; 


ind the strain energy 


the total 


mport 
ports 


Summing over all of the elastic intermediate su} 


strain energy stored in them is 


Tl 
Vi+ V2 


| 


Considering the 


= ) K; ) a, fh > 14h; 


11] 


This potential energy must be a minimum. 
I 

coefficients a, as independent variables, the necessary conditions 
for the total potential energy W of the vibrating system to be a 


minimum are 


on 


weneous near 


tions 
1aximum deflec- 
The number of 


diate 


juations 


tions at the 
homogeneous equations is equal to the 
onstrainta. The necessary conditiot solution is 
ields the 


the vanishing 


l 5 


6,,; is the Kronecker delta 


n 
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A special case arises when ¢,(h:), (he), . . -, ,(h,) all vanish b) Concentrated Masses. Assume now that at the point z = A,, 
Equation [12] then becomes there is attached to the beam a concentrated mass M, instead of 
an elastic support. For the maximum deflection we have the 

oF a. p? — A?) =0 inertia torce 


WjA*) ¥(h 19] 


of the concentrated mass. Accordingly, the potential energy of 
P, 16 , Ane 
this inertia force is ! VA?) Y(h,)Y(4,) compared to the strain 


In this case we have two frequency Equations [15] and [16], giv- energy K,Y(h)Y(h,) for an elastic support. The equa- 


ing together the complete roots of natural frequencies of the vi- tions derived for a beam with elastic intermediate supports also 
brating system. Equation [15| or Equations [15] and [16] to- will be valid here except that the spring constant K, is replaced by 
gether constitute the frequency equation or equations for the V,A*). The frequency equation for a beam with a concen- 
composite beam with n elastic intermediate supports. This can trated mass V/, at h; and 1) elastic intermediate supports is 
be modified readily to include intermediate loadings of other kinds given by Equation [15] with the substitution of VW ,A?*) for K, 
such as rigid supports, concentrated masses, sprung Masses, con- It is evident that this is true for any number of concentrated 
tinuous elastic foundations or uniformly distributed loads of any masses 
length, and so or w simplicity, they will be dealt with sepa- Sprung Masses. Consider that at z = / 
rately as follows centrated mass M, supported by a spring of spring 
1) Rigid Suppo Let the ith intermediate support be rigid iustead of an elastic support A, as shown in Fig 


instead of elasti mdition may be obtained by letting the 
spring constar ipproach infinity as the maximum deflection 


Vth he rigi t approaches zero, the product K,Y(A, 


remaining a fin tity an ing the support reaction at the 





V4 


rigid support when the be it its maximum deflectior Let 


= K,Y(h; 


AAAAA 
VVVV¥ 
x 


; 


The deflection of t é Y(A,) sin At. Let 


means summation the corresponding displacement of the concentrated mass Mit be 
Applying Newton's second law of motion to the mass, we 
Kronecker delta 


quency equation 15 given | 


1 + 0 


The steady 


Also, A, is replaced by ur ind 6,,’ is the Kronecker delta with 

the particular value, 6 where A, is the location of the rigid 

support The spring fo wting on t m directed upward is 
Equation [18] also can be obtained from I 

factoring out A, fror th column of the determinant i 

tion [15] and taking the limit as A, approaches infinit ¥(A,) sinAt 


paring Equations l it is evident that if } 
mediate support is l L 
place the corres] i umn in the determin t t Its maximum value correspondi maximum deflection 


15] by of the beam is 
px GLA OA h, 
p,? \: 


where s = 1, 2, i,...m, respectively. It is also clear that this 


78 | 


is valid for any number of rigid intermediate supports. and the strain energy stored in the sprung mass is 
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Referring to Equation |20 


r 
l l 
K, M \? | 


may be considered as the equivalent spring constant of the sprung 


mass. All the equations for elastic supports are valid for 


sprung mass if the equivalent spring constant 


1 
K,  M,A*| 


of the s} 


elastic support 
as shown in Fig. 2, 


stitution of the equivalent spring constant 


VA? 
of the ith constraint for the elastic constant A, in the ith column 
of the determinant. 
the case where the beam carries the concentrated 
The deflections of the 


concentrated mass, spring, and the beam at h; are all the same 


Consider 
mass ./, and spring K, as shown in Fig. 3 


‘ 





- 
= | 
2 Ki Kn | 


It can be shown readily that the maximum force acting on the 
beam bv the mass-spring system 1s 


(K;, — M,A®)¥(A, 


and the corresponding energy stored in the system is 


K, — MA) Y(hA)Y (A, 


] we may consider this mass-spring 


teferring to Equation [23 
system as an equivalent elastic support of spring constant (K,; 
M,A*). Accordingly, 


system shown in Fig. 3 is given by Equation [15] 


the frequency equation of the vibrating 
with the sub- 
stitution of M ,A*) for the 
elastic constant K; in the ith column of the determinant. 

(d) Continuous Elastic Foundations or Uniformly Distributed 
Let the intermediate constraint be in the 


equivalent spring constant (K, 


Loads of any Length 
form of a continuous elastic foundation extending from z = L, to 
xz = L, with modulus of the foundation k, this being the load per 
unit length of the beam necessary to produce a compression in 
the foundation equal to unity, as shown in Fig. 4. Assume that 


the mass of the foundation can be neglected. For the maximum 


sprung mass is substituted for the spring constant K, of the 
The frequency equation of the vibrating system 
is the same as Equation [15] exe ept for the sub- 
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_ 
Fic. 4 


deflection of the beam, the spring force at a r of the elastic 


distance 


foundation of length dz is 
ky 
and the corresponding strain ener 


Pam 
kY(a 


9 
The strain energy 1 extending from 
L, to Lz is thus 


The potential energy of the vibratin 


becomes 


SE 


r 


The necessary conditions for W to be a minimum require 


und 6,, is the Kronecker delta. 

This is the frequency equation of a beam on a continuous elastic 
foundation extended from L, to In. 
finite series expansion of the deflection of the beam 


It can be shown that the in- 


x 


Y(z) = ) a,o{2z) 


- = | 


converges so rapidly that only the first few nonzero terms will be 
enough for engineering applications. If the first two nonzero 
terms are taken, the frequency Equation [26] is reduced to a 
quadratic equation in A? from which a close approximation to the 
fundamental frequency and usually a good approximation to 
the next higher frequency can be obtainedreadily. Theapproxima- 
tions to the lower frequencies are generally so good that as more 
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terms are taken these roots may be divided out and at each stage 
it is only necessary to solve a quadratic equation. 

When the continuous elastic foundation extends over the entire 
length of the beam, i.e., from 0 to L, Equation [24] which is the 
strain energy stored in the entire elastic foundation becomes 


L | o 7 @ 
k »& a,0,{z) dade) dr = . a,? 
2 0 2m ‘ 


r=l s=1 
and the total potential energy of the vibrating system is 


1 1 
= > rar = ) a,? + 


r=l r=1 


Ik& 


b 

a 

2m 4 
r=1 


The necessary conditions for W to be a minimum require 


ow k 
= 0 = a,| (p,? — A*) + = 
m 


Oa, 
This equation gives directly the natural circular frequencies of 
a beam on continuous elastic support as 


. [27] 


\ a 
ios vy? m 


which checks with that given by Timoshenko.* 

If the intermediate constraint is a uniformly distributed load 
of intensity g instead of continuous elastic foundation of modulus 
k, all the equations for the latter are valid for the former except 
that k is replaced by [—gA?*] as worked out previously for the 
cases of concentrated masses and elastic supports. When the 
uniformly distributed load of intensity g extends over the entire 
range of the beam, Equation [27 


l<é 


] becomes 


gA? 
m 


/ 
A = \ p,? 


m 


A, ™ Pr \ m+q 


These are exactly the natural frequencies of the simple beam of 
mass (m + q) per unit length of the beam. 


NuMERICAL EXAMPLES 


Example 1. Consider a uniform beam of length L simply sup- 


ported at both ends, carrying a mass M at its mid-point as shown 
in Fig. 5. 


In the classical approach,*’ the solution of eight simul- 











taneous equations is required, For the symmetrical case, that is, 
a load at the center, this reduces to four equations. In the 
present method, the position of the concentrated mass does not 
affect appreciably the amount of labor involved. However, the 

“Vibration Problems in Engineering,” by 8. Timoshenko, D. Van 
Nostrand Company, Inc., New York, N. Y., 1937. 

* “Mathematical Methods in Engineering,” by T. von K4rm4n and 
M. A. Biot, McGraw-Hill Book Company, Inc., New York, N. Y., 
1940 

7“Dynamik der Stabwerke,” 
Julius Springer, 


by K. Hohenemser and W 


Prager, 
Berlin, Germany, 1933. 
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case of mass at the center was selected for comparison because the 
exact solution by the classic approach is accessible.* 

The eigenfunctions for the simple beam with both ends simply 
supported are 


9 


« rmz 
OAz) = sin 
NV lm 


L 
and the corresponding eigenvalues are 


mw‘EI 
=p, = rt 
L‘*m 


r 


The values of the eigenfunctions at the center of the simple beam 
where the concentrated mass is located are 


(2) 


Therefore the frequency equations of the system are given by 
Equation [16] and Equation [15] with the substitution of 
(—MA?) for K as follows 


9 
-~ 


'T 
= sin 0 
\ Lm 2 


- forr = 2, 4,6 


4, 


= (r)? wherer = 2, 4, 6, 


The first frequency Equation [29] gives directly the exact 
natural frequencies of all antisymmetrical modes of vibration 
while the second frequency Equation [30] yields the solutions of 
those of the symmetrical modes. Note that the second frequency 
Equation [30] converges as 1/r*. It reduces to a quadratic equa- 
tion in A? if the first two nonzero terms are taken; and a cubic 
equation, if the first three nonzero terms are used. The former 
gives approximations to the natural frequencies of the first two 
symmetrical modes while the latter to the first three. They have 
been worked out for the case where the ratio of the concentrated 
mass M to the total mass of the beam mL is unity. The exact 
natural frequencies of antisymmetrical modes are given by Equa- 
tion [29] and are independent of the mass ratio 

[o« 


The results calculated from Equations [29] and [30] are listed 


in Table 1 together with their solutions by the classical method, 
Karman and Biot.* 


see, for example, vor 


TABLI RESULTS OF CALCULATIONS OF EQUATIONS 


20) AND [30] 


Modes of 
free vibrations 
A 


Karmé 

and Biot 
5754 

As 

yp 

Aa 

Pi 

Aa 

pr 

As 

pr 


The numerical computations are simple and straightforward 
and the approximations are good even when only two terms of 
Equation [30] are used. 
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Example 2. A uniform simply supported beam carries a spring- 
borne mass M at its mid-point, the spring constant being A in Fig 
6. The position of the mass does not affect the work involved 
using the present method but it complicates the solution greatly 
in the case of the classical approac h The eigenfun tions at the 
center of the simple beam where the sprung mass is located are 


(*) 2 us 
9, o = NL» sin 2 


Therefore the fre 
vith the 


juency equations of the system are given by 


Equation [15 substitution of 


where 7 


frequency equation of the vibrating system gives the 


solutior natural frequencies of symmetrical modes of vibration 


If the first 
to a cubic 


vo nonzero terms are taken into account, it reduces 
\?, from which the natural frequencies of 


These 


worked out for the case where both the ratio 


equation in 
the first three symmetrical modes can be obtained readily. 
numerical values are 
of the concentrated mass .V to the beam mass m/ and the ratio of 
the spring constant A of the 

{SEI /L*) of the 
The second 


frequencies of all antisymmetrical modes, 


spring and the spring constant 
simpk beam when centrally loaded are unity. 


Equation [32] gives directly the exact 
These are in- 
The numerical 


listed in 


ire que ney 


natural 
f both mass ratio and spring ratio. 


ilculated from Equations [31] and [32] are 


2 toge 


Hohenemser and W, 


her with the corresponding solutions as given by 


Prage r’ usir g the classical approach 


OM ¢ 


FR ALCULATING 
AND [32 


rABLE 2 NUMERICAL RESULTS 
EQUATIONS [31 
i calculated 
Equation 31 
two terms) and Hohenemser 
and Prager 


Present meth 


0.4653 


A 


i 


Example 3. Consider a continuous beam of length L carrying a 


spring-borne mass M at the mid-point of the entire beam, the 


—_ ‘ oe — 





Fic. 7 
spring constant of the spring being A. The continuous beam is 
simply supported at both ends and has an intermediate rigid sup- 
port dividing the beam into two spans of span ratio L, l, = 
6:4.5 as shown in Fig. 7. The frequency equation of this vibrating 
system is given by Equation [18] with the substitution of 
l 
l ] 
K MA? 


for K, and has the following form 


mr 6s 
sin — 
2 5 
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where A, = 48E//L* is the spring constant of the simple beam 


when centrally loaded. 
It is noted that the left side of the foregoing equation is a func- 


tion of A alone while the right side is a function of A, the spring 
atio K,/K, and the mass ratio mL/M. Let 


6 


(™) 
G ( A Ky mb\ _ i (*) My 
p: K’ M 21) 48\K (*) 
pi? 


For given spring ratio and mass ratio, the function G becomes a 
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CONSTRAINED BEAMS 

function of A The frequency Equation [33] may be 
solved graphically by plotting F(A/p:) and G(A/p,) and the 
intersections of these two curves give the natural frequencies A of 
Fig. 8 shows the curves for one particular 
K»/K and mL/M are taken as 


alone 


the « omposite system. 
numerical example where botl 
unity. The first three natural frequencies of this composite sys 
tem as found in Fig. 8 are listed in Table 3 


frABLE3 NATURAL FREQUENCIES OF COMPOSITE SYSTEMS 
A : 
S 


} 


irce 


Syster 


Example 2 


Fig. 8 


Timoshenko 
reference 5 


listed together in Table 3 


The other two composite systems are 
to show the effect of sprung-mass and intermediate support on the 


natural frequencies of the vibrating system 





Deflection and Stresses in Beams Subjected 
to Bending and Creep 


By YOH-HAN PAO JOSEPH 


AND 


This paper presents theories for the determination of 
deflections and stresses in beams subjected to bending 
and creep. The theories are based on a creep-stress-time 
relation in simple tension which gives an accurate fit of 
most test data. The theory takes into account the varia- 
tion in stress distribution in bending with time. For this 
purpose a time-hardening theory is used to express the 
stress variation or stress relaxation of each fiber in bend- 
ing. A comparison between actual creep deflections for 
Plexiglas specimens subjected to pure bending and values 
predicted by the proposed theory shows good agreement 
between experimental and theoretical results. The creep 
behavior for other materials in tension indicates that this 
method could be used for predicting bending creep deflec- 
tions for these materials. The application of the theory 
to the determination of deflections in various kinds of 
beams is also explained. 

\MS SUBJECTE! 


THEORY FOR Stress AND DEFLECTIONS IN Be TO 


BENDING AND CREEP 


JY ARIOUS theories have been developed for the deter- 
mination of stresses and deflection in beams subjected to 
bending (1, 2, 3).4 The theory presented in this paper 

has the advantages of greater accuracy for the initial stage of 

creep, combined with a reduction in the amount of effort re- 
quired for specific solutions 

The theory developed is based on the assumption that the ma 
terial is homogeneous and isotropic. It is also assumed that the 
creep-stress-time relations in tension and compression are identi- 
cal and are defined by 


where 
creep strain plus elastic unit strair 
unit stress 
time 
natural base for logarithms 
Y, A, a@ 


: experimental constants 
n, and B 
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In Equation [1] the first term on the right side represents the 
while the second and third the 
After the initial creep, e~@ 
negiigible and all the creep strain is then expressed by 


initial strain represent time- 


de pende nt «reep strain stage of 


becomes 
the thirc terr 
ies linearly with time giving a constant cree p rate. 


Bo*t in Equation (1). The creep strain then var- 
The agree- 
ment of test data and the empirical relation Equation [1] is shown 
in Fig 1 which represents test data for Plexiglas. The agreement 
in the initial stages could be improved if the expression Ko“(1 

*') is used instead of Ko%(1 oe 


mathematical difficulties do not make this refinement worth whilk 


ew é , but the ensuing 

In the following theoretical determination of stresses and de- 
flections in bending and creep based on Equation lj, a member 
of rectangular cross section will be considered. Theory can be 
developed, however, for other types ol cross section Fig. 2 
shows a straight member of rectangular cross section subjected 
to a pure bending moment M. To determine the stress o for any 
fiber at a distance y from the neutral axis the conditions of equilib- 


rium for the stress will be written, namely 
bf ody = 0 
bf cydy = M 3) 


0 for any fiber will be determined from Equa- 
= Oor 


The strain € at ¢ 
tion [1] by placing ¢ 


o 14} 

— (4) 

The stress distribution is then elastic and the stress on the outer 
fiber is 


Vv 
2bh? 


For bending accompanied by creep it has been shown (4, 5) that 
plane sections before bending remain plane after bending, or the 
strains are proportional to the distance from the neutral axis 
Then, if € and €; are strains at distances y and h from the neutral 
axis, respectively 


That is, the ratio of the creep rates is proportional to the dis- 


tance from the neutral axis. Using Equation [1] the creep rate 


for conditions of constant stress is by differentiation 
C= qKo%e-t + Bo* Ss 


stress conditions, Equation [8] for constant stress 


For varying 
Two availa- 


of the Society. Manuscript received by ASME Applied Mechanics 8" n0t be used unless certain assumptions are made 


Division, November 16,1951. Paper No. 52—APM-34 the 


ble simplifying assumptions are based on either strain 
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Fic. 2. Evrement or Beam Sussectep To Benpina 
hardening or the time-hardening laws (6). The strain-harden- 
ing law leads to complications in the development of the theory 
and for this particular application does not yield results greatly 
differeut from those obtained with the time-hardening law 
Then, using the time-hardening assumption, the creep rate for 
conditions of varying stress is identical to that given by Equa- 
tion [8]. 
C, for the inner and outer fibers, then by Equation [7 


Using Equation [8] to determine the creep rates C and 


Bo" y 
= Sa 
+ Bo," h 


( qKo*e ev T 
C qKo,%e-* 


The first terms in the numerator and denominator of the left- 
hand side of Equation [8] represent the part of the creep rate 
contributed by the transient or initial creep component. For 
large values of t = 7, e~* approaches zero and then | quation 


8] can be written 


REPRESENTATION OF TENSION-CREEP Data BY Expression [1 


Then substituting the value of 7, from Equation [9] for o in 
[3], and integrating the resulting equation 


M (= + ‘) 10 
2bh? n 


An examination of the stress values given by Equations [5] and 
[10] shows that the stress varies from a value 


Equation 


M 


~ Dbh3 


M (* i + ‘) 

2bh? \ n 
for times varying from ¢ = O tot = 7’, where 7’ is large A com 
parison of the creep rates in Equations [8] and [9], shows that the 
term which influences the change in stress from ow to opr is 
e~*, It will then be assumed that the stress o; at a time ¢ be- 
tween t = Oand? = 7’, can be approximately defined by* 


( Ml )™ + 1 (s 
t > 
bh? n 


9 as given by Equation [5 where 


und fort = 7’, 


value of 


Fort = 0,0, =¢ 
T is large, o; = Or as given by Equation [10 The 
a, can be more conveniently written as 

Vv 


2bh 


w“ here 


* The justification for the use of Equation 
pendix 
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Equation [12] gives the maximum stress on the outer fiber as a 
function of the moment M and time ¢. To determine the creep 
deflections in beams subjected to bending, the strains must be 
considered. Since the stress on a fiber varies with time and the 
creep rate is a function of the stress, to determine the creep strain 
on a fiber at a time ¢, it will be necessary to integrate the influ- 
that is, the a time ¢ for the 


ence of the varving stress strain € at 


outer fiber is 
de 


dt 
dt 


From I quation 


* = gKo,%e- + Bo 
dt 


Placing the value of (de,)/(dt) from Equation [15 


lr Equation 
[14] and integrating, the strain €, at a time ¢ is 
o x (Sey (1 + &a)**! (1 + ke qtja+l 
E" 2bh? ka + 1) kfa + 1) 
Vk,\" nka 
B\. t + (1 —e- [16 
2bh? q 


gives the strain €& on the outer fiber in a member 
To obtain the deflection, not« 


that by similar triangles, from Fig. 2 


16 
subjected to bending and creep 


Equation 


& h 17) 
1 f 


where f = the radius of curvature 


For smal! deflections, if w is the deflection, the radius of curva- 
ture can be shown to be related to the deflection by the equation 


dtw 


I dz? dw 
f (wy'y" 7 dr* 
1 + 
dz 
Then from Equations [17] and [18] 


dtu é; 


dz* h 
For a given time ¢, Equation [16] can be written as 
é = KiM 4+ 


K.M* K,M* 


where 


EA 


From Equations 
deflection w be 


/ 


19] and the differentia! equation for the 


comes 
dtu : 

} K,\M 
dz* 


K.M? V 


Equation [22] can now be used to determine the deflection in 


specific cases if the moment M can be expressed as a function of 
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x. The application of Equation [22] is illustrated by the follow- 
ing examples. 

Cantilever Beam With an End Load. 
a cantilever beam with an end load qd and of length L. 


Example 1 Fig. 3 shows 


To 


de- 


L ~ 
Fic. 3 Cantitever Beam Wits an Env Loap 


termine the maximum end deflection w at a time ¢, the value 


VW = Qr will be substituted in Equation [22]. Then 
_ du 
h-— 


_ K,Qz K.Q*21* 1 K Q’ r” 


dz? 
Integrating Equation [23] twice 
atl 


= K,Q + K,Q* - 
Cc 


z? 
+> K- 
6 : 
Q*z" +2 
1)(n +2 
Ihe boundary conditions for finding c; and c, are that the slop 


and deflection w at z = L 


and [25] 


are zero. Then from Equations [24 


26 


in K,.QL* — K.Q*Let! corned 
ae 2 atl n+1 


OL K QL +2 K,O*L**? 
os [K : , As ; , Aad | 
3 a+2 n 2 


Substituting the values of c, and c, from Equations [26] and [27 
in [25] 


“0 


, the deflection w at a time ¢ is expressed by 
2* K,Q*1**? 

K.Q r *r* 

6 (a+1)(@a+2 


K,Q*2"*? 
hw = 


(n + 1)(n +2 
QL? Qriet! CQrLs* 
Ky QI . K, 2 4, KiQl |: 
2 a+l n+1 


‘- OL? | KQ*Let? KQL*! . 
+ [mi 4 cae 4 oU*)..128 


The maximum creep deflection at a time ¢ is determined from 
Equation [22] since by inspection of the deflection diagram in 
Fig. 3 the maximum deflection occurs at r = 0. Then, by Equa- 
tion [28] 

_ QL . QrLet? . QL** 
K,-— +K + K : 


3 a+2 n+2 


hwmx = 


where K,, Ko, and K; are defined in Equations [21]. 

Example 2—Bar of Rectangular Cross Section Subjected to Pure 
Bending Moments at Ends. Fig. 4 represents a bar of length L 
subjected to pure bending by the couples m acting at the ends 
of the bar. To determine the maximum deflection wmax at the 
center of the bar, Equation [22] can be used. Since M = M 
const, Equation [22] can be written 

dtu 
h co K.M, + 


az 


K.M.* + KixMo* 
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Bar or RecTanevutar Cross Section Supsectep To Pure 
Benpinc Moments at Enps 


Fra, 4 


Integrating Equation [30] twice 


dw 
A= = Ee 
dr 


+ KeMe*r + KiMo"r D [31 


M,z* M,*z* 
a" K, { on 
9 9 


ue 
K; a, [32] 


Cir +t Ce 


Since (dw)/(dz) = 0 for z = L/2 and w = 0 for z = 0, by Equa- 


tions [31] and [32 


a=0 


- - 


L L L 
(Kur. + K2Mo* — + KM. ) and 
2 9 9 


Then 


(* My KM." K; ue) 
hw = + + x 
9 9 9 


(as K2M,* ame) 
+ ~ Lx [33 
2 2 2 


The maximum deflection is obtained by Equation [33] by plac- 


ingz = L/2or 


L? 
K,Me [34 
R 


hwmax = — (KiMy + K2Mo* + 


used to determine the maximum de- 


and M 


Equation [34] can now be 
flection, since A,, Ke, As, @, n, L, h, 
particular case 

Example 3—Sta Beam. Fig 
stath ally indeterminate beam of length L, fixed at one end and 


are known in any 


Indeterminate 5 shows a 
simply supported at the other, and subjected to a concentrated 
load P at a distance ¢ 
tion at the left end and the equations for the creep deflections, it 


from the left end To determine the reac- 
is necessary to write differential equations for deflections cover- 
from c to a, and from a to L. These 


equations and their integration for the creep deflection become: 


ing z values from 0 to c, 
For 0 < z< 


+ K2M\* + K3M 


Equation [35] can be written 


= K,Rr KA Rr)* + Ki Rry [35a] 


Integrating Equation [35a] twice to determine the deflection u 


dw; 
h 


DEFLECTION AND STRESSES IN BEAMS SUBJECTED TO BENDING 


AND CREEP iS 1 


Force<z2<a 


d*w, . a 
h = K,iM, + KiM,* + KiMys 


dz* 


Since M, = Rr P(z — c), Equation [38] can be written 


d*w, . 
h—— = K,{(R 


dz* 


P)x + Pe} + K,[(R 


+ K,[(R — P)z + Pc)". . [38a] 


Integrating Equation [38a] twice to determine the deflection w: 


F dw: ((R — P)xr + Pe}? ((R — P)z + Pcj**! 
j = 
dr : AR ( P)(a + 1) 


Pc|**! 


and 


K2|(R P)z Pc|2t* 
hw: 
(R P){a + 


(40) 


Fora<2r<L 


For a value of z = a in Fig. 5 there is a point of contraflexurs 


i 


Fic.5 A Sraticatcy [npererminate Beam 


The distance a is obtained from the condition that at the point 


of contraflexure the moment is zero or 
Ra = Pla 


Now Equations [38], [39], and [40] for z-values from z a to 


z = Ldonot apply, since for these values of z the stress and strain 


on the bottom fiber change sign and the strain has a value of 


This gives a differential equation for deflection for a « 
follows 
174 


' = KM, 


1x? 


K-A—M;)* K M,)" 


Since M, = P(x c), Equation [42] ean be writter 


du, 


h— = K, 


dz? 
Integrating Equation [42a] twice to determine the deflection wy 
P)z — Pcj*t! 


P) (a +1) 


- P)zxr + Pc}? 


-P 


h dw, \(R 
dr AR 
{R Pe! 


+ K,; — 
: (R — P)(n + 








Ki{(R P)z 
6(R P 
RK, 

(R 


The constants of integration c; to cs and reaction R can be deter- 
mined using the foregoing equations and the following boundary 


conditions 


+ Pc]? 
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K:|—(R — P) z — Pej**? 


(R P)\a + 1) (a@ + 2) 


(R — P)z 


-P)*{n + 


Pcp? 


> 


- ~~ + cor + ce. . [44] 
1) (n + 2) 
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(“*) 
pace °\ dr 
C eam 
dw: 7 dw: 
= r= : (Wi)z=a = (W3)z=a, dz = 
(“) 0 dw, 0 
= s W3 zeL = . = 
dz }z=a . dz /z=1 


the constants of R evaluated, 
and [44] can then be used to determine the 


(wi)z = = 0, 


With integration and reaction 
Equations [37], [40], 


creep deflections. 
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TABLE 1 


CONSTANT STRESS-CREEP CONSTANTS FOR 


PLEXIGLAS 


E = 4.10 X 10° 
K = 9.74 X 10~° 
a= 1.89 


TABLE 2 


Specimen Initial max At 50 br 

no fiber stress Diff 
(elastic), psi Theor per cent 

Group A: 

1 3810 2 

2 3525 . +10 

4 3069 53.5 +3 

, 2790 Q g +5 

7 2060 K 35 +1 


Group 
Diff 
per cent 
17 
Q 
13 
1 


In some problems it is not possible to integrate diréctly, as in 
the foregoing examples. In such cases it is possible to express 
the right-hand side of the differential equation in the form of a 
series which then can be integrated 
EXPERIMENTAL CREEP 


THEORETICAL AND 


DEFLECTION 


COMPARISON OF 


Values of creep deflections were measured for Plexiglas sub- 
jected to pure bending and for a series of specimens with dif- 
ferent values of the bending moments. Two series of tests were 
conducted as indicated in Fig. 6. In one series, labeled group 
(a), the tests covered a period of 1000 hr, while in a second group 
(b), of longer duration, the tests lasted for 10,000 hr. The test 
procedure and other details of testing are given in reference (3). 
The theoretical creep deflection-time relations based on Equa- 
[34] for pure bending, are also given in Fig. 6. The creep 
for evaluating the theoretical creep-deflection 
A comparison of the theoretical 


tion 
constants used 
relations are given in Table 1. 
and experimental creep deflections, as given in Fig. 6 and Table 
2, shows good agreement between theory and test results when it 
is considered that the material variations were found to yield 
differences of 20 per cent in creep strains. Furthermore, the 
creep constants in Equation [1] for tension and compression 
were assumed the same and of value equal to the average of the 
tension and compression constants 


CONCLUSIONS 


1 A theory for determining the creep deflections in bending 
is presented in this paper which gives a good approximation for 
short, intermediate, and long periods of time. Available theories 
are good only for long periods of time. 

2 The theory developed provides for relaxation of fiber stresses 
with time and for elastic recovery. 

3 The theory for creep deflections in bending can be applied 
to specific problems in bending with no greater difficulty than is 
present in the current available theories. 

4 Tests on Plexiglas in bending accompanied by creep show 
good agreement with values given by the proposed theory. 
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q?K*o,24 +1 a 4 


__ es ot 


Bending-creep deflections for 2 in. gage length, in. X 10~* 
~ A 500 hr - 


q = 8.00 x 107! 
B = 7.69 X 10-7" 


n= 2 02 


COMPARISON BETWEEN THEORETICAL AND EXPERIMENTAL BENDING-CREEP DEFLECTIONS FOR PLEXIGLAS 


At 1000 hr 
Diff Diff 


r cent Exp Theor per cent 


“ED mana 


At 5000 hr — At 10,000 
Diff 


per cent 


Theor 
52.0 16 65.2 
M4 ‘ Ys 
100.0 8 115 
135.8 10 163 
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Appendix 
JUSTIFICATION FOR Use or Equation [11] 
By Equation [8a] of the text 
Cc qKa* e~* + Bo" y 46 
= = ( 
Ci qKo,* e~* + Bo," h — 


Also, by Equation [3] the condition of equilibrium at the cross 


section of the beam may be written as 
h 
2 | oy dy = M 


From Equation [46] 
Bo") 
Bo,") 


h(qKo*e~@ 


y= - 
(qKo,%e 4 


and after differentiation 


h (qKao*~'e-* + nBo*-')do teat 
dy = ... 149 
(qKo,%e-* + Ba;,") ; 


y 


Substitution of Equations [48] and [49] into Equation [47] gives 


2bh? ” . 
: _ (qKao%e + nBo*) 
(qKo,%e-* + Ba,")? J, 


(qKo%e* + Bo*)do = M (50) 
Integration of Equation [50] results in the following expression 
n+a 
n+a¢+i 


Bta\* +1 


qKBa,2+"*1¢-a 


> 
2n + 1 


q*K*o,2%e- + 2gKBo,*+"e-* + Btg,™ 
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Equation [51] may be solved to give time ¢ as an explicit function 


of the stress o; 
t = f(a 
This was done but the resulting expression was much too compli- 
cated to be of further practical use in the analytical development 
of the theory. 
4 graphical plot of stress against time was then made using the 
relation represented by Equation [51]. It was found that a sim- 


pler expression, namely 


M M 2rn+1M 
+13 oe? 
2bh? 2bh? n 2bh? 


[51] quite well, 


2n +1 
= 


could represent the relation given by Equation 
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However, Equation 
ati=0 


except for the initial portion of the curve. 


[51] is incorrect for small values of time. 
the value of o; obtained from Equation [51] would be approxi- 


For example 


mately 
2a +1 M 


1 = 
a 2bh? 
If a ¥ 1, o, would be not equal to (3.7 )/(2bh*) which is the ini- 
tial stress value given by the initial elastic distribution 
The reason for this discrepancy is that in Equation [8a] the 
creep rates of the fibers are considered to be proportional to the 
distances of the fibers from the neutral axis. Actually, the total 
strain rates are proportional to the distances from the neutral 
axis and in writing Equation [8a] the terms representing the 
rate of ¢ hange of the elastic strains have been negle cted. 





Determination of Theoretical Plastic 
Stress-Strain Relations for Variable 
Combined Stress Ratios 


By L. W, HU! ann JOSEPH MARIN,? STATE COLLEGE, PA 


To distinguish between the various theories of plastic 
flow defining plastic stress-strain relations under combined 
stresses, it is necessary to conduct combined stress tests 
in which the ratio of the stress components does not re- 
main constant during the test. To compare these results 
with the flow theory of the second stress-invariant type, 
graphical methods have been used to determine the com- 
bined plastic stress-strain relations based upon the simple 
tension plastic stress-strain relations. This paper pre- 
sents an analytical procedure for the determination of 
these theoretical stress-strain relations. For certain stress 
conditions the graphical methods have the disadvantage of 
yielding inaccurate results—an objection not present in 
the proposed method. Furthermore, the proposed analy- 
tical method is less time-consuming than the graphical 


methods. 


INTRODUCTION 


N recent years various theories of plasticity have been pro- 

posed to define plastic stress-strain relations for combined 

stresses and for metals and alloys with strain-hardening (1, 
2). In order to differentiate between these theories and to de- 
termine which one agrees best with the actual plastic stress- 
strain relaticns, it is necessary to consider combined stress-strain 
relations for loading conditions where the ratio of the stress com- 
ponents varies during loading. For evaluating the theoretical 
plastic stress-strain relations for these variable stress-ratio condi- 
tions by the flow-type theory (2), using the plastic stress-strain 
curve for simple tension, graphical methods have been used as 
proposed by Cunningham, Thomsen, and Dorn (3), and Shepherd 
4). Except for small plastic strains these graphical methods 
are subject to considerable inaccuracies. Furthermore, the ap- 
plication of these graphical methods to determine plastic stress- 
strain relations involves a considerable amount of time. For 
these reasons the following analytical method was developed. 
The method is particularly suited to the range of large plastic 
strains. The proposed analytical method will first be described, 
followed by an application to show how the theory can be used. 
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Meruop or ANALYsIs 


For an element subjected to normal stress components o,, ¢,, 
and ¢,, and shear stress components Tzy, Tyz, and rez in the 
plastic range, the strain components will be made up of elastic and 
plastic strains. The plastic-strain components will be designated 
DY €5, €y, €z) Yay» Yye, and Y,,. Then, the flow theory based on the 
octahedral shear-stress criterion of plastic flow (1, 2) defines the 
changes of strain components in terms of the stress components 
by the following equations 


be, 
be, 


h(&) 68 (0, — oo) | 
h(&) 68 (a, — oo) | 
be, = (25a (o,— a0) | 
bye, = 2h(8) 58 7,, 
b7,. = 2h(%) 62 7,, 
by,. = 2h(%) 68 1,, 


where 


de,, de,, de, = incremental changes in normal plastic-strain 
components 
5Y2y: SY ye: Yee = incremental changes in shear-strain com 
ponents 
Go mean normal stress = '/;(¢, + o, + @,) 
& = effective stress whose value is 
a 


1 
V2 Vv (¢, 


o,)* + (a, — o,)? + (o, — o,)? 

+ 6(7,,? + tys* + Top")... 022 os , [2] 
and A(%) = a function of the effective stress to be defined later 
The effective strain corresponding to the effective stress @ i# 
shown to be (1, 2) 

V2 


be V (be, — de,)* + (be, — be,)? + (de, — de,)? 


3 _ 
+ 5 (Oren) + Ore) + Ore). - (3) 


The case considered also must obey the conventional! type of 
loading in which loading occurs for 6@ > 0 and unloading occurs 
for 6a < 0. 

If the state of stress considered can be defined in terms of priu- 
cipal stresses ¢;, 03, and @; in place of the stress components 
Te, T yy Tey Teyy Tye ANd 7,,, then Equations [1] can be written 


(G3 + «| 
+ «| 
| 
(0; + Oz 
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where H(%) = a function of the effective stress &, and de;, des, 
When the stresses are 


be, = (260 = 
be: = manele, = 


be, = H(2)be [« — 


des = increments of principal strains. 
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defined in terms of the principal stresses in place of the stress com- 
ponents, the effective stress and strain become, respectively 


= V a," + o27 + 03? — 0102 — 020; — O30, ... . [5] 


\; [(de, til (be: 2 
3 


In obtaining Equation [6], the condition of constancy of volume 
& 1 j A 


6é = + (¢5)? [6] 


was used or de; + de: + de: = 0 

For simple tension 0; = 0; = O and o, = a (the stress in simple 
tension), and de. = des = —de; Then 
by Equation [5] ¢ = o,, and by Equation [6] 6¢ = de;, the axial 
For simple tension, the first of 


2 for constancy of volume. 


plastic strain in simple tension 
Equations [4] becomes 


be = H(t) ba 0 = Hic)boc 


Ha 1 be 1 be (7) 
<i co 60) = 66: «68 , 


Placing the value of H(@) from Equation [7] in Equations [4], 


the strain increments become 


= 5a 
a be 


For strain-hardening materials it has been found that the true 
stress-strain relation in simple tension can be defined by 
e = ko* [9] 


ind n are experimental constants. Since for simple 


where k 
tension e = S di and o = &, Equation [9] can be written 


@€ = ke" {9a} 


Differentiating Equation [9a] with respect to & 


dé 
dé 


= kno"! {10} 


Since dé/dé = 6%/66, the value of 5¢/6¢ in Equations [8] can be 
replaced by kn&*~! or 
t «| 5a 


+ «| 6a 
+ a)| ba 


For biaxial stresses, ¢, = 0 and the strain increments become 


be, = kno" [os -- 
be, = kno" [os 


bes = kno" [« 


be, = knor+[ o - 


be. = kna*-? [+ 
~ be, — dey 


be = 


The effective stress by Equation [5] becomes 
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G=Vo%— 00; + 02% =o, V1—a+a'? [13] 


where a = the variable stress ratio o:/0,;. Using the value of 


&@ from Equation [13] in [12] and noting a = g:/o,, the strain 
increments can be written as 


a- 


= | kno 1 a + a’) 


rue 
| knee l a+a?) ? 


bla V1 


Equations [14] may be integrated provided either o; is a con- 
stant or @isaconstant. If a is selected as a constant—represent- 
ing the condition where the principal stress ratio remains con- 
stant—the integration of Equations [14] gives 


n 
9 
a + a’) (: 


n 
ko," ( a+a’)’la 


These equations are identical with those obtained using the de- 


= ko," (1 


formation theory based on the octahedral shear-stress criterion 
and confirm the statement that for constant stress ratios the de- 
formation and flow theories coincide. 

The case of variable stress ratio, where a stress ¢; is first applied 
followed by a stress o;, has been studied experimentally by sev- 
eral investigators for the purpose of differentiating between the 
deformation and flow-type theories of plasticity. For this case 
of stress application 0; is a constant and a@ = o;/0; is a variable 
To analyze this case, Equations [14] first can be replaced in dif- 
ferential form, or 


de, = kno," (1 


de, = kno," (1 
a+a'*t 


dvV1 


Integrating Equations [16] between limits a, and a, where a; > 
a, > 1.0, Equations [16] become 


a 
@ = kno," (, -= 
ai 


= ino f (« - 


a + at)? 


Evaluating the integrals in Equations [17] using integration by 


parts gives 
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+ tf (1 — a + a) ? ia | 
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If the stress o is kept constant in place of o;, equations for e, and 
é: can be obtained similar to Equations [18]. In this case 


kno," 8 l 8 gs = 
ada 2 (1 + §*) 
nd n—-1 Os 
fo B + 6) ? 43 
A 
n-l 
kno" 8 7 
a no" [( Ja B + 82) 2 
n—1 2 


- 


1 n-l Bs 
+ fo B + 6) ? 4s| 
2 8 


[19] 


a + a’) 


or 


— Gla = Me 


where 8 = 0/0 = ratio of stresses, and B; > 8; > 1.0. 
an n—l a n 
(1 a+a’*)? da= (1 a +a’) 
a /@ 
2 da + 
expressed in the form of a Taylor series, that is 
GC Q,") 
\ 


To evaluate the integrals in Equations [18] it first may be ex- 
1 
on” 
+ (1 
= 
“as n-1 
+ I (l—a+a*) ? da 
a — da 
ay! a-l 
Gar’) — G(a) = (l—-a +a) ? da 
@, 
*— a)? (28) 
2! dat} a, 


pressed as 
n-l 
In order to evaluate the integrals in Equation [20] they may be 
(22) 
a) 
da a, 
‘— a)! (= ‘ 
3! da*} «, 


(2a — 1) 
(1 —a@ + a’) 


:]| 


The accuracy of the evaluation as given by the expansion in 
Equation [21] will depend upon the interval (a: @,) used and 
upon the number of terms selected in the series. In general, the 
first two or three terms in the series of Equation [21] are sufficient, 
if the interval Aa = (a,' — a) is about 0.1. With each integral 
such as given in Equation [21] evaluated, the integral between a, 
and a; can be found as defined in Equation [20]. Finally, by 
Equations [18] the strains ¢,; and e; can be determined. 

For stress combinations where the ; stress is kept constant and 
0, is varied, Equations [19] in place of [18] are used, and a pro- 
cedure similar to that outlined can be followed. 

With the strains, initial dimensions, and loads known, the 
stresses can be determined and hence the theoretical stress-strain 
relations are defined completely. 


APPLICATION OF METHOD 


The foregoing method of finding the theoretical stress-strain 
relations was applied to variable stress-ratio tests of thin-walled 
tubular specimens subjected to axial tension and internal pres- 
sure, producing biaxial stresses a, and o;. The material con- 
sidered was an aluminum alloy 148-T4. The true stress-strain 
relation for this material in simple tension plotted in terms of log 
stress versus log strain is shown in Fig. 1. With this stress-strain 





Tet AOA, PLASTIC STREAM — n/e 


1 Troe SrreesPcaetic Strain Revation ror Simpecte Ten- 
ston Test o:/o, = 0 


curve 48 a basis, the theoretical strains for a tube subjected to 
combined stresses can be determined for a specified stress o, fol- 
lowed by application of a stress o;. The procedure to be used 
based on the analysis consists of the following steps: 


1 The best straight line representing the true stress-strain 
values for simple tension is obtained with test data in Fig. 1, using 
the method of least squares. The equation of this line is ¢ = 
ka", where k and n are experimental constants. For the mate- 
rial Alcoa 14S-T4 considered, values of k = 5.98 X 10-" andn = 
5.65 were determined. 

2 Selecting three terms of the Taylor series, values of (dG)/ 
(da), (d*G)/(da*), and (d*G)/(da*) were found using Equations 
[22] for values of a, = 1.0 to ay’ = 1.1, ay’ = 1.1 to a,” = 1.2, 
and so on, and for a value of n = 5.65. 

3 Using values obtained under step 2, integrals asa defined by 
Equation [21] were determined for each Aa-interval. 

4 By Equation [20] and using values from step 3, the values 

n—l 


_— 


of t (1 — a + a*) * dawere evaluated from the summation 
of integrals defined by Equation [20] for various values of a. 
5 The remaining terms in Equations [18] were determined to 
various values of a. 
6 For the initia! stress value o; used, the value of 
kno," 


(n — 1) 


appearing in Equations [18] was determined. 
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7 With values of the various terms determined by steps 4, 5, 
and 6, Equations [18] were used to find the true strains e, and ée: 
for selected values of a 

8 With the true stress values o 
in reference (5), the theoretical stress-strain relations could then 


ind @; calculated as described 


be plotted as shown in Fig. 3 


CoMPARISON OF THEORETICAL AND EXPERIMENTAL STRESS- 


Srrain RELATIONS 
relations obtained 


thin-walled 


stress-strain 
tests on 


To compare the theoretical 


with actual values, variable stress-ratio 


tubes subjected to internal pressures and axial loading were made 


as described in reference (6) using various initial values of the 


stress o;. Fig. 2 shows the nominal stress-strain relation for a 
test in which an axial stress ¢; was first applied of such magnitude 
as to be equal to one half of the yield stress. By means of in- 
ternal pressure, with a provision to remove the axial-pressure 
component, a lateral or tangential stress o, was then applied 
Based on the nominal stress-strain relations in Fig. 2 and using 
equations given in reference (5), true stress-strain values were 
computed. The values of these experimental true stresses and 
strains are plotted in Fig. 3 for comparison with the theoretical 
stress-strain relation. Approximate agreement between the 
values predicted by the flow theory and the test results is indi- 


cated in Fig. 3. 
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A Simple Method of Determining Plastic 


Stresses and Strains in Rotating Disks 
ith Nonuniform Metal Properties 


By M. H. LEE WU,' CLEVELAND, OHIO 


This paper presents a simple method of solving plastic 
deformation of a rotating disk having nonuniform metal 
properties. A stress-strain surface, which is formed by 
stress-strain curves obtained from the tensile specimens 
cut at different radii of the disk in the tangential direc- 
tion, is introduced. The distributions of plastic stresses 
and strains can be obtained by a simple multiplication 
with the use of a short table given in the paper and a stress- 
strain curve along the radius of the disk determined from 
the stress-strain surface. The rotating-speed parameter 
is simplified to a simple algebraic function of maximum 
octahedral shear strain of the disk, and a parameter deter- 
mined directly from the stress-strain curve along the ra- 
dius of the disk. A chart calculated from such relations 
is given. The relation between rotating speed and maxi- 
mum strain determined from the chart are compared with 
the experimental data of disk test; results agree well. 


INTRODUCTION 


HE metal properties of any machine member are quite 
nonuniform owing to the process of manufacturing, such 


as cold-working, heat-treating, and so forth. Nonuni- 
formity also may be caused by external effects, such as tempera- 
ture gradients. Therefore it is practical to consider problems 
of plastic deformation for members having nonuniform metal 
properties. The present paper considers the problem of a rotat- 
ing disk, Fig. 1, having nonuniform metal properties in the radial 
direction. 


(9) 


Fic. 1 Roratine Disk anp a Sector 1n Derormep State 


For a rotating disk having uniform metal properties or other 
plane plastic stress problems with axial symmetry, the equations 


1 Formerly Aeronautical Research Scientist, Stress and Vibration 
Section, Lewis Laboratory, NACA. Mem, ASME. 

Presented at the National Conference of the 
chanics Division, State College, Pa., June 19-21, 
AMERICAN Society or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1953, for publication at a later date 
received after the closing date will be returned 

Note 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, February 1, 1952. Paper No. 52—APM-25 


Me- 
Tue 


Applied 


1952, of 


Discussion 


Statements and opinions advanced in papers are to be 


of the problem are reduced to two first-order nonlinear differential 
ecuations (1).* Solutions can be obtained by numerical integra- 
tion for a given 7(y)-curve of the material, where 7 and ¥ are octa- 
When the metal 


r(y)-curve is 


hedral shear stress and strain, respec tively 
properties are considered as uniform, only one 
needed to represent the relations between 7 and y of the material 
for the whole member. For a disk having uniform metal prop- 
erties, tT and y are functions of radius r, but the relation between 
7 and ¥ of the material is known and independent of radius r 
t(¥)- 
representing the relations between 7 and y at different 


For disks having nonuniform metal properties, a singk 
curve 
radii as previously used can be applied no longer 

Furthermore, the relation between rt and y along the radius 
of the disk is unknown because 7 is not only a function of y but 
also a function of radius r. This « 
If the r(y)-curves at different radii of the disk are plotted in a 
(y, 7 and is the 
radius of the disk), as shown in Fig. 2. These r()-curves form 


The 


un be illustrated as follows: 


three-dimensional space r/b, where b outer 


1 surface which is referred to as the “stress-strain surface.” 


tT 


Srress-Srrain Surrace 1n Turee-Dimensionat Space 


y, T, AND r/t 


Fic. 2 


relation of 7 and ¥ along the radius of the disk at any load (or at 
any value of “yo, where Yo is the maximum value of + in the disk ) 
At the same 
time, the relation between y and r/b should satisfy the two first- 


must be a curve lying on the stress-strain surface 


order differential equations obtained in (1). 

The 7 and ¥ relation along the radius of the disk can be ob- 
tained from the stress-strain surface when the relation between Y 
and r/b is known, but the relations between y and r/b can be 
determined from the differentia] equations only when the relation 
Thus 


iteration seems unavoidable for such cases without any approxi- 


between 7 and ¥ along the radius of the disk is known 


mation. However, the general] plastic behavior obtained recently 
> 


for a rotating disk (2), namely, that the ratio of principal stresses 


d of 
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and the distributions of the proportionate strains are essentially 
independent of the stress-strain relations of the material, suggests 
a simple and accurate method of solving a plastically deformed 
rotating disk having nonuniform metal properties. 

Before going into the detail of the method, a brief summary of 
the general plastic behavior of a rotating disk and also the final 
equations and results obtained in (2), which will be used in the 
present paper, are first given in the next section. 
Puastic Benavior or Rotating Disk Havine 
UnirorM Mera PRopPertIgEs 


GENERAL 


The two first-order nonlinear differential equations obtained 
in (1) for a rotating disk having uniform metal properties involve 
two dependent variables @ and ‘y, one independent variable 
r/k, and @ variable 7, which is an experimentally determined 
function of y of the material from the simple tensile test, k is an 
arbitrary constant determined from the boundary condition, @ is 
a parameter indicating the ratio of principal stresses and of prin- 
cipal strains. The relations between a@ and principal stresses and 
strains are given by the following equations 


| 


13 " 
V2 T(V/3 sin @ — cos a) 


| 
13 n 
V: 7(+/3 sin a + cos a) 


= x, (sin a — 1/3 cos a) 
272 


2/8 (sin a + +/3 cos a) 
Equations [1] and [2] satisfy the relations of plastic stress and 
strain of the deformation theory for plane stress, because the 
yielding surfaces of plane plastic stress based on the deformation 
theory are ellipses. Thus these equations can be used only for 
the plane plastic stress problems to which the deformation theory 
In Equations [1], t, which is a function of , var- 
ies with radius and also with load. Similar relations as Equa- 
tions [1] and [2] but with a constant value of r (ideally plastic 
material) were used by Nadaji for a thin plate with a circular hole 
(3), and by Nadai and Donnell for a rotating disk (4) 
In (2) the two nonlinear differential equations obtained in (1) 
are partly linearized, resulting in 


is applicable. 


da 
= 


i) 
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where 


H cos a 
J V/3 sin a — cos a@ 
L V/3 cos a + sin a 


2 p(wk)? - ‘ ce 
i-* (where 7» is maximum value of 7 in disk) 


ma V3 Te 


and 
n=m—Ci Yo = m— 0.5 Yo ; .. [4] 


In Equation [4] m is equal to the slope of a straight line approxi- 
mating the r(y)-curve on the logarithmic plot within the range of 
y encountered along the radius of the disk, y, to Yo, with Yo/Y, 
approximately equa] to 5.5 (7, is the value of y at outer radius b). 
Thus m is a function of Yo and can be determined directly from the 
t(y)-curve of the material for a given value of yo. Once the 
value of yo is chosen, the value of n can be obtained from Equa- 
tion [4]. 

The variations of a and y/o with r/b for n = 0.05, 0, 0.1, 0.2, 
and 0.3 are calculated from Equations [3]. These variations 
are shown in Figs. 3 (a) and (6). The value of n for most ma- 
terials and for different values of yo is determined from the r(7)- 
curve given in references (5), (6), and (7) and varies from —0.05 to 
0.3. Thus Figs.3(a) and (6) cover the variations of a and y/7o 
with r/b for most materials for the rotating disk having uniform 
metal properties. Numerical results obtained from these varia- 
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tions of a and y/o with r/b compared closely with those ob- 
tained from (1) (for simplicity, the results obtained in reference 
1 are referred to as the exact solution). In addition, comparison 
of distributions of stresses and strains obtained from the exact 
solution with those obtained for the ideally plastic material (the 
constant 7-value of which is chosen equal to the value of 7 of the 
exact solution at the center of the disk) show clearly that the 
distributions of proportionate strains (y/o, €¢/[€e]o and €,/[€,]o) 
are essentially independent of the r(y)-curve of the materia] but 
that the distributions of the stresses depend on the material (2). 
It also is shown that the variation of a during loading is very 
small for most materials. 


Basic Principte or Meruop 

(a) Approrimate Relations of a and y/o With r/b. The gen- 
era) plastic behavior obtained for the rotating disk having uni- 
form metal properties can be applied to the disk faving non- 
uniform metal properties, if the value of n, determined from the 
7(y)-curve along the radius of the disk, varies in about the same 
range of n as given in Fig. 3. Since the curves shown in Figs. 
3 (a) and (6), give the relations of a and y/o with r/b for the 
7(y)-curve of most materials, the average value of these curves 
may be used as an approximate relation of a and y/7¥o with 
r/b for most materials, or the curves for n = 0 may be used as 
approximate relations for the materials having low n-values, 
and the curves for n = .2 used for the high n-values. In the paper 
detailed data for n = 0 will be given, because one special case 
of n = 0 is the case of ideally plastic material with infinitesimal 
strain, which often is considered in the stress analysis for plastic 
deformation. (For ideally plastic material and using infinitesi- 
mal strain concept, Yo is infinitesimal and m = 0; n obtained from 
Equation [4] is then equal] to zero.) For n = 0, Equations [3] 
reduce to the following simple form 

Ky, a) 
2H (; 


(7 O) 


i) (;) 


The relations of a, y/o, and r/b for n = 0 are calculated from 
Equations [5] and given in Table 1. These relations are used to 
represent the approximate relations of a, y/o, and r/b for most 
materials, because they are not sensitive with the material as 
shown in (2). If more accurate results are required, the data 
given in the paper for n = 0 can be used as the approximate solu- 
tion for materials having low n-values only, and similar data for 
n = .2orn = .3 can be obtained easily and used as the approxi- 
mate solution for materials having high n-value. The accuracy 
of the method will be discussed quantitatively later. 

(b) Determination of r(y)-Curve Along Radius of Disk. The 
relation between 7 and y along the radius of the disk is needed 
for the evaluation of the distributions of stresses and the rotating 
speed, which are dependent on the stress-strain relation of the 
material. As mentioned in the introduction, the relation between 
7 and ¥ along the radius of the disk for any load (or for any value 
of Yo) must be a curve lying on the stress-strain surface, Fig. 2. 
This curve is the intersection of the stress-strain surface and a 
surface, which is perpendicular to the (r/b) 7 plane and on which 
the relation between r/b and y/o is the same as those given in 
Table 1. 

The stress-strain surface is introduced only for the purpose of 


(5) 
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TABLE! 


6/ 7 
0.3536 
0.3556 
0.3592 
0.3674 
0.3782 
0.3933 
0 
0 
0 
0 
0 
0.! 
0.5404 
0 
0 
0 

2 0.6 
0 3 : 2075 0 
0 < 0 
0.646! 3 0.1690 0 
0.5236 0.1520 0 


— et it at pat tt tt ND AD AD RO BO 


dd 


SS ee ee es sts tts ttt 


tort 


3536 


explanation. In the process of obtaining the r({‘y)-curve along 
the radius, this stress-strain surface is not needed. Only the 
projection of the curves on the yr plane is used. The procedure 
of determining the 7(7)-curve along the radius of the disk for a 
given ‘Yo is very simple and is given as follows: mt 
Obtain the tensile r(y)-curves from several specimens cut 
from the disk at different radii in the tangential direction as 
shown in Fig. 4 (the tangential direction is suggested because the 
rotating speed function p(wb)* is determined by the distribution of 
tangential stress and tangential strain as wil] be shown later, 


Fic. 4 Location or Tensite Seectmens Cur From Disk 

where p is the mass per unit volume and w is the angular speed of 
the disk). Plot the r(y)-curves at different radii as shown by 
the light solid curves in Fig. 5. Calculate the value of y at the 
different radii for a given value of Yo using the values of y/o and 
Locate these values of y on the correspond- 


The curve obtained by joining these 


r/b given in Table 1 
ing 7(y )-curves in Fig. 5. 
points gives the r(y)-curve along the radius of the disk for a 
given ‘Yo (shown in Fig. 5 by the heavy curve). The 7(7)-curve 
along the radius of the disk is also plotted on a logarithmic scale 
as indicated by the heavy solid curve in Fig. 6 


DETERMINATION OF PRINCIPAL STRAINS AND STRESSES 


From Equations [1] and [2] it can be seen that €/y, €,/y, 
o»/T, and o/r are functions of aonly. These 
lated and are also given in Table 1. From the relation of y and 
r/b for a given Yo obtained in the pr *vious section and the rela- 
tions of €9/7y and €,/ with r/b given in Table 1, the distributions 
of the principal strains of the rotating disk for a given yo is ob- 
tained by a simple multiplication. 

From the relation between 7 and y along the 


values are caleu- 


radius of the 
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disk for a given Yo, Fig. 5, and the relation between y and r/b 
obtained in the previous section, the relation between rt and 
r/b for a given Yo can be obtained. In a manner similar to the 
principal strains, the principal stresses can be obtained from the 
relation between r and r/b and from the values of o¢/r and 


o,/r given in Table 1 by a simple multiplication. 


Tt 
r/b 


\r(y) CURVE ALONG THE 
RADIUS OF THE DISK 
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Fie. 6 Retations Between OcTaHepRAL SHeaR STRESS AND 


Srratn Atone Raptus or Disk on LoGarirrumic ScaLe 
DETERMINATION OF Rotatinc SpeeED For GIvEN Maximum 
OcTAHEDRAL SHEAR STRAIN OF Disk 


The rotating speed parameter p(wh)? for a given Yo of the disk 
can be determined from the distributions of tangential stress and 


of tangential strain of a circular sector of the disk as shown in 


Fig. 1(b). The component of force in the r-direction acting on 


the sector due to @¢ is equal to 


“b _ AO d(r + u) 
_ 2oeh sin dr 
. 2 dr 
{ 


The centrifugal force on the same sector is equal to 


*b 
/ Phinis r( AP) w? (r + n)dr 


Pe All 
where Aisi, and A are the initial and instantaneous thickness of 
the disk. From the condition of equilibrium of the sector in the 
r-direction, the following is obtained 


froma) 
{ (Q-() 


(wh)? = 
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Equation [6] shows that the rotating-speed function p(wb)?* is 
determined by the tangential stress and strain only. 
Expanding e*é into a series, the denominator of Equation [6 


becomes 


where Yo is a constant and can be taken out of the integral sign 


Thus 
1 2 I r 
eo (“) a () a 1 4 (*)\ *\ y a r 
a b b 3 0 ¥/\ ¥o/\b b 


rw L(Y Gee 


1 . 
= Tv G, ¥ 


> 
> 


+ Gs ve? +... [7a] 


in which the integrands of G, Gy oc e aC functions of a and Y/ Ye 
only. 

The numerator of Equation [6] is a function of o@, €¢, and r/b 
The tangential strain €¢ can be treated in a manner similar to 
that used for the denominator. The tangential stress og can 
be written as (oe/r)r, where o@/r is a function of a, and r 
can be written as an approximate function of + 


Ce oe\ .. 
oy = T= Ky" 
T T 
where m is the slope of a straight line approximating the r(7)- 


curve along the radius of the disk on the logarithmic plot, Fig. 6, 


and K is a constant. The integrand of the numerator becomes 


m - log, %° +e 
ove = Ky™ (2\(~) — n(%)e (™ fe.” ) 
tT /\vo r 


Expanding the exponential function of e into a series 


—({m log, YP +e 
e ( Y ’) =1— (m loge 2 + «) 
Y 
1 ( : ] ) 5 
+ - (m loge ~ + «) ” 3 (m loge + «) ee 
2 2 3 a 
= | m loge Ry = (oe. Li ' = (i, ') + 
y 2 Y 3 7 
€ ¥ (“\() Yo 
— Yo + MYo loge 
Y Yo Y/\Y Y 
= (2) 2) Y y (“)(2) 
= Oe Poor tS 
2 Y/\Yo Y 2! \Y/ \Y 
myo? (eo\3/ ¥ \2 + o® (eo\3/ ¥ \? 
pe loge P 0% — ee 
- Y Yo Y o Y Yo 


The value of m and yo remain constant along the radius, and, 
therefore, can be taken out of the integral sign. Denoting the 


individual integral in the numerator of Equation [6] by J», J;, 
1,,... the following is obtained 
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1 
aee dd (‘) = T(Ip — lym + Iem? — Tym? +... 
0 , 


[7b] 


are also functions of a and 


—Ivo + Ismyo +...) 


in which the integrands of Jy, I, . . . 
¥/Yoonly. 

Substituting Equations [7a] and [76] into Equation [6] and 
neglecting the small terms, yields the following equation 


p( wh)? I -~Iym + Igm? Lm? Liyo + pmo 
To l 
=~ + Givo + Gry? 


. G, and G, (for n = 0) are calculated by 
These 


The values of Jo, J;, . 
using the relation of a, y/o, and r/b given in Table 1. 
values are as follows: 

0.5239 
0.3514 
0.0537 
0.0047 


I 2.3031 
I 2.0281 
I; 1.3131 
qh 0.6362 


Equation [8] shows that p(wb)*/7» is a function of m and Yo, 
where ‘Yo is the maximum value of y in the disk. Once the value 
of Yo is given, m can be obtained from the r()-curve along the 
radius of the disk, Fig. 6; 7» is the value of r corresponding to 
Yo on the straight line approximating the r(y)-curve. Equation 
[8] thus gives an approximate value of p(wh)? for a given Yo with 
the use of a parameter m determined directly from the tensile 
stress-strain curves at different radii of the disk. Curves of 
p(wh)?/r) against Yo for different constant values of the parameter 
m are calculated and plotted in Fig. 7. The value of p(wb)*/ro 
then can be read directly from the chart for any given value of 
Yoand m. 


ut so 0 OS Sa 
eas MS a 
2B eu ht Mae 7H ITY HR 


P (wo)? /r, 


Fie. 7 Variation or Ratio or Rotatinc-Speep PARAMETER TO 

Maximem OcTaneprRaL SHear Stress or Disk p(wd)*/ry 

Wits Maximum Octaneprac Saear Strain at Center or Disk 7) 
ror Dirrerent Valves or PARAMETER m 


DETERMINATION OF VARIATION OF RATIO OF PRINCIPAL STRESSES 
Durine Loapine 


It was shown in (2) that the variation of a parameter n, 
Equation [4], of a material can be used to determine the varia- 
tion of the ratio of the principal stresses of the rotating disk hav- 
ing uniform metal properties during loading, and consequently 
the variation of n can be used as a criterion of the applicability of 
deformation theory to the problem of rotating disk for the given 
material. 

Furthermore, it was shown, see Fig. 3(a) and references (5), 
(6), and (7), that the variation of the ratio of principal stresses 
for a rotating disk of uniform metal properties is small for 
most materials and for different values of ye. However, for a 
disk having nonuniform metal properties, the variations of n 
during loading depend not only on the r()-curve of the material 
at different radii of the disk but also on the variations of the 
7(y)-curves with respect to the radius. Thus it is necessary to 
check the variation of n of the r(y)-curve along the radius of the 
disk during loading for each case in order to see whether or not 
the deformation theory is applicable. The procedure is as fol- 
lows: 

Obtain several r(y)-curves along the radius of the disk for 
different values of yo by using the procedure described in the 
previous section. Plot these curves on a logarithmic scale, Fig. 
6. Determine the values of n of the 7(y)-curves along the 
radius of the disk for different yo. Calculate n from Equation 
[4]. From the values of n for several yo and the curves given 
in Fig. 3(a), the variation of a, or the variation of ratio of prin- 
cipal stresses is obtained. 


Nonunirormity Due ro TEMPERATURE GRADIENT 


Consider now rotating disks which have nonuniformity of 
metal properties resulting from an external effect such as tem- 
perature gradient of the surrounding gas. It should be empha- 
sized that for such a case (nonuniformity in metal property due 
to temperature gradient), the method can be applied only in the 
range of temperature for which the viscous creep of the material 
is negligible and the transient creep is small, because the theory on 
which the method is based does not include time effect. The pro- 
cedure of the method is the same as the one described previously 
except that the r(y)-curve of the specimen cut from the disk at 
a certain radius should be obtained at the same temperature as 
that in the disk at the same radius during operation. Also the 
strain rate of the tensile test should be kept as close as possible 
to the strain rate of the disk at the given radius under considera- 
tion. 

It is assumed that the plastic 
valid at room temperature are also valid at the temperature range 
considered, such as (a) the incompressibility of metal, and (b) the 
unique relation between the octahedral shear stress and strain 
at the given temperature if the ratios and directions of principal 


laws which have been proved 


stresses remain constant during loading. 

The variations of the ratio of principal stresses during loading, 
that is, during acceleration, for a disk operating under a certain 
steady state of temperature gradient along the radius of the disk 
can be obtained by the procedure given in the preceding section. 
However, if the temperature at the center of the disk is low and it 
increases with r (any function, not necessarily linear) such as in a 
turbine or compressor disk, the stress-strain surface is qualita- 
tively similar to the one shown in Fig. 2 because the stress-strain 
curve of a material at a higher temperature is flatter than that at 
The value of m therefore increases with 
the variation of n during loading 


a lower temperature. 
yo. Thus from Equation [4 
(accelerating) is expected to be small. 
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CoMPARISON OF EXPERIMENT AND CALCULATION 


It is interesting to compare the experimentally determined re- 
lation between p(wb)* and ye with those obtained from the chart. 
In order to make such a comparison, it would be necessary to 
measure ‘yo at the center of the disk during operation and also to 
obtain the tensile stress-strain curves from the specimens shown 
in Fig. 4. Such data are not available in the literature. If it is 
assumed that fracture in the rotating disk takes place when the 
maximum octahedra! shear strain in the disk reaches the same 
value as the fracture octahedral shear strain in a simple tension, 
then the data given in (9) together with the additional data re- 
garding the metal properties of the disk supplied by the Lewis 
laboratory of NACA, are sufficient to allow comparison between 
the calculation and the experiment. Also it is assumed that the 
metal properties of the disk in (9) are uniform. The tangential 
and radial stresses as well as the tangential and radial strains in 
the solid disk near the shaft are assumed to be equal. This as- 
sumption is shown to be justified by the strain measurements 
given in Figs. 17 and 18 of reference (8). 

The calculated bursting speed is determined directly from the 
chart by using the value of m of the r(y)-curve of the disk mate- 
rial for Yo = Y,,, where y,, is the octahedral shear strain of the 
tensile specimen at fracture. The 7(y)-curves given in Fig. 8 
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are calculated from the unpublished tensile-test data for reference 

9). The tensile specimens were cut in the radia] direction of the 
disks which show no imperfections upon x-ray and surface in- 
spection. The specimen was 3.00 in. long with a 1.00-in. gage 
length. Six materials (SAE 1078 steel of two different heat- 
treatments, beryllium-copper alloy of three different heat-treat- 
ments, and one nickel-base alloy) are considered. For simplicity, 
these materials are herein designated as materials A, B, C, D, E, 
and F, 

The calculated values of p(wb)* at disk failure (based on the 
previously mentioned assumptions) are plotted against the ex- 
perimentally determined p(wb)? at bursting speed in Fig. 9. It 
can be seen that these points are very close to the 45-deg straight 
line. More reliable comparisons can be obtained, however, if 
(a) the r(y)-curves of few tensile specimens taken at different 
radii of the disk in the tangential! direction, Fig. 4, 
the tensile strain is obtained by measuring the diameter of the 


are used; (6 


tensile specimen during loading rather than the elongation be- 
tween a finite gage length; and (c) the r(y)-curves obtained from 
the tensile test are corrected for the triaxiality and nonuniform 


stress distribution introduced by necking. 
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For material C the load-elongation curve shows that there is 
a large necking effect in tensile test. Therefore values of p(wh)* 
for several values of Yo between Yo = 0.1342 (the value of y at 
the maximum load of the tensile test) and ‘,, are calculated. 
The calculated value of p(wb)* increases to a maximum (337 xX 
10? psi) at Yo = 0.3 to 0.4 then,decreases to 324 X 10* at yo = 
Yr = 0.8224. This indicates a case of instability of the rotating 
disk. 


Accuracy OF METHOD 


In order to examine the accuracy of the method, especially 
the percentage error of p(wb)* (for a given yo) determined from 
the chart, the relations between p(wb)* and yo are obtained 
from the chart for Inconel X and 16-25-6. These relations of 
p(wb)? and ‘yo are compared in Fig. 10 with those obtained from 
Fig. 10 shows that the difference of p(wb)? 
The percentage deviation of 


the exact solution (1). 
between the two solutions is small. 
p( wh)? of the approximate solution from the exact solution is 
much less.than the percentage deviation of a, o», and €@, as 
shown by the approximate figures of the 


Table 2 


two examples given in 


MATERIAL 
A STEEL, SAE 1078 


8 
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E 
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Fic. 10 Comparison or Retations Between Rotatine-Speep 
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Center or Disk yo OstTatnep BY Exact AND APPROXIMATE SoLv- 
TIONS FOR INCONEL X AND 16-25-6 
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TABLE 2 PERCENTAGE DEVIATION OF p(w)? 


Percentage 
Maximum percentage deviation deviation of 


Material (along radius of disk) of 

a oe “6 p(wb)? 

9.0 4.1 20 2.07 
5 6.5 16 1.70 


Inconel X {0 


10.3000 9.5 


This can be explained by the following: (a) The maximum per- 
centage deviations of a, oe, and €@ occurred at the low strain re- 
gion. In the high strain region, which is the region of importance, 
the percentage deviations of these quantities are small. (6) In 
Equation [6] p(w)? increases with increasing value of o@ but de- 
creases with increasing value of €¢; values of o»@ and €¢ obtained 
by the approximate solution differ from those of the exact solu- 
tion in the same direction; hence part of the error cancels. 

The accuracy of the method and the accuracy of the use of the 
chart depend only on the deviation of the value n for the r(y)- 
curve from the value of n = 0. For a disk having uniform metal 
properties, n is determined from the 7(y)-curve of the material. 
For a disk having nonuniform metal properties, n is determined 
from the relation between r and yy along the radius of the disk 
obtained from the stress-strain surface. The two numerical ex- 
amples are chosen because they have relatively high n-values 
(0.195 and 0.150) among all the examples, and therefore give the 
maximum error. The numerical results of the two examples 
show that the error introduced in p(wb)* by the use of the chart 
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(n = 0) is small, because even for the n-values equa! to 0.195 and 
0.150 the percentage deviations of p(wb)* introduced are only 
equal to 2.07 and 1.70, respectively. 


BIBLIOGRAPHY 


1 Analysis of Plane-Plastic-Stress Problems With Axial Sym- 
metry in Strain-Hardening Range,” by M. H. Lee Wu, NACA Rep 
1021, 1951. (Formerly NACA TN 2217, 1950 

2 “General Plastic Behavior and Approximate Solutions of Rotat- 
ing Disk in Strain-Hardening Range,”” by M. H. Lee Wu, NACA TN 
2367, May, 1951. 

3 “Plasticity,”’ by 
New York, N. Y., 1931. 

4 “Stress Distribution in 
After the Yield Point Has Been Reached,” by 
Donnell, Trans. ASME, vol. 51, Paper APM 
181. 

5 “The Tension Test,” by C. W. MacGregor 
ASTM, vol. 40, 1940, pp. 508-534 

6 “Precision Determination of Stress-Strain Curves in the Plastic 
and Frank Garofalo, Proceedings of 


A. Nadai, McGraw-Hill Book Company, Ine 


Rotating Disks of Ductile Material 
A. Nadai and L. H. 
-51-16, 1929, pp. 173 


Proceedings of the 


Low, Jr., 
: 1947, p. 16 
“Tensile Deformation,”’ by John H. Hollomon, Trans 
Iron and Steel Division, vol. 162, 1945, pp. 268-289. 

8 “Developments in High-Speed Rotating Disk Research at 
MIT,” by C. W. MacGregor and W. D. Tierney, Welding Journal 
Supplement, vol. 27, June, 1948, pp. 3038-3098. 

9 “Effect of Strength and Ductility on Burst Characteristics 
of Rotating Disks,”" by Arthur G. Holms and Joseph E. Jenkins 
NACA TN 1667, 1948. 


AIME 





Combined Tension-Torsion Tests for 
Aluminum Alloy 2S-O 


By ARIS PHILLIPS,? STANFORD UNIVERSITY, CALIF 


In this paper ten combined tension-torsion tests with 
thin-walled circular tubes of aluminum alloy 2S-O are 
described. 
ratios. 


All specimens were loaded with variable stress 
It has been found that the theory of plastic flow 
represents the experimental results with much greater 
accuracy than does the theory of plastic deformations. 


INTRODUCTION 


NE of the 
plasticity is to 


most important problems in experimental 
find out the 


of plasticity proposed up to now represents best the be- 


which one of theories 


havior of a given material in the plastic range. In this paper we 
shall describe some experiments which deal with this problem. 
In these experiments thin-walled circular tubes of aluminum alloy 
2S-O have been submitted to combined tension and torsion in the 
plastic region. By means of these tests we shall compare the 
simplest forms of the two fundamental theories of plasticity, 
that is, of the theory of plastic deformations and of the theory of 
plastic flow 
Let us introduce the following notations 


T,, T4, Tes TrHs Tray TH, ae the six stress components. 


Pa 


o,+O,+¢ 
3 


2 


go, + (a, 


(a, * 


is the octahedral shear stress. 
€,', €6's €', Yro'» Yoo» Yer’ are the elastic strain components 


€,”, €9", ©", Yeo", You's Yer” are the plastic strain components. 


, 


6 = 6 + €” 


+ €”",€, = €,’ + €,", €9 = €’ 


ro = Yeo’ + V0", Vou = You’ + You", Yer = Yer’ + Yer’ 


are the total strain components. 


€ 


m™ 


1 The results presented in this paper were obtained in the course of 
research conducted under a contract sponsored by the Office of Naval 
Research. 
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Division, February 4, 1952 


Discussion 


Statements and opinions papers are to be 
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Hence 


The tests described in this paper are such that throughout each 
test the 
starting from the zero value 


octahedral shear reased monotonically 


Stress Toct IK 


For this case the stress-strain rela- 


tions of the theory of plastic deformations are 


= Jl Toet 


whe re f Toct) 18 a function of Toct which depends on the materia 


only. For this same case the stress-strain relations of the theory 


of pl istic flow 


dT oct, dé,”, .. ., dYer” represent corresponding increments of 
Teste G's 


F(Toet 


material 


ae 
represents a function of the r 


respectively, during the loading process, and 


+ Which depends only on the 
thin-walled 


In the case of combined tension and torsion of 


tubes, we have 


Equations [1] become 


2v 


while Equations 
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where 


Our problem is to find which one of the systems, Equations [3] 
and [4], 


euracy. 


represents the experimental results with greater ac- 


Test Procepure AND RESULTS 


‘ 


The test procedure consisted in applying stepwise definite in- 
crements of axial load and torque and measuring the correspond- 
ing increments in the gage length and the angle of twist. Then we 
calculated the » Vee, de,”, 


ing step. By introducing these values into Equations [3] and [4 


quantities ¢,, T¢,, € Ya" for each load- 


we could decide about the accuracy of these equations 


In Fig. 1 we see the results for test No. 3. The lower half of 


the figure re presents the loading history The specimen has been 
loaded stepwise in the axial direction up to @ = 9330 psi. The 
next loading step consisted of applying the shear stress 7 =950 
Then, the next st p 


ixial stress to 0 = 


psi while keeping the axial stress constant 


consisted of increasing the 9350 psi and 
simultaneously increasing the shear stress to T 1350 psi. This 


step was followed by six other loading steps 





In the upper half of Fig. 1 we see our results concerning the 
validity of equation 


1 
2v)/3E)/2¢,/3 = 5 Ye 


of the theory of plastic deformations, and of equation 


l 
3 dY 6," /TeAT oct 


et us introduce the notations 


2v)/3E 


li Equation would h 
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The experiments, however, show that A # B. The error of the 
theory of plastic deformations can be presented by 


edt = 100(A — B)/B, « (8) 
edet = 100(B — A)/A, si 
This, 
Therefore the 
error of the theory of plastic flow can be presented by 


If Equation |6] were correct then we would have A = C 


however, is not the case as the experiments show 


Ctiow = 100(A 19) 
Ctiow = 100(¢ ~~ 

In Fig. 1 the 
represents €def 


concerned the theory of flow is much more accurate than the 


full line represents €fiow while the dotted line 


We see that in so far as Equations [5] and [6] are 


theory of plastic deformations 


In Figs. 2, 3, and 4 we give the , 8, and 10, 


The results for six additional tests can be found in a 


results for tests Nos. 5 


respectively 
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technical report’ by the author. In nine of these tests it has been 
found that the theory of plastic flow is superior to the theory of 
plastic deformations, while in one of the tests performed (test No 
10) the theory of plastic deformations gives slightly better results 
than does the theory of plastic flow. 


It is also important to note that, in general, enow becomes small 


only after the direction of loading remains substantially constant 


*“Combined Stress Experiments in Plasticity,” by Aris Phillips, 
Technical Report No. 11, Contract N6onr-251-Task Order 11, pre- 
pared for the Office of Naval Research, Division of Engineering 
Mechanics, Stanford University, January 15, 1952 
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for a few loading steps. An abrupt and substantial change in the 


direction of loading produces a great increase in the value of 
€fiow. 
systems of Equa- 


Equations [5] and [6] are only parts of the 


tions [3] and [4]. Another part of these same systems is the ex- 
istence of the two functions f( Toot) and F(Toct) 
requisite of the existence of these two functions is the validity of 


However a pre- 

Equations [5] and [6]. 

From Figs. 1 to 4 it can be concluded that in the majority of 

cannot be considered as 

On the other 
Therefore it 

worth while to investigate the existence of function 


cases @det is so large that Equation [5 
correct. Therefore function f(Toct) cannot exist. 
hand, eriow is in most cases smaller than 20 per cent 
would be 


F(troc). In Fig. 5 we give the values of the ratios 


l 
a Aa," /TaAT oct 11} 


as functions of Toc. These ratios are denoted by @ in Fig. 5 
Only tests Nos. 3, 5, 8, 9, and 10 have been considered, and these 
only for such values of Toct for which Ratio [10] does not differ from 
Ratio [11] by more than 20 per cent. From this figure we see that 
a function F(Toct), which depends on the material only does not 
exist, because the lines representing the Ratios [10] and [11] for 
the different experiments do not lie near each other. It is clear 
that the history of loading has a great influence upon the value of 
the Ratios [10] and [11]. 








PHILLIPS—COMBINED TENSION-TORSION TESTS FOR ALUMINUM ALLOY 28-0 


EXPERIMENTAL TECHNIQUE 


The material used was annealed pure aluminum 28-0. It was 
supplied in the annealed condition in tubular extruded form with 
an internal diameter of 0.75 in. and a wall thickness of '/, in. 
The specimens had an over-all length of 11 in., with an inter- 
mediate length of 6*/, in. of reduced wall thickness equal to 
0.030 + 0.001 in. The ratio of wall thickness to internal diame- 


ter of the specimen is 1 : 26 





Fic. 6 Insrrument ror Measunine Tuse THIcKNEss 


STRAIN GAGE 





Testinc MacuINne } Device ror Measvurine Axtauitry or Loapina 
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The thickness of the tubes was measured to 0.00025 in. by 
means of the specially constructed instrument shown in Fig. 6. 
Measurements of thickness were taken every 90 deg at the 
middle cross section of the specimen and at cross sections 1'/, and 
2'/; in. on either side of the middle. The external diameters were 
measured with a micrometer caliper. 

The strains were measured by means of the specially con- 
This gage measures both 

The axial strains were 


structed strain gage shown in Fig. 7. 
the axial strains and angles of twist. 
measured for a 4°/;-in. gage length by three 0.0001-in. dials 
placed 120 deg apart. The angles of twist were measured for the 
same gage length by means of the twistmeter part of the gage 
which includes a vernier, allowing an accuracy of '/sth of a de- 
gree for the 4'/,-in. gage length. The strain gage was attached 
to the specimen by three radial rods with preloaded springs. In 
this way slipping was prevented. 

The load was applied by means of the testing machine shown in 
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Fig. 8. This machine was designed for subjecting tubular speci 
mens to combined axial tension and torsion. To insure axiality of 
the loading we use the two spherical seats A and B and the device 
denoted by C and shown in a greater scale in Fig. 9. This de- 
vice consists of four screws and the blocks E, D, and F shown in 
Fig. 9 The block F slides with respect to the block E if pushed 
by any one of the screws L and M. The block E slides with re- 
spect to the block D if pushed by the screw N or by the opposite 
screw which is not shown in the figure. 

The specimen was loaded first in tension up to a level well be- 
low the elastic limit, and by means of repeated loading and un- 
loading and by using the special device C, we insured the axial 
application of the load. Then the tensile load was increased up to 
the level where torsional load began to be applied alone or in com- 
All tests described in this paper were 
The formulas used for the com- 


bination with axial load. 
made with variable-stress ratios. 
putations can be found in the technical report mentioned.* 





A Matrix Method for Flexibility 


Analysis of Piping Systems 


By J. E. BROCK, ' 


By use of matrix algebra a concise and strongly moti- 
vated method is developed for analyzing flexibility of piping 
systems. The method is particularly suited for systems 
which are complicated by multiple branches, additional 
constraints, inconvenient orientations, and so on, as well 
as for examination and modification for particular pur- 
poses of more widely known methods. 


INTRODUCTION 


NE who undertakes to add to the already extensive 

literature on piping flexibility analysis is under obligation 

to give some cogent reasons for so doing. In the first 
place, increasing temperatures in modern power and process 
piping have made ;the problems of the piping designer more com- 
pelling and have resulted in the necessity of performing flexibility 
analyses for an increasing percentage of piping installations. 
Then too, the designer should be able to use any of a number of 
different methods depending on the nature of the problem at 
hand; for certain simple, uniplanar configurations of frequent 
occurrence, he should be able to make rapid use of appropriate 
available chart or graph solutions; for complicated three- 
dimensional configurations involving 
partial constraints, and/or other complicating factors, he should 
be able to employ a method such as the one presented here. 
Finally, since all methods of analysis (which are known to the 


branches, intermediate 


author) require too much labor to obtain results that are known 
to be within acceptable limits of engineering accuracy, a new 
point of view and philosophy of analysis may be of value in the 
evolution of the entire subject. 

The basic structural problem of determining reactive forces 
and moments in hot piping systems involves only elementary 
structural theory. However, in all save the simplest of actual 
cases, it is necessary to carry out a large volume of arithmetical 
operations in order to arrive at a solution, and the bookkeeping 
(i.e., keeping track of the computations), and the motivation (i.e., 
deciding what to do next and how to do it) do involve serious 
practical difficulties. A “method” of piping flexibility analysis 
is, accordingly, simply a procedure for leading the analyst from 
one step to the next and of keeping track of his computations. 
A number of such methods have been described in the literature. 
Reference (1)* gives a bibliography of the most significant pub- 
lications through 1945, and introduced by its publication, a 
series of papers on the subject has appeared in the periodical 
Heatiny, Piping, and Air Conditioning. 


1 Director of Research, Midwest Piping and Supply Company, 
Inc. Mem. ASME 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at the West Coast Conference of the Applied Me- 
chanics Division, Los Angeles, Calif , June 26-28, 1952, of Tar Amert- 
can Society oF MeEcHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1953, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, January 3, 1952 


ST. LOUIS, MO. 


Since all methods of flexibility analysis involve assumptions 
and approximations of one kind or another, it is not strictly cor- 
rect to speak of “‘exact’’ methods; however, this useful expres- 
sion is sure to connote to the reader a method which, like the so- 
called graphoanalytical method described in the Piping Hand- 
book (2) or the so-called analytical method (3), yields exact re- 
sults subject only to the customary assumptions of elementary 
structural theory. Our further remarks will be concerned only 
with the exact, methods, or methods which, like “‘square-corner”’ 
simplifications, imply the exact analysis of a simplified substitute 
configuration. 

Examination of these methods reveals that while the sources of 
the motivation and the systems of bookkeeping vary widely 
from method to method, nevertheless ultimately, the same arith- 
metic operations are called for. This should not be surprising 
since indeed it is the same problem being attached by the differ- 
ent methods, the numerical input data is the same, and the final 
results are the same. The present analysis will disclose a strong 
motivation and a convenient bookkeeping system within the 
calvulations thémseives, as well as sufficient flexibility to attack 
the most complicated problems. Even in simple cases, though, 
the philosophy of the present method leads to an alternate, and 
thus a firmer, understanding of the basic behavior of the struc- 
ture under consideration. The present method is of particular 
value in connection with the study or modification for particu- 
lar purposes of one of the better-known methods. 

The author does not recommend the present method for routine 
analysis in simple cases, but rather, one of the better-known 
methods. In this connection, the author’s company expects to 
publish in the near future an extension of the so called tabular 
integration method (4), which will permit the user at his option, 
either to make a square-corner approximation or to take bends 
into account as such, without sacrificing the rigidly direct motiva- 
tion and compact bookkeeping for which the method is known 

In more complicated cases, however, the method described 
herein may prove to be distinctly advantageous. Complications 
may arise from the following: 


(a) Multiple anchor configurations. 

(b) Partial constraints at intermediate points 

(c) Tangents (i.e., straight lengths) and bends oriented at in- 
convenient angles with respect to the configuration. 

(d) Presence of bends whose axes are space curves or plane 
curves other than circular ares 

(e) Desire to account for flexibility of equipment at ends of 
piping or of valves, specialties, or equipment at intermediate 


points. 


The author has used the present method in several cases in- 
volving one or more of the complicating factors just cited. Es- 
pecially, as the degree of redundancy increases, it is necessary to 
have a compact way of handling the systems of equations in- 
volved and a brief notation for conjuring with the notions in- 
volved. 

Concerning the history of the method, while the author's 
analysis is his independent effort, priority for applying matrix 
ideas to piping flexibility analyses seems to belong to Com- 
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mander P. T. Hoath whose interesting paper (5) exhibits in an 
almost incidenta] way, certain matrices which differ only in nota- 
tion from some of those which follow in this paper. From cor- 
respondence with Commander Hoath, the date of his develop- 
ments may be placed between 1944 and 1947. He regards the 
matrix formulation as fairly obvious, an opinion that the author 
does not share because of his stake in the matter and for two 
valid reasons as well: (a) The author’s analysis seems to have 
been carried further than the earlier analysis of Commander 
Hoath, leading to analyses presented here and in the paper 
(6) which can hardly be said to be obvious. (b) While matrix 
analysis has been applied to structural problems in several re- 
cent studies, e.g., (7) and (8), the point of view and notation 
differ from those of the present paper, which accordingly does 
not seem to be obvious. 

One final remark is in order concerning the notation used in this 
paper. To describe a complicated structure a fairly complicated 
notation is required. Use of superscripts has been avoided ex- 
‘ept in the very last portion which deals with multiply branched 
systems. Use of exotic alphabets has been avoided although a 
few Greek letters are used. In many cases, superscripts or sub- 
scripts could be suppressed without confusion; the author has, 
however, included all such symbols to avoid all possible misunder- 
standings. The attention of the reader is invited to the advan- 
tage of having brief symbols (whether or not complicated by the 
presence of subscripts) for naming and describing fairly compli- 
cated physical concepts (i.e., the force and displacement “vec- 
tors” and the flexibility tensors) which otherwise could be dealt 
with mentally only in a hazy fashion or a piece at a time. Since 
each symbol is defined as it is introduced and since the notation 
is such an intrinsic part of the theory, we do not here present a 
separate table or listing of notations. However, the reader 
should note that several letters serve a double duty. For example, 
EI denotes flexural rigidity while E and J separately are two 
quantities employed in constructing the flexibility matrix for 
bends and “inclined” tangents. The letters C, D, and F, with- 
out subscripts are similar quantities, while with subscripts they 
are elements of the matrices denoted by the same bold-face letters. 
Such usage will not prove to be a source of confusion. 


Basic THEORY 


In this analysis we will use only elementary matrix algebra. 
Matrices will be denoted by bold-face letters, their elements by 
the same light-face letters with appropriate subscripts. When a 
matrix is exhibited in extensio, its elements will be enclosed in 
(square) brackets. Matrix addition and subtraction will be 
denoted by plus and minus signs, matrix multiplication by 
writing the matrices in juxtaposition, and the operation of trans- 
position by writing a tilde (~) over the original matrix. The 
symbols I and O will denote the unit and the null matrices, respec- 
tively; their order will always be apparent from the context. 
For convenience we will sometimes use partitioned matrices, 
ie., matrices the elements of which are also matrices; the use of 
such matrices will be indicated only by the fact that the matrix 
elements appear in bold face. Subject to a few obvious restric- 
tions, partitioned matrices may be treated as if their elements 
were ordinary matrix elements, i.e., numbers. To conserve 
space we will use braces to indicate a column matrix and the 
letters “diag” followed by braces to indicate a diagonal matrix; 
thus: 

a 


la, b,...,¢} b |, diag fa, b,. 
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The reader who wishes to refresh himself concerning elementary 
matrix algebra wil] find his needs covered in the first chapter or 
so of any of a number of books on matrices. The books of Frazer, 
Duncan, and Collar (9), and of Zurmiihl (10) are especially 
recommended as having been written particularly for engineers. 
Some of the necessary information is summarized in the follow- 
ing: 

(a) If A = [A,,] is an m X n-matrix and B = [B,,] is an r X s- 
matrix, then the product symbol] AB has meaning only if n = r 
In this case C = AB = [(,,] is an m X s-matrix with 


(b) In general, AB # BA even when both sides have meaning 
(c) IfC = AB, then € = BA 
1) Forany A, AI = IA = AandAO = OA =O 


In what follows, we will use more than one set of right-handed 
rectangular co-ordinate axes (which hereafter we will call a “‘sys- 
tem”). We will generally employ one main z, y, z-system in any 
particular setup, as well as auxiliary local systems. We will not 
attempt to set up a notation which will automatically specify 
the origin and orientation it is used to denote, but will instead 
distinguish sufficiently in the text to avoid confusion 

Let F = {F,, Fs, Fs, Fs, Fs, Fe} be a column matrix describing 
the forces and moments applied to a structure at a point; the 
elements (or components) F;, F:, F; are forces acting in the 
positive z, y, 2-directions, respectively; the components F,, Fs, Fs 
are moments acting (in the positive sense of the right-hand rule) 
about the z, y, z-axes, respectively. Similarly, let D = {D,, Ds, 
D;, Dy, Ds, De} be a matrix describing the deflections which may 
be experienced by an infinitesimal element of a structure; the 
components D;, D2, Ds are linear displacements in the z, y, = 
directions, respectively; the components D,, Ds, Ds are rotations 
(positive according to the right-hand rule) about the z, y, z-axes, 
respectively. It is implicit here, and later, that the present an- 
alysis is valid only for small deflections. 

Now let P and Q be two specified points in a definite structure 
(by “‘definite’”’ we imply that we have specified completely just 
what elements or substructures comprise the structure in question 
and have also specified completely the constraints applied to the 
structure ). Suppose also we have a system Sp: zr, y, zat Pand 
asystem Sg: £7, fatQ. We are interested in the 6 X 6 square 
matrix C(P, Q) such that C(P, Q)F(Q) = D(P), ie., 
relating the forces (forces and moments) applied at Q and speci- 
fied in Sg to the deflections they produce at P and specified in 
Sp. It is easily seen that the general element C;,(P, Q) of this 
matrix is an influence coefficient of the following nature: 


a matrix 


C,,(P, Q) = i-deflection (measured in Sp) of point P due to ap- 
plic ation of a unit j-force (measured in Sq) to 
point Q(i,j = 1 


Thus, for example, Cx is the (positive) rotation about the y-axis 
experienced at P due to application of a unit force at Q in the 
(positive) {-direction. 

The reciprocal theorems of Maxwell and Rayleigh assert that 
C(Q, P) = C(P, Q). If points P and Q and their respective sys- 
tems Sp and Sg coincide, the corresponding matrix C = C(P, P 
of “self” influence coefficients is symmetrical, ie., C;; = C 

It is convenient to define the following matrices: 


cos (2p, Ty) cos (ry, 
COs (Yr, Ty) cos CY 


cos (2), Ty) cos 


Lu 
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i.e., the matrix of direction cosines between the two systems 


Sy: 2v,¥y,zy and Sy: Zy, yy, 2y 


Kyy O 
Ley = 
' r K, j 


oO 
bu.w = —2 


u 
where the elements are co-ordinates of point U in system Sy, 


Dev.w = Do.w — byw 


(note that the subscripts following the commas are the same) 


I ) 
Byy.w = 
oor [t. Vi 7 


In later applications we may omit some of these subscripts if they 
can easily be supplied from the context; for the present we must 
use them faithfully 

In the structure shown in Fig. 1, suppose that the levers PQ and 
RS are attached to the main structure only at the points Q and 


S P 


CONSTRAINTS 
OSS AAAANANN 


Fic. 1 


R, respectively, where they are rigidly connected. For the fol- 
lowing arguments we wiil use a notation (UV) to imply that the 
forces or deflections written preceding this notation are ‘observed 
at” the point U and “measured in” the system Sy. Suppose 
that we know the matrix Cra,ge which relates forces F(Q2) to de- 
flections D(R3) according to the formula Crs.gq: F(Q:) = D(R3), 
and wish to ‘determine the matrix Cg»: which relates forces 
F(P1) to deflections D (S4) according to the formula Cg, p; F(P1) 
= D(S4). We obtain the desired matrix by a series of funda- 
mental transformations. The proofs, which are omitted to con- 
serve space, can be supplied by application of elementary statics 
and elementary geometry; one possible line of argtiiment is indi- 
cated in a previous paper of the author (6). These transforma- 
tions are given in the following four equations; the notation has 
been selected for application to the problem at hand; it could of 
course be altered to apply to other situations and we will indeed 
repeatedly refer to the type of transformation given by these equa- 
tions 


F(Q1) = BoraF(P1) (1) 

F(Q2) = LaF(Q1) [2] 

D(R4) = £,,.D(R3) [3] 

D(S4) = Bes,.D(R4) (if RS does not deform [4] 
Applying these as well as the condition 


D(R3) = Crso:F(Q2). 
gives 
D(S4) = Bas, LaCes,q:l-Bop :F(P1) 


An alternate derivation gives 
D(S4) = Li Bes:Ces.o-Bor:sLaF(P1 
Thus the desired transformation is 


Css ya = Ry siCra @Re: F 


where 
Ro mam = Lx Bo: , = Bop 2La: [7] 


In the following we will use the symbol ~ to mean “coincides 
with.” If P = Sand Q = R, we still must be careful to dis- 
tinguish between levers PQ and RS, for although the transforma- 
tion of Equation [1] admits of the possible deformation in lever 
PQ, that of Equation [4] requires that lever RS experience only 
a rigid-body motion. In such a case, however, we can get by 
with only one lever if we specify that it be rigid. 

Two special cases are of great interest. Suppose P 


R= S,8, ~ S,andS, = S8,. Then 
C, = LCL 


where C,; is the matrix of self influence coefficients at P with 
respect to S; (i = 1, 2). Such a transformation will be called 
an L-transformation for influence coefficients, or briefly, an L- 
transformation. The transformations of Equations [2] and [3] 
may be called L-transformations for forces and displacements, 
respectively. 


Next, suppose P = S,Q = R, and S, = S; = S; = S,; then 


Cp = BorCoByp [9] 


and we must specify that lever PQ be rigid. Here C,, is the ma- 
trix of self influence coefficients (with respect to the common 
system S,) at the point U (U = P,Q). The third subscript on 
the matrix B is superfluous. Such a transformation will be 
called a B-transformation for influence coefficients, or briefly, 
a B-transformation. The transformations of Equations [1] and 
[4] may be called B-transformations for forces and displacements, 
respectively. 

In the application of this analy: 
of the necessary transformations 
Because of the large number of zeroes in the matrices involved, 
the matrix multiplications involve many vanishing products, 
and it has been found convenient to construct Table | as a brief 
representation of the transformation given in Equation [9]. To 
avoid complications in subscripts, in Table 1 we have written 
Cg = [C,,], Cp = [C,;]- 

For the various piping elements and substructures which 
comprise a piping configuration, we will make use of the self 
influence coefficients C at a conveniently located base point BP, 
with respect to a conveniently oriented system S for the element 
PQ when one end of PQ is rigidly fixed and the other end is con- 
nected to BP by a rigid lever. Evidently, by failing to specify 
which end of PQ is fixed, we permit consideration of either situa- 
tion shown in Figs. 2 (a and b). However, we may show that 
one and the same matrix C represents both situations. 
this, conceive of PQ as free in space as in Fig. 2 (c), with a rigid 
lever 1 fixed to it at P and extending to BP, and a rigid lever 2 
fixed to it at Q and also extending to BP where it is not jointed to 
lever 1. Let S, be a system moving with lever 1, S; one moving 
with lever 2, and let S and S, both coincide originally with the 
original system S, Apply forces F to lever 1 at BP and forces 

-F to lever 2at BP. The proof is essentially completed by not- 
ing that the deflections D experienced by the BP-end of lever 1 
as measured in S, are the negatives of the displacements —D 
experienced by the BP-end of lever 2 as measured in S,, Fig. 2(d). 


is to practical problems, most 


will be B-transformations. 


To see 
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TABLE 1 FORMULAS FOR THE B-TRANSFORMATION 


C.= B,.C.Boe 


Blements of the matrix C,are written with an overline (™), those’ 
of the matrix C.are written without the overline. The symbole x, 
y, s mean (x,-x,), (y.-yp), (2,-2,) respectively. The matrix ce 
is presumed to be symmetrical. Alternate formulas are given for 
Cio» C13» and C253 in a particular application one will usually be 
found more convenient than the other. Determine results in the 
order indicated by the number at the point of the braces 


t= Ch, uu, = °u,~ Mas * 7 u6 
C55 = Cos 15 = ©15~ 855 +756 
Cog = M66 C16 = Cig ~ ase + IC G6 
ms = C5 2h . 2h * Oh 
4b = “46 25 = “25~™56* a5 
t Cc t Cog - 0 x 
56= sq 26 = 26-2664 Kis 
Cup = Syy— BCC, 50 y 5) + (C640 6) = ©, - +My 
Cop = S22- x(Erg4C 4) + (C40, ) 35 = °35-%y5+ Mss 
C55 = C3,- r(C,,+C,,) +x(€,24C,,) "x6 = C46 - 76+ ad 
Oya = Cyg~ gt Hong + 2(Cyy-Co5) = Cyp- Hyg + ng + 2(Cy)-Co5) 
C145 C147 ©. tx, +¥(C ge y=C,.- ©, +x) +y(C ge ) 


C, +0, +x(E-C,,) = C_,- x0, +28, +2(C,-0,,) 





3 = S237 Fa, 


by the method presented in reference (6). The latter method is 
basically the same as and essentially an outgrowth of the theory 
presented in this paper. 

For tangents, it is convenient to choose the base point BP at 
the middle. Then, under the assumptions mentioned previously, 
and for orientations parallel to one of the co-ordinate axes, the 
matrix C of self influence coefficients at BP has only five non- 
vanishing elements, and these occur in the principal diagonal. 
Their values are indicated in Table 2 in which L denotes the 
length of the tangent, 7 denotes the second moment of (metallic) 
cross-sectional area of the pipe with respect to a diametral axis, 
E denotes the Young’s modulus of elasticity at the temperature in 
ees de question, and 0.3 has been used for Poisson’s ratio. (For tangents 
which are not oriented parallel to a co-ordinate axis, an appro- 
. cits priate Z-transformation is required. Further attention will be 
Tawounts axp Cincutan Banps given this question later in the present section.) 

The two principal fundamental elements into which a piping If the tangent is oriented parallel to a co-ordinate axis, the 
system may be divided are lengths of straight pipe (which will 
be referred to as “‘tangents”’) and plane circular ares (which willbe — , 
referred to as “‘bends’’). In this section we present convenient rT 
data pertaining to such elements; the results are based on con- Motrix Dtantititen: Ceci te 
ventional methods of analysis and, as is customary for long, Element x y 2 


ENCE COEFFICIENTS FOR 


ABLE 2 NONVANISHING INFLUE 
4 LLEL TO A CO-ORDINATE AXIS 


NGENTS ORIENTED PARAL 


slender structures, neglect axial and cross-shearing deformations 
in comparison to flexural and torsional deformations. 3 : ces 

It should be made clear that these data are not a part of the 0 LACE! LAE! 
theory presented in this paper. In so far as the present theory is 3 - 
concerned, the source of the influence-coefficient data is immate- 2 LAl2 E! e) lLVi2el 
rial. Such data could be obtained by alternate and more re- 

, . . Sync; 

fined analyses, or by experiment. If it were desired to take into PMIZEI LZ\2E! O 
account the flexibility of valves, strainers, and other fittings, 
specialties, or items of equipment, an experi nental determination (3lAE| LAI LAI 
of the appropriate influence coefficients would seem to be the 


most direct and accurate way of obtaining the desired informa- L/E! IBA! LAEI 


tion. 


Analytic determination of the influence coefficients for spirals, F . F 
ralytic de nination 1 i seapnes I LAE! LAEl ISL/El 


helixes, and other curved elements can most easily be obtained 
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TABLE 3 FORMULAS FOR B-TRANSFORMATIONS FOR TAN- 
GENTS ORIENTED PARALLEL TO A CO-ORDINATE AXIS 


See notes accompanying Table 1.) 
Cig = Cig 7 Mog 


Cu = Cy, 15 = Sse 


U55 = Coe 16 = 7 gg Uy, = 2 Ogg = Xp 


Ces =Coe C5 =-f Cy, =F, 


Cis = t= 0 


2 = 8 oy 
Cog =X Oey ty C+ C78 Cs 
t,5 = Cao +8 C4, -x 26 


C43 =C3,+x Ci.-7 Cy, 


Ci. = '36=° 


g Poly 
99 * = Se, 


TABLE 4 FORMULAS FOR& AND 8 


= bend radius 
= wall thickness 
= mean radius of 
cross section 
= O5(OD-t) *_ 
tR/r? R 
[2h? 
(m+10)/(m +l) 
(m+!O)"/9(m+l) for h<l.472 
B= (m-2)/m+!) for hsl.472 


large number of zeros in the matrix of influence co- cy 
efficients further simplifies the B-transformation, and 

the formulas of Table 1 reduce to those of Table 3. B C12 
In the case of pipe bends, we encounter 
the choice 


the flattening of cross section during Coo 


A, four Cig 
complicating factors These concern (a 
of BP, (b 
bending, (c) the presence of inconvenient terms in - 
the multiplicity of orientations “26 
In the 


gents oriented parallel to one of the co-ordinate axes, 


the matrix, and (d 
which may be encountered case of tan- 
the base point BP was chosen so as to eliminate all 
We cannot do this 
It is, however, possible, in many ways, 
the nondiagonal terms On the 
indicated by the 
vivantages from the 


nondiagonal terms of the matrix 
for bends 
to eliminate some of 
other hand, choices such as are 
dots in Fig. 3, possess some 
ind geometrical sim- 
will select the 
How- 
the 


brought to his particu- 


point of view of convenience 
For present purposes, we 


BP in Fig. 3. 


reader to 


plicity 
point denoted by the letters 
ever, it may profit’ the investigate 
convenience which may be 
lar applic ation by other choices 

Because of the ability of noncompact cross sections, such as 
during bending, the use of elementary 


While, as 


graph of this section, the present 


that of a pipe, to warp 


flexural theory may be attended bv large errors 


pointed out in the second par 


matrix analysis is capabk wcommodating highly refined 
elastic analyses of pipe bends, we will here present only results 


based on the well-known Kaérmén-Hovgaard analysis which in- 
corporates a factor k for increased bending flexibility in the plane 
of the bend and a stress intensification factor 8, formulas for which 
Table 4 
cites the classical papers on this subjec t. 
Pardue, Sy 


The bibliography given in reference (1 
More recent work has 
and Vigness; 


are given in 


been done by monds, reference (11) 


and its bibliography 
Using only elementary torsion and flexure theory except for 
one may readily obtain the results 


the inclusion of the factor 4 


TABLE 6 


= 125 “61 
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TABLES INFLUENCE COEFFICIENTS FOR BENDS 


Elements Ci; refer to Case 1 
Cy, = Km [0.5(@, - ©) + 0.25(ein @ - ein @,)] AI 
Cp = ~0.25k87(coe2@, - cos26,)/EI 
Cig = -kR*(ein @, = ein 6,)/eI 
Cop ® ie?[0.5(@, - @,) = 0.25(ein @ = sin 6,)] eI 
Co, = in" (cos @, - cos 0,)/EI 
C55 = 1.38°(@, ~ 0,)/eI 
C5, = 1.38*(sin @ - ein @))/BI 
C35 * 1.38" (cos @, - cos @,)/#I 
Cy, = R[1.15(@, ~ ©) + 0.075(ein 26, - win 20) eI 
J Cys = -0.075R(cos 282 - cos 20,)/EI 
K Gye ® R[1.15(@, - @,) - 0.075(sin 28, - sin 28))] eI 
L Cy, = m(@, - 0,)/I 


zeo#"™s. Wo oOoUmUlUDDlUD 


a 


Cay = Cyas Cg, = Cygs Cem = Cog Cy = C5,3 C55 - C353 Coy = Cyse 
All other Css are zero. 
SPECIAL CASES OF INFLUENCE COEFFICIENTS FOR BENDS 
Elements Ci; refer to Case 1 

= 7° 
8)= 0 
@2=180° 


@)= 0° 
62=45° 


@)=45° 
0-909 


9= 0° 
82=9%° 
0.78540 


Common 


Factor 
kn3 ex 
Kn? er 
kR/eI 
3 
kRr° /EI 
kR? AI 
KR? /EI 


a 
rR“ /EI 





0264270 0.14270 1.57080 


225000 0.25000 0.50000 0.00000 


0.70711 0.29289 -1.00000 0.00000 


0.14270 0.78540 1.57080 


0.29289 7 2.00000 


1.02102 


4.08407 


0.91924 0.00000 


0.380% 0.91924 2.60000 n° /er 


0.97821 0.82821 3.61283 R/eI 


0.07500 0.07500 0.00000 RAI 


0.82821 0.97821 3.61283 


0.78540 0.78540 314159 


= Cigs Sgn = Cog; 


displaved in Table 5 for the (hereafter called Case 
trated in Fig. 3 The formulas of Tabl 
cases 6 15°, 90°, and 180 
The letters A, B, 


! } 
 eXphaine ad iater 


cas 
5 have been evaluated 
ire extubited 


Tables 5 


these results 


, L whicl appear i 


for the 
in Table 6 
and 6 wil 


We remark that the element Cy, while generally small in com 


parison to the other elements, does not vanish except for particu 
lar choices of 4, and @. 


difficulty in the solution of the final flexibility equations; more 


The presence of this term is a source of 
will be said of this matter later 

Let us now consider orientations other than that shown in 
In the gener 
formation is evidently required, but if the plane of the bend is 


Fig. 3 and denoted as Case | il case, an L-trans 


of the co-ordinate planes, by suitably choosing 


so that the L- 


parallel to one 


angles @,; and 6, we can arrangy transformatior 
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amounts merely to an interchange of matrix elements along with 
certain changes in algebraic sign; the transformation can then 
be exhibited usefully in the form of a tabulation. 

In order to employ this simplification, we introduce an “‘orien- 
tation’’ symbol to describe the orientation of the bend. The 
orientation symbol consists of two of the three letters z, y, z in 
cyclic order, each preceded by a plus or a minus sign. The two 
letters denote the co-ordinate plane which is parallel to the plane 
of the bend. The method of determining the algebraic sign is 
most easily illustrated by means of an example. In Fig. 3 the 


kl page 
pe a 
t x \ 
I! \ 
has ee 


7 \3e 
wy 


Fic. 4 


bend “‘starts out” in the +z-direction (at angle 6;) and bends 
toward the +y-direction (finishing at angle @,); the symbol is 
(+2, +y). In the case shown in Fig. 4 we can think of the bend 
“starting out” in the —z-direction with 0, = —20° and bending 
toward the +z2-direction with 6, = 122°; the symbol would be 
(—z, + x) with 6, = —20°, 6, = 122°. Likewise, we can arrive 
z), 0, = 70°, 6 = 212°; (—z, +z), @ = —32°, 6, 
110°, (—z, —z), 0, = 58°, 6, = 200°; (z, x), 0: = —122°, 
= 20°, etc.; several of these symbols would have 
rejected since their letters are not in cyclic order ryz; any one 


(xy) (x+y) 
At, 
4 | v4 


(y.z) (-y, 2) (-y-2) 
\ oe. 


(—z, 


to 


(x,y) (x,y) 
WT 
Fee 
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of the remainder is a satisfactory symbol to describe the orienta- 
tion of the bend shown in Fig. 4. 

There are twelve basic cases to consider; with each orientation 
symbol we associate a case number for convenience. Further to 
illustrate the selection of the symbol, we show in Fig. 5 the 
twelve possible orientations of a 90-deg bend both tangents of 
which are parallel to co-ordinate axes. Shown also are the ap- 
propriate orientation symbols (in each case for 6; = 0, 0. = 90°) 
and the corresponding case numbers. 

Table 7 is a tabulation of the interchanges which take place 
among the 21 independent elements for each of the twelve cases. 
Table 8 gives the interchange of the twelve nonvanishing ele- 
ments A, B,..., L listed in Tables 5 and 6, 

These same transformations are also useful in the case of a 
tangent inclined to all three of the co-ordinate axes but lying in a 
plane parallel to one of the co-ordinate planes. For Case 1, illus- 
trated in Fig. 6(a), the influence coefficients are given in Table 9 
for the general case and for the three special cases 6 = 30°, 45°, 
and 60°. It should be noted that the angle @ is measured from 
the direction of the first signed letter in the orientation symbol, 
around toward the second, and that each orientation may be de- 
scribed by either of two orientation symbols, and thus can be 
considered as falling under either of two distinct cases. Thus for 
the situation of Fig. 6 (b), we may consider the symbols (y, —z) 
with 6 = a; (—z, y) with 0 = B, (—y, z) with 8 = a, and (z, —y) 
with 6 = 8. The first corresponds to Case 6, the third to Case 
7, and the other two are not permissible since the letters are 
not in cyclic order. Note that the base point BP is at the center 
of the element. 

For purposes of illustration we will now indicate the L-trans- 
formation for the case illustrated in Fig. 7 for which the preceding 
tabular arrangement is not adequate. The tangent is 13 ft long 
and its projections along the z, y, and z-axes are, respectively, 3, 
12, and —4 ft. For the reference S; system we choose the £-axis 
along the tangent as illustrated so that cos (z, &) = 3/13, cos 
(y, —£) = 12/13, and cos (z, §) = —4/13. There is freedom in 
choosing the n- and f-axes subject to the condition that S,: 
—, n, ¢ forms a right-handed triad just as S;: 2, y, In 


y 


2 does. 





iz] 
8 


== 

(+x,+y) 
(+x,-y) 
(-x,+y) 
(-x,-y) 
(+y,+2) 
(+y,-2) 
(-y,+2) 


(-y,-2) 


ecortnurvnen| 


(42,4x) 


i 
oO 


(+2,=x) 
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@ Opposite desired case number and under symbol for desired element find symbol of corresponding element in basic Case 1 preceded by appropriate 


algebraic sign. Thus Cu for Case 10 is negative of Cus for Case 1 


MATRIX ELEMENTS.FOR TWELVE BASIC ORIENTATIONS OF BENDS AND INCLINED TANGENTS* 
(Refer to Tables 5, 6, 7, and 9.) 
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S23 Son S26 S33 Say 
F G 


D . . 


TARLER INTERCHANGE OF 


Case Symbol Ch) 2 Cie 


©22 “us Sub Sss £56 S66 
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tl ak oe 
l (4#x,¢y) A H I J e K ° L 
(4x,-y) A PF =< H K 


D 
(=-x,+y) D G 4 
(-x,-y) D 
(+v,42) 
(+y,-2) 
(-y, 47) 
(-y,-z) 


(+2z,4x) 


(+2 ,=x) 





(-2,4x) D = F -H C K 


(<g,<x) D i « ££ « @& @ “% ae J , 


® Opposite desired case number and under symbol for desired element find letter together with algebraic sign giving desired entry 
PY 9 - 


Case 8 is negative of C-value given in Tables 5, 6. or lements Cu, Cu, Cos are zero 
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TABLE 9 INFLUENCE COEFFICIENTS FOR TANGENTS 
(Elements Ci; refer to Case 1.) 

Pormla @=30° e=145° @= 60° 

= (ein*e)/12 0.02083 0.04167 0.06250 L?/eI 

= -(sin@cos@)/12 -0.03608 0.04167 -0,03608 1L7/eI 


(cos%®)/12 0.06250 0.04167 0.02083 L?/eI 





1/2 0.06333 0.08333 0.08333 L>/EI 

1 + .3 cose 1.22500 1.15000 1.07500 L/sI 

23 sin Ocose 0.12990 0.15000 Ler 

1+ .3 sine 1.07500 1.15000 Ler 

= 1 1.00000 1.00000 1.00000 L/S! 
Co) = Cia} Co, = Cis all other elements C,, are sero. 


ij 
In particular, note that quantities C, E, G, and H are zero. 


order to be definite here, we specify that the 7-axis shall lie in the 
y, 2-plane; the final results are independent of this specification 
Then, by standard procedures, we arrive at the right-handed 


orthogonal matrix 
3/13 12/13 4/13 
Ky. =| 0 1/vVv 10 3/V 10 
10/1/1690 —9/+/1690 3/0/1690 


oceesmmmarnan + 


Also, with respect to the S, system, the nonvanishing influence 


coefficients are obtained from Table 2 as follows: Cn = Cy = 
316368/EI, Cy = 202.8/EI, Cy. = Coe = 156/EI, where we use 
inches as our unit and note that 13 ft equals 156 in. Writing 


«lost »-[ox] 


we easily see that 


K.AK, O 
L,.C,Ly = | oO mee . [ 


Actually carrying out the computations yields 





; 
) 


299520 —67392 22464 0 0 

-67392 46800 89856 0 0 0 

22464 89856 286416 0 0 0 El flexibility matrix at B is given by B, pC.B,iz.° Thus, for the en- 
0 0 0 158.492 9.969 3.323 C tire line AB, the flexibility matrix at B is given by 

0 0 0 9.969 195.877 —13.292 _ 
0 0 0 3.323 —13.292 160.431 4- zB, sC.B, is 10} 


This is the matrix of influence coefficients for the tangent shown the summation extending over all the elements comprising the 
in Fig. 7, with respect to the S.-system. A greater number of line AB 

digits has been given in the foregoing than is customarily called Let U be a point of the building structure or mechanical equip- 

for; this gives the reader a chance to check the calculation. ment to which piping is connected and let the column matrix 

M = {|M 6} represent the components of displace- 

APPLICATIONS ment which would be suffered by point U if the piping were ab- 


a on . . sent t se § forces the st re ‘quip t 
(a) The Two-Anchor Proble - Without Consirainis. In Fig. g en or did not impose any forces on he ructure or equipmen 


, ; : at U , 7 ts the ‘aes eels - 
the pipe AB is presumed to be made up of elements for which 8° “> >» Mz is the matrix of free expansions at point U. L 


Pia ’ be ¢ t ts . > ansio CO- 
we know the influence coefficients at the corresponding base V and W be any two points, let H be the unit expansion oO 


points with respect to a convenient x, y, 2-system which will be Here and later, when subscripts themselves possess subscripts 
used throughout this section of the present analysis. Let C, be the typographical limitations require that they be printed on the same 
horizontal level Accordingly, some care is called for to avoid mis- 
: a — interpretations. Later, when superscripts are introduced and sub 
responding base point being p,. Then, using Equation [9], the scripts are encountered which possess superscripts, similar care is 
contribution of the flexibility of this ith « 


influence coefficient matrix for the ith element P; P;, the cor- 


} 


lement alone to the required 
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efficient of linear expansion per degree times temperature change 
in degrees) of the piping material, and let the column matrix 
Nyw = Ai (2 Zw), (Uy Uw), \2y zw), 0, 0, O} represent 
the motion of point V relative to point W due to thermal expan- 
(If more than one value of H applies, the definition of Ny» 
is modified in an obvious way.) 


sion. 


We will also use the following notion and notation: If a pipe 
is connected at point U to structure or equipment, we will use the 
letter U to refer to the point on the pipe and the overlined letter U 
to refer to the point on the structure. If the connection is main- 
tained, the motion of U must correspond to that of U to an ex- 
tent which depends upon the nature and rigidity of the connec- 
tion. 

For the first application of the theory, consider the problem 
of a two-anchor configuration AB with perfect fixity at A and B 
and with no intermediate constraints. (Our preparation so far 
has contemplated perfect fixity at A.) Relative to point A, the 
motion of B is Mz — My, while, relative to point A, the motion 
of B is Ng, due to thermal expansion and AF owing to the reac- 
tive forces applied to the pipe at B. Since there is fixity at B, 
we have AF + N,, = M, M,. By defining 


D = —N,, + M,— M, (11) 


we are led to the fundamental matrix equation 


[12] 


AF =D 
which, in effect, amounts to six equations in the six unknown 


components of F, These equations are 


AF; 
AnF; 


+ AnF: 
T AnF? 


T ece + Avks D, 
+... + AssFs = Dz 


~... + AuFs Ds 


AaF: + Awl: 

In the general case, the method of P. D. Crout (12) is the best 
method of handling six equations in six unknowns. However, 
under certain circumstances (which incidentally are always met 
in the case of a system composed only of tangents oriented paral- 
lel to the z, y, z-axes), the coefficients Ay, Ass, Ass, Ag, Av, Ase 
all vanish. Since usually D, = Dy = De = 0, it is advan- 
tageous to solve the last three equations for F,, Fs, and Fs in 
terms of F,, F:, F;, and upon substituting into the first three, to 
solve the resulting system of three equations in three unknowns. 
It is this simplification which was alluded to in the preceding 
section in discussing the complications introduced by bends. 
There we saw that in Case 1 the coefficient Cy did not vanish. For 
other orientations, coefficients Cy or Cse would fail to vanish. 
Such terms, contributing to the matrix A, would prevent taking 
This procedure of 


advantage of the procedure just described. 
reducing the “number of degrees of freedom from six to three” 
is not uncommon among the well-known methods of flexibility 
analysis. 

If the equipment to w hich the piping connects at A is itself flexi- 
ble with matrix C,, this flexibility may be taken into account 
by adding to A as given by Equation [10], the term By,C,By,. 
If the equipment at B is flexible with matrix Cg, we can take 
this into account by adding the term Cy, to A as given by Equa- 
tion [10]. The correction for flexibility at A is obvious; that 
for flexibility at B involves the following reasoning: The forces 

F applied by AB to B cause additional deflections —C,F of 
B. Then AF = D C,F or (A + C,)F = D. Henceforth we 
presume that the symbol A includes not only the terms given in 
Equation [10], but also the correction terms B.,C,By, and Cz 
(One should note that C, is computed with respect 
system at B that we started with; there seems 


if they apply. 
to the same 2, y, 2- 
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to be a temptation to reverse the senses of these axes in com- 
puting Cy.) 

(b) The Two-Anchor Problem With Constraints. Let us now 
suppose that there are n-constraints J,,...,J, at points Q,, 
...,Q, (not necessarily distinct) along AB. The nature of these 
J-constraints is such that the constraint J; offers no resistance to 
any motion except in the (generalized) J,-direction to which it 
with spring 
More precisely, let the J,-axis have direction cosines u; = cos 
(z, J;), v; = cos (y, J; Let u, = [w,, v,, w,l, 
and let the 6 X 1 column matrix v, be defined by {u,, O} if 
“motion in the J,-direction” means translation along the (posi- 
by {O, u,} if motion in the J;-direction 
means rotation (in the positive sense) about the J,-axis. Then 
the J,-constraint is such that if a generalized displacement D = 
{D,,..., De} is imposed upon the constraint so that the J, dis- 
placement is ¢,D, the constraint will exert a resistance (in the 
negative J ,-direction ) of magnitude ¢;D/k. 

The J,-constraint results in the application by the constraint 
upon the pipe of a reactive force G, in the J,-direction, and an 
equal and opposite force applied by the pipe to the constraint. 


offers a resistance “compliance” k,; (a constant). 


, and w,; = cos (2, J; ). 


tive) J,-axis, and 


We are concerned with determining the six components F,,..., 
F, applied at B and the n-reactive forces G,, ..., G, applied at 
Q:, ..., Q,, respectively, which cause displacements at B and 
Q, ..., Q, consistent with the thermal expansion of the pipe 
and the prescribed motion of these points. Let 

6m hb, ..+9f 
Qj =il,...,”) 


= i-defl at B due to a unit J;-force at Q, | 
= J -defl at Q; due to a unit i-force at B 


€ij 


gi; = J,-defi at Q; due to a unit J-force at Q, 
ofS ae | 


The structure referred to is the line AB presumed rigidly fixed at 
A and otherwise free. The reciprocal theorems give the alter- 
nate definitions of e;; and also assert that g,; = 94. 

Introduce the notations 


G ae 
F* = {F, Gj 
[9:;] + diag {hi,... 
le;;) (€ = 1,..., 6; 
Noia r Mo; " 
ree A 
D* = {D, d} (see Equation [11]) 
St « a °| 
éhJ 
By equating all six components of motion of B and B, we are 
led to the matrix equation 


AF+eG=D [13] 


By equating the J ,-motions of Q, and 2: we are led to the scalar 


equation 


6 6 
) e,F, + ) 9:; G; + 0.No i= 
go 


je! 


M, Gk; 


and the n-equations of this type may be combined into the single 
matrix equation 


éF+hG=d [14] 


Finally, Equations [13] and [14] may be combined into the single 
matrix equation 


A*F* = D* [15] 
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which amounts to 6 + n equations in as many unknowns. Again, 
the method of P. D. Crout (12) is recommended. 

It remains only to describe the calculation of the 6n-quanti- 
ties e,, and the n*-quantities g,;. Let Ag; denote the contribution 
to A of only those elements of AB which lie between A and Q,; 
this should include the term B,,C,B,, if the equipment at A is 
flexible. Then Ag = Bagi do:Bao: represents the matrix at 
point Q,; of the portion Q;A. Now the matrix v; may 
sidered to represent the components with respect to an z, y, 2- 
system at Q, of a unit J,-force at Q;. Then the column matrix 
Agi; gives the deflections at Q; due to a unit J,-force applied 
Since we may easily show that Bp;,Bgo, = I, 


be con- 


to the piping at Q,. 
we find the corresponding deflections at B to be 


v= By »Bug Ao Bzo.¥, 


Bao.¥ 


; = BQ 


is an easily computed column matrix. Thus 


ei; = (Ag,t 
that is, the ith « omponent of the column matrix Agf;. 

In computing the numbers g;; we must distinguish two cases 
(a) Q, lies on the segment AQ,, and (b) Q; lies on the segment 
AQ;, Fig. 9. We wish te determine the J,-deflection at Q; due to 
a unit J,-force at Q;. In either case the column matrix v,; repre- 
sents the components in an z, y, 2-system at Q; of the unit J;- 
force at Q;. In case (a), the deflections at Q; are Ag;¥;. Since 
the portion Q,Q, is unstrained, these transform according to 

: 


4o;¥; 


Vie" 
We may write this as 


Equation [3] to give B as the actual corresponding de- 


flections at Q; 
t cS Ce : a 
Bo ¢:B00;4c;Bao,¥, = (Bao;Boic:) 4e:Bro:¥; = BeoAeBso:¥; 


it may easily be shown that the matrix Byy is transitive, 
Now consider the unit J - 


since 


1 that B,.,B w = Buy 


ase (b 


omes V,; in an z, y, 2-system atQ,. The (elastic 
lever Q,Q, transmits this force according to Equation [2] so that 
the forces at Q; are Boig;¥; 
Q; are AgBoio,¥; = Bsgido:Bzso:Boio¥; = 

This formula differs from that holding for case (a 


veer" ew 
subscript on the matrixA. If 


force at Q, be« 


and the corresponding deflections at 
Bgg:Mo:Bag;¥;- 
only in the 


we define 


Ay if Q, lies on are AQ 


119 
Ag; if Q; lies on are AQ, 


Agi, = Agi: 
both formulas become Broido Bgg;¥;- Finally, the J,-compo- 
nent of this deflection is $Byoido Bgg;V;, and employing the no- 
tation of Equation |17} we have 


g . [20] 


which obviously is symmetrical 
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(c) The Multiple-Anchor Problem With Constraints. We confine 
our attention to the case illustrated in Fig. 10 where all the 
branches meet at a common point B. There are m + 1 branches 


originating from points Ao, A1,..., A. The ith branch, A,B, 


J-constraints as discussed in the preceding subsection 


f unknown forces 


have 6m 4 n, equations of elasticity plus six 
1=0 

It is advantageous in practice to forego 

maintained in the 


equations of statics. 
the mathematical parallelism that could be 
analysis of the various branches, and by regarding one branch, 
say, AoB as 
and reduce 
attitude was implicit in the two preceding subsections 

We will let subscripts play the réle they have played previously 
and use superscripts to distinguish among the several branches 


to incorporate the six conditions of statics 


This 


“basic,” 
by six the number of unknowns in the system 


Let z, y, z be a convenient orientation of axes which will be used 
throughout this development. 

Let Dy, = —Nva, + Mv M, 
previously. For simplicity, write Dé‘ = Dy, 
role of point Ap. Let di = 6/Do, Gk, 
definitions the structure involved is the entire configuration of 
Fig. 10 freed at all points A,(i = 1, ,m)and Q, 
j) = 0, 1,..., m) but maintaining the connection at A Then let 


using notations introduced 
Note the special 
In the following 


i=1, » 2, 


A, due to a unit j-force at A, (7, j 


‘& 


ut 


a ,m 


A, w= i-defl : 

k,l 

i-defl : 

J '-defl at Q 

pa l,...,2; &=1,...,m;l 

),,'* = J;*-defl at Q,* due a unit J,/-force at Q,! (i 
=6.1, 


it A, due to a unit J ,’-force at Q,; 
due to a unit i-force at A, ‘ 
ey 


Bl on 
‘ = 


e 


tas 9 = 1... Ms 8 
Also, define 


F,7 = induced reactive i-force on piping at 
jo=l,...,m 
G,;’ = induced reactive J,’-force at Q,/ (i = 


»m 


Then for the i-deflection at A,, we have 


> > A ap! L > > e,,"G = (D* , 
I=1 j=] l=0 j=1 


i ow h,.4.8¢ & = 4h, 
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the last symbol denoting the ith component of D*. Similarly, 
for the J ,* deflection at Q,;* we have 


m ni m ni 
> > et 4 > > git Gt = d* 
l=0 j=1 


t=1 j=l 
a 


Introducing the notations 


{G,', G:',... 
iF’, F,...., Fe} (6 rows, one column) 
A® = [A,™) (6 rows, 6 columns) 
e* e k ( 
g™ = [g;;™] (n, rows, n, columns) 
d* = {d,*, d.*,..., d,,*| (ny rows, one column) 


, G,;'} (n, rows, one column) 


‘] (6 rows, n,; columns) 
] 


we can rewrite Equations [21] and |22] as 


Next, introduce the partitioned matrices 


D = {(D',D?,... , D™| (m rows, one column) 
d = {d®, d',. , d™| (m + 1 rows, one column) 
F = {F', F?,..., F™! (m rows, one column) 
G= {G*, G', , G* m + 


1 rows, one column) 


4 =/a"A"...4™ 


A” A™ Aa™ 


e 
(m rows, m -> 
nm 
gg g°” ‘| 
aan 4 "rr | l rows, m + 
e"" 


Then, we can write Equations [23] and [24] in the form 
é)ziLG d 


k' = diag {k,',..., k,,)'} 


nl 5 
= diag {k°, k',..., k™} 
d* =d+kG 


h=g¢+k 


(m rows, m columns 


eo” 1 columns) 
~ 


1 columns 





mo gm 
ee 


Next let 


and we can write Equation [25] in the form 


SJ0)-C) 


-A MATRIX METHOD FOR FLEXIBILITY ANALYSIS OF 


PIPING SYSTEMS 


where d* does not depend upon the unknowns G,’ as did d 
Finally, letting 


- E 4 H 
a° =i. _ F* =| -— j, D* 
(é)h GL 


we arrive at the final equation 
A*F* = D* 27} 


We must still show how to calculate the numbers A,,"', e,;™ 
and g,;". Denote by A,(i = 0, 1,..., m) the matrix of influence 
coefficients at B of the branch A,B presumed restrained at A, and 
By the concluding observations of the section, 
“Basic Theory,” we note that B,,,4,B,,; then denotes the matrix 
at A, of the branch A,B presumed fixed at B and otherwise free. 
This matrix A, is calculated just as was the matrix A in the two- 
anchor problem without constraints. Then, forces F’ at A, 
cause forces Bz,4,F' to be applied by the (flexible) lever A,B to the 
line BAo, and due to the distortion of BA», point B experiences 
deflections AcB,,4;F". Thus, due only to the distortion of BAs, 
point A, experiences deflections By se AcBoaiF'. If Ay # Ay, 
portion A,B is undistorted and these are the total deflections of 
A,. If, however, A, = A,, the distortion in the branch A,B 
causes A, to suffer additional displacements B,,,4,B,,,F'. Thus 


otherwise free. 


AY = By ABga: (kX! (28) 


AY = Bys(Ao + A)Boa {29} 


The components A,;“ are the elements of these matrices. 

By similar arguments which are omitted here for brevity, we 
can obtain the numbers e,;“ and g,;“". It is useful to introduce 
the following notations: Let Ag,* denote the contribution of the 
portion Q,*A, of the branch BA, to the matrix A, (introduced 
previously) at B. Let Ag,;* denote the contribution of the 
“shorter” and A*g,;* the contribution of the “longer’’ of the two 
portions Q;*A, and Q,*A, of the branch BA, (for both points Q 
falling on the same branch) to the matrix A,. 
that 


Then we can show 


€;" - (Bysrtdo,”r,' ’ 30a) 
a ,~ay 9 @ 5, 
6. ,A0 é ‘ 305} 


_m k#Ul j= 


Boas a + = 


31d) 


$e} 


31d) 


(t, J 


The derivations which are similar to those evaluating A,,“ are 


omitted for the sake of brevity. Here r,* is an obvious extension 


of the notation introduced in Equation [17 
EXAMPLE 


To indicate the sort of procedure which may be followed in 
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applying this method to practical cases, we here consider the 
simple, two-anchor problem involved in the well-known ‘“Hov- 
gaard’’ bend described in Fig. 2 of reference (1). The caleula- 
tions are shown in Table 10 which is a reproduction of the four 
Sheet 
1 of Table 10 shows the configuration and some preliminary cal- 


8'/-in. X 1l-in. sheet actually used for the calculation. 


culations. Sheets 2 and 3 show the calculations pertaining to 
the five individual elements into which the configuration is 
divided. 


For each element the upper-right triangular array rep- 


resents the elasticity matrix at the appropriate base point and 
the lower-left array represents the elasticity matrix transferred 
to the origin, point 0. The summation is indicated at the bot- 
tom of Sheet 3. 


ous equations by means of Crout’s method. 


Sheet 4 contains the solution of the simultane- 
Once the reactive 
forces and moments are known, the solutions for force and 
noment at any point of the configuration and for stresses can be 
accomplished by customary procedures. 

Only a few remarks need be made concerning the computations. 
he flexural rigidity EJ is taken as unity in the body of the com- 
putation and a length unit of Q = 100 in. is used in the dimensions 
of the configuration so as to permit dealing with figures of the 
order of unity. This unit was not used for thermal expansions 
which were left in inches. 
tion factors E]/Q* = 
moments are applied 


At the end of the computation correc- 
795.36 for forces and EI/Q? = 79,536 for 
The calculations shown in Table 10 repre- 
sent far greater accuracy than is justified in practice; this was 
done to permit the reader to compare every step of the calculation 
On Sheet 4 the columns headed A,’ and 2,’ 
values shown in columns A; and &), 
by the diagonal element 


if he wishes, are the 


respectively, before division 
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Calibration of Pressure Gages for 
Work in Ballistics 


By S. RAYNOR,' CHICAGO, ILL. 


For ballistics work where pressures of several thousand 
psi are encountered, it is essential that the gages used to 
measure transient pressures be checked against a “‘stand- 
ard gage”’ of known behavior. Such a standard gage and 
the method of calibrating it are described in the paper. 


HE measurement of transient pressure is of importance in 
many research programs. Numerous gages are available 

for this purpose, but a common shortcoming of these in- 
struments is the difficulty of predicting their response to a tran- 
sient. The reason for this is that such gages are rather compli- 
cated mechanical systems, having many coupled modes of vibra- 
tion, and a damping that is difficult to evaluate. Therefore it is 
necessary to provide a calibration device in order to measure the 
error in the reproduction of a transient. Two approaches are 
possible: the first approach is to provide a pressure transient of 
known shape; the second is to calibrate the pressure gage against 
a standard gage of known behavior. The routine use of the 


standard gage might be inconvenient owing to its bulk 
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Division 


Discussion 


® AcceterometerR Pressure Abarrer 


The first ippron h can be appled successfully by the use of a 
shock wave in a shock tube. The pressure is approximately a step 
function of time, with a pressure rise time of the order of 10~* sec 
Unfortunately, the application of the shock tube is limited at the 


present time to pressures up to several hundred psi 
Tue Sranparp Gaacr 


For ballistic work, where pressures of at least several thousand 
psi are encountered, the second approach is advisable and offers 
good possibilities if a standard gage can be built successfully 
Such a gage, consisting of a '/,in-diam piston connected to a 
large mass which carries a calibrated accelerometer, as shown in 
Figs. | and 2, has been built. It has the following characteristics: 
10,000 psi 


sin 


range time of rise, of the order of 1 millisec; piston 


diameter, ' moving weight, 4.57 lb. The accelerometer used 
has a range from 0 to 200 g, a resonant frequency of 1600 cycles, 
and its damping is 0.4 of the critical damping, according to the 
While the mass is propelled by the 


Then a buffer spring 


manufacturer's calibration. 
gas forces alone, acc elerations are recorded 
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Time, seco 


5 Pressure Versus Time as Measurep sy Ferrvece-Tyee Gace ann ACCELEROMETER 


brings the mass to rest. Up to the time when the spring action 
begins, the pressure equals the acceleration multiplied by the 
ratio of the mass to the piston area. This relation holds only if 
the friction force is negligible, and it can be made so by proper 
choice of piston diameter. The friction force is estimated to be of 
the order of 2 to 5 lb, whereas the driving force on the 
‘/-in. piston diameter due to a peak pressure of 10,000 psi 
is 491 lb. Thus the error introduced by friction is considered 

















negligible. 
The problem of pressure measurement is thus reduced to the 











f 


measurement of acceleration. By proper choice of the moving 





mass and the plunger area a commercially available accelerom- 





eter can be selected satisfying the requirements of range and fre- 








quency response 





CALIBRATING THE STANDARD GAGE 


The calibration of the standard gage is ac complished by calibra- 
tion of the accelerometer If the accelerometer is not already 
alibrated satisfactorily by the manufacturer, a precise calibra- 
tion can be carried out in the laboratory by vibrating the ac- 


celerometer through the required frequency range and measuring 





the amplitude output and the phase shift. Fig. 3 shows these 
measured data compared with the theoretical values obtained by 
considering the accelerometer as a simple degree of freedom seis- 
mic instrument having a viscous damping of 0.65 of the critical 
damping, where V is the voltage output, V, is the voltage input 
to the bridge of a strain-gage-type accelerometer, and F is the cali- 
nits of V/Vy. This comparison demonstrates 

weelerometer can be idealized by the mathematical 


model. This does not imply that the reading of the accelerometer 





represents exactly the acceleration to which the instrument was 








subjected, but that by proper choice of the range, natural fre- 
quency an ] lamping of the accelerometer, the errors can be mad 








small and evaluated. 
In Fig. 4 the relative errors in amplitude and time of 

















rise computed for the input consisting of = w? (1 cos wt) 





pulse are plotted for an accelerometer with natural period 7) and Time, meee 
damping of 0.6 of the critical damping (A = 0.6 When the in- yg. 6 Pressure Versus Time as Measvrep py Ferrvve-Tyer 
put time of rise, 7'g, is 2 milliseconds, and the natural period of GAGE AND ACCELEROMETER 
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the accelerometer is 1 millisecond, the error in the amplitude is 
0.8 per cent and the error in time of rise is 10 per cent. These 
values are acceptable in ballistic work 

Figs. 5 and 6 show a comparison between the records obtained 
with the Ferrule-type resistance strain gage used as a pressure 
gage and the records obtained with the standard gage. The cor- 
rections to be applied to the accelerometer readings, based on an 
accelerometer’s natural frequency of 1600 cycles, are as follows: 
The error in the amplitude is 0.1 per cent and the error in the 
time of rise is 3 per cent, Fig. 6. These errors are not excessive 
for many applications and the diagram shows that the Ferrule- 
type strain gage used as a pressure gage is acceptable without 
major corrections 
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In the process of pressure-gage design and calibration a com- 


parison with a standard gage, whose behavior is predictable, is 


very useful and permits investigation of changes of parameters 
such as stiffness and damping. 

Work is now in progress for a standard gage with range of 
50,000 psi, using a 600 g accelerometer 
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On Longitudinal Plane Waves of Elastic- 
Plastic Strain in Solids 


By D. S. WOOD,' PASADENA, CALIF. 


A theoretical description is given for the propagation of 
longitudinal plane waves of large lateral extent in solids, 
for waves of plastic as well as elastic strain. The impor- 
tance of the hydrostatic compressibility in determining the 
nature of the waves is brought out. The results are illus- 
trated by a computation of the velocities of propagation of 
such waves in 24S-T aluminum alloy, and by a computation 
of the propagation of a pressure pulse of short duration 
through a flat plate. The later results illustrate the 
attenuation and change in shape of the pressure pulse 
during its propagation. The effects of the pressure de- 
pendence of the compressibility, the temperature changes 
accompanying compression, and the time and rate de- 
pendence of the mechanical properties, upon the propaga- 
tion of such waves are discussed qualitatively. 


INTRODUCTION 


RECENT paper by Rinehart (1)? on the scabbing of metals 
‘oo under explosive attack has suggested the desirability of 
4 determining the nature and properties of certain types 
of longitudinal strain waves of high intensity This 
paper treats the simple case in which the waves are plane and ex- 


in solids. 


tend over lateral distances which are large compared to the dis- 
tance traveled by the waves. 

The case of longitudinal strain waves in long thin bars has been 
treated by von Karman (2) and others (3, 4, 5), and has been in- 
Pack, Evans, and James (7), in 


considering waves of, large lateral extent, have pointed out that 


vestigated experimentally (6). 


shock waves may be produced in metals under suddenly applied 
high pressures (as by explosives) due to the decrease in compres- 
sibility with They 
mentally that a shock wave of 280,000 atm amplitude propagates 
at a rate greater than the speed of sound in lead, but at a rate less 
However, they did not dis- 


increasing pressure, demonstrated experi- 


than the speed of sound in steel 
cuss the complete problem of the combined propagation of elastic 
and plastic waves 

The method of treatment employed hy von Karman (2) may 
be applied to the present case with suitable modifications to ac- 
count for the lateral boundary conditions which apply for waves 


of large lateral extent 
EQuaTION oF Morton 


The motion associated with a longitudinal plane wave of in- 
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finite lateral extent must be strictly unidirectional. Hence the 
displacement of the material u must always be in the direction of 
wave travel, denoted by the Lagrangian co-ordinate z. Thus the 


equation of motion may be written in the familiar form 


Oru 1 oo, Ou 


= 1! 
of p o¢€, oz’ 

where @, is the component of stress in the z-direction, €, the com- 
ponent of strain in the z-direction, p the initial density of the 
It may be noted that 


material, and ¢ the time 


ou 
Ou 


is an engineering type of strain defined by the change in length 
per unit initial length of an element of material, and furthermore, 
Equation [1] is valid for large strains. Equation [1] is formally 
identical with that used by von Karmdén (2) in his description of 
the plastic strain waves in long thin bars As he has shown, the 


solution may be expressed in terms of strain waves whose velocity 


of propagation is given by 


(: ws ) . 
¢= (2) 
p of, 


strain €, in the general 
If At is the time 


interval required for the increment of strain de, at €, to traverse 


The wave velocity ¢ is a function of 


case of plastic as well as elastic deformations 
the interval of distance Ax, in the unstrained state, between two 
parti les of the material, then ¢ is defined by 


Ar 
At 
In the case of waves in long thin bars Equation [1] represertis an 
approximation in which the kinetic energy and shear stresses @- 
sociated with lateral motion of the material are neglected In 
the present case that approximation ts not made since no lateral 


motion is possible 
Srress-STRAIN RELATION 


The stress-strain relation o, versus €, must be known in order 
to determine the wave velocities by Equation [2] This relation 
would be quite difficult to determine directly by experiment, and 
no such measurements are available at present Hence it is neces- 
sary to derive it from indirect experimental data by means of a 
suitable theory of plasticity. Fortunately, a good approximation 
for the present problem may be obtained by the use of a very 
simple form of the theory of plasticity. 

The desired o, versus €, relation will be derived from the stress- 
strain relation in simple tension and compression which is as- 
To do this the 
strain o, and €, in a direction normal to z must be considered. 


From the symmetry of the problem it is clear that a, and €, 


sumed to be given from experiment stress and 


are the same for all directions in the plane normal to the z-direc- 
tion. The strains may be separated into their elastic and plas- 


tic components, thus 
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rar ; 
where the superscripts e and p denote elastic and plastic-strain 
components, respectively. 

Three principal assumptions will be made regarding the stress- 
strain behavior of the material: (a) The elastic components 
of strain are given by Hooke’s law, which may be written 


1 
E 


e,* — 2va,] 


where E and v are Young’s modulus and Poisson’s ratio, re- 


spectively (b) Plastic strains produce no change in density of 


the material This is expressed by 


€ + 2e? = 0 [6] 


(c) The plastic stress-strain law will be assumed to be independert 
of strain rate and of the form 


in which the function o(€,”) is defined by 


[3] 


where o and & are the stress and plastic component of strain, re- 
spectively, in a simple tension and compression test 

The later assumption corresponds to the Mises-Henky yield 
maximum shear-stress yield criterion, 
In the 
Equa- 


conditions and also to the 
the two giving equivalent results in the present case 

terminology used by Drucker (8) the stress-strain law of 
involves the assumption of isotropic work-hardening. It 
ean be shown that the so-called deformation and incremental 


tion [7] 


theories of plastic ity lead to the same result under the foregoing 
assumptions. 

Since the conditions of the present problem permit no motion of 
the material in any direction normal to z, we have 


Then from Equations [4 


Substituting Equation into Equation [7] and rearranging 


vields 
b ; | 


2(1— 2 


10) 
2v 


Also, substituting Equations [9] and [10] into Equations [5] gives 
{11 


Finally, the stress-strain relation in the purely elastic range is well 
known to be 
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Equations [10], [11], and [12], together with the first of Equa- 
provide a means for computing the desired o, versus 
€, relation from the given data represented by Equation [8 


tions |4 


PLANE CompRESSION Waves IN 248-T ALUMINUM ALLOY 


A specific example of the calculations just discussed has been 
made for 248-T aluminum alloy. The given data are represented 
by the portion of the stress-strain curve for simple compression 
shown in Fig. 1, which is indicated by the line 0’-e’-2’. Young’s 
modulus E, and Poisson’s ratio v, are taken to be 


E = 10.6 X 10° psi 
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°o 


J. 

T mie 
60 80 
STRAIN,€ ,10° 





STRESS, &,10° Ib/in? 
° 





- 60) 


5 
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ALLOY IN SIMPLE COMPRESSION 


yk 248-T ALUMINUM 


AND TENSION 


These 


values of the hydrostatic component of the stress system. At 


respectively. values are only constants for moderate 


very high values of the hydrostatic stress these vary with stress, 
since the hydrostatic compressibility decreases with increasing 
pressure 


For the present, E and v will be considered to be con- 


stant The effect of varving compressibility will be discussed 
later. 


lation determined by the foregoing method 


The o, versus €, re 
is shown in Fig. 2 by the portion of the curve 0-e-2, where point ¢ 
indicates the limit of elastic behavior. The points 0’, e’, 2’ in Fig 
1 bear a one to one correspondence with the points 0, e, 2 
2. From Fig. 2 it is seen that the ¢, versus ¢, relation may be 
approximated quite closely by the two straight lines 0-1 and 1-2, 
where the approximate limit of elastic behavior indicated by point 


1 is the intersection of these two lines. 


in Fig 


The velocity of propagation of waves of various amplitudes 
may now be determined from Fig. 2 by the use of Equation [2 
For strain increments in the range 0 to 1 in Fig. 2, the velocity of 
propagation is the normal velocity of sound in the material 
given by 
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Fic. 2 Strress-Strrain Ke! 


NUM ALLOY IN Case or 


or numerically 
= 2.46 X 10 ips 


For 


the range 1 to 2, the velocity of propagation 


using a value of 0.100 lb per cu in. for the specific weight 


strain Increments 


> 


tion |e 


according to Equa is found to be 


= 2.01 X 10° ips 


or about 18 per cent slower than the elastic wave. This numeri- 


cal result is in marked contrast with the velocity of propagation 
of plastic strain in long thin bars. In the latter case the velocity 
of propagation of a plastic strain of a few per cent is typically of 
the order of one tenth of the elastic-wave veloc ity. 

The physical interpretation of these results for the present case 
seen readil 


may be If the material exhibits no resistance to 


shearing distortion, then it would behave like a liquid of low 
compressibility. The stress-strain relation would be 


= Ke, = Oy 


v 


[13] 


where the subscript A denotes hydrostatic behavior, and 


drostatic compressibility. In such a 


with the 


a Fe 


Equation [13 


is the 


material all s 


reciproc 


ropagate velocity 


I for 24S-T aluminum alloy is 


T he 


shown in Fig. 2 by the dashed line, 


relation ivel 
and the corresponding velocity 


1on is 


of strain propagat 


2.00 X 10° ips 


which is essentialls 


Thus the behavior 


the same as the velocity ¢ given prev iously 


of the material may be thought of as being 


ON LONGITUDINAL PLANE WAVES OF 


ELASTIC-PLASTIC STRAIN IN SOLIDS 


composed of a stress associated with hydrostatic compression 
plus a stress associated with its resistance to shear deformation 
In fact, it can be shown that the stress-strain relation repre sented 
[10], and [11 


by Equations [9], also may be expressed in the 


form 
o, = Ke, + 2/30 (€/ 15 


The first term represents the hydrostatic stress component, and 
the second the contribution of the shear strength of the material 


Unvoapine Waves 


Thus far the treatment has considered only those cases in which 


the stress ¢, increases monotonically. In many problems in- 
volving the propagation ol these types of waves it is necessary to 
the the o, versus €, 


o,, is decreased after it has previously reached a value such as 


know nature of relation when the stress 


that at point 2 in Fig. 2 As the stress is reduced, the strain will 
, 


at first decrease elastically and the following relations hold 


At some stress 0.. the stress system will become hydrostatic, 


i.e., O42 = GC, Putting this condition into Equation [17] and 


using the vield condition @,. 0n= 0 


» 
og Is! 
2v 


is obtained. Now using Equation [16] and replacing €,2 by its 


} } 


value as given by Equation [15 
juation [18 


and ¢,: its value as obtained 


from I , and rearranging, it can be shown that 


= Ke 


the 


material had been brought to 


hydrostati related to total strain 


Thus th 


€23 in the 


stress @,; 18 
the 
that stress along a pure ly hydrostatic path rather than the path 


same Manner as 1 


0-1-2-3 in Fig. 2 
The point 3° in Fig. 1 at which o, = 0 corresponds to the point 


3 in Fig. 2. Now if the stress o, is reduced still further along the 
2, 1 goes 


vielding takes 


elastic line 3-4 in Fig the corresponding point in Fig 


At some point 4’, 
versus €, relation ir 
This 
nearly parallel to the hydrostatic line as was the line 1-2 during 


1 it has been 


to negative stresses along 3’—4’ 


Fig. 2 


direction ar 


dl the C, 


the 


a reverse 


place in 


becomes plastic again along line 4-5 line is very 


the initial loading. In Fig assumed that reversed 


vielding begins when o, = 7:, i.e., the material does not exhibit 
a Baushinger effect. However, this assumption is made only for 
convenience and is not essential to the argument 

Thus it has been shown that unloading in the a, versus €, plane 
j 


can produce reversed plastic deformation before the stress ¢ 


. 
Therefore unloading is associated 
This result 
‘ase which 


In the 


has been removed completely 


with waves of plastic as well as elastic deformation 


is the the 
markedly from the case of waves in long thin rods 


second characteristic of present « lifters 


latter 


case unloading waves are completely elastic. 
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Spectric WAvVE-PROPAGATION PROBLEMS 


The preceding discussion provides the basis for the construc- 
tion of solutions for the propagation of laterally extended longi- 
tudinal waves under various boundary and initial conditions. 
Such solutions may be constructed graphically by means of the 
method of characteristics. This method has been illustrated by 
von Kérmén and Duwez (2), and von Kérman, Bohnenblust, and 
Hyers (5) in the case of waves in long thin rods. 

A solution has been constructed for the propagation of waves of 
the type considered in the present paper for the following particu- 
lar set of boundary and initial conditions. A pressure pulse of 
short duration is applied to one surface of a flat plate of finite 
thickness. 
pressure followed by a decay over a finite but short period of time. 
The pressure-decay curve is represented by a series of finite steps 
in order to simplify the calculations somewhat, but such an 
idealization is not essential to the method of computation. It is 
essential to assume that the pressure is applied uniformly over an 
area of the plate whose lateral dimensions are large compared to 
the thickness of the plate. This insures that the motion of the 
plate in the central portion of the area to which pressure is applied 
can be described completely in terms of waves of the type con- 


The pulse consisis of an instantaneous rise to a peak 


sidered in the present paper. 
The form of the applied pressure pulse is shown in Fig. 3 in 


PRESSURE, p/pe 
°o 
a 


° 
> 
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TIME, cot/2 
Pressure Poise, p/p: Versus cof /l, Apetiep aT SURFACE, 
z= Oor a Frat Plate 








hia. 3 


dimensionless form p/p: versus cot/l, where p is the pressure at 
any time, t, p: the peak pressure, | the thickness of the plate, 
and ¢ the velocity of propagation of elastic waves in the ma- 
terial. The peak pressure p: is taken to be 10 times the maxi- 
mum stress ¢,), for purely elastic behavior. The decay of the 
pressure pulse is taken to oceur in five equal steps and to be com- 
pleted in one quarter of the time required for an elastic wave to 
traverse the thickness of the plate. This pulse is applied to the 
surface x = 0. The o, versus €, relation of the plate material is 
taken to be of the type illustrated in Fig. 2. The velocity of 
propagation of the waves associated with plastic strain is 82 per 
cent of the velocity of elastic waves. 

Some of the results of this sample calculation are shown in Fig. 
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4. This shows the distribution of stress ¢,/p: versus z/l, in the 
plate at various times ¢cot/l, after the beginning of the applied 
pressure pulse. The figure illustrates the attenuation and change 
in form of the pressure pulse as it progresses through the plate 
and reflects at the free surface z/l = 1. The attenuation of the 
pulse is brought about by the partially elastic nature of the un- 
loading wave which enables the unloading wave to overtake the 
plastic portion of the initial loading wave progressively. The 
elastic portions of the wave fronts are indicated in Fig. 4 by a 
notation of the elastic-wave velocity c. The negative (tensile 
stresses associated with the reflected pressure pulse are responsible 
for the phenomenon of scabbing (1). The triaxiality of this state 
of tension stress and the extremely rapid rate of application of the 
stress which occurs in such pressure pulses are both conditions 
which contribute to the brittle nature of scabbing failures even in 
normally ductile materials. 


Errect OF VARIABLE COMPRESSIBILITY 


The preceding discussion has assumed that the hydrostatic 
compressibility K~', is independent of pressure. Since this is not 
true at very high pressures, some modifications of the treatment 
are required. Bridgman (9) has determined the hydrostatic 


compression of pure aluminum up to 30,000 kg per sq cm (427,000 
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psi). It may be reasonably assumed that 248-T aluminum alloy 
exhibits the same behavior in this respect. Hence Bridgman’s 
data have been used to compute the stress-strain relation, 
a, versus €,, for 248-T aluminum alloy taking the effect of variable 
compressibility into account. This may be accomplished con- 
veniently by the use of Equation [15]. The results are shown in 
Fig. 5. The dashed line represents Bridgman’s data, and the 
solid line the corresponding o, versus €, relation 


500 


Uy’ 


SHOCK WAVE LINE 
ef 


HYDROSTATIC CURVE 
4 AFTER BRIDGMAN 
7 
4 
4 
J 


VA 


re) 4 ” 
T T T 
° 20 30 4 50 
3 
STRAIN, &,10 
hic.5 StaesseStreain Recation, o, Versuse,, FoR 248-T ALUMINUM 
Attoy, Takine Inro Account Variation tN Compressipitity Wits 
PrRessURE 


4 








fact that the stress-strain relation is con- 
This behavior leads 


This illustrates the 
eave upward in the region of plastic strains. 
to the formation of shock waves similar to those which occur in 
gases, as has been pointed out by Pack, Evans, and James (7), 
and White and Griffis (10). Such shock waves correspond to a 
jump across the concave upward portion of the stress-strain rela- 
tion as shown by the dash-dot line in Fig. 5. The velocity of 
propagation of the shock wave may be obtained from Equation 
[2] by replacing the quantity 00,/0¢, by the slope of the shock- 
wave line in the stress-strain relation. The velocity of propaga- 
tion of the shock wave associated with the line shown in Fig. 5 is 


found to be 
c, = 2.17 X 10 ips 


The shock-wave velocity clearly increases with increasing peak 
Eventually, at very high stresses, the shock velocity will 
become equal to and exceed the velocity of elastic waves. In the 
latter case the shock will correspond to a straight line from the 
origin to the peak pressure point on the stress-strain relation, and 


‘tress. 


all strains in such a wave front propagate with the same velocity 
Pack, Evans, and James (7) have shown that this behavior occurs 
in lead subjected to the pressure of explosives (280,000 atm), but 
not in steel. 

Unloading waves also will be modified somewhat under condi- 
tions of variable hydrostatic compressibility. The elastic por- 
tion of such unloading waves will propagate at a rate greater than 
the normal velocity of sound. The plastic portion of an unload- 
ing wave will exhibit a continuous variation of wave velocity de- 
pendent upon strain, with strain increments at lower values of 
the total strain propagating at lower velocities than those at 


higher values of total strain. These effects are due to the in- 


creased slopes of the unloading portion of the stress-strain rela- 
tion which reflect the decreased value of the compressibility at 
high pressures. This is illustrated by the unloading line shown 


in Fig. 5. 
Errecr or TEMPERATURE VARIATIONS 

The stress-strain relation, and hence the various wave veloci- 
ties, is affected by the changes in temperature produced by rapid 
and large pressure variations. An increase in temperature ac- 
companying rapid compression to a high pressure increases the 
slope of the stress-strain relation due to the thermal expansion. 
Hence the Furthermore, the 
amount of upward curvature of the stress-strain relation is in- 
creased, and hence the tendency toward shock-wave formation is 
enhanced. The magnitude of these effects is difficult to estimate 
due to the lack of suitable data. 


wave velocities are increased. 


Time anv Rate Errects 


Since the stress-strain characteristics of materials are, in general, 
dependent upon the duration and rates of loading, their wave- 
from 
For many metals 


propagation properties will differ somewhat those pre- 
dicted from their static stress-strain relations, 
these effects are not very pronounced. Furthermore, they are 
confined primarily to the resistance of the metals to plastic shear 
strains. Since the waves considered in this paper are largely 
associated with nondistortional strains the dependence of the in- 
herent mechanical properties upon time and rate effects probably 
does not have a marked influence upon the nature and behavior of 
these waves. However, the very short times and extremely high 
rates of deformation associated with these waves may lead to de- 
tectable effects in their behavior. In particular, the initial yield 
stress and entire flow curve may be This will 
be reflected in a somewhat increased amplitude of the elastic-wave 
components, but should have very little effect upon the wave 


raised somewhat. 


velocities. 

The determination of the magnitudes of these various effects 
must depend upon experimental! studies of the waves themselves. 
Such studies also could provide measurements of the compressi- 
bilities of solids at considerably higher pressures than heretofore 
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Stress Singularities Resulting From Vari- 


ous Boundary Conditions in Angular 


Corners of Plates in Extension 


By M. L. WILLIAMS,' PASADENA, CALIF 


As an analog to the bending case published in an earlier 
paper, the stress singularities in plates subjected to ex- 
tension in their plane are discussed. Three sets of bound- 
ary conditions on the radial edges are investigated: free- 
free, clamped-clamped, and clamped-free. Providing the 
vertex angle is less than 180 degrees, it is found that un- 
bounded stresses occur at the vertex only in the case of 
the mixed boundary condition with the strength of the 
singularity being somewhat stronger than for the similar 
bending case. For vertex angles between 180 and 360 de- 
grees, all the cases considered may have stress singularities. 

In amplification of some work of Southwell, it is shown 
that there are certain analogies between the characteris- 
tic equations governing the stresses in extension and 
bending, respectively, if v, Poisson’s ratio, is replaced by 

v. Finally, extensional plate 
locally at the origin exactly the same as a clamped- 


the free-free behaves 


clamped plate in bending, independent of Poisson’s ratio. 
In conclusion, it is noted that the free-free case analy- 
sis may be applied to stress concentrations in V-shaped 


notches. 


INTRODUCTION 


N an earlier paper? the stress singularities at the vertex of a 


sector plate in bending were discussed, where it was shown 


that unbounded stresses may occur for certain vertex angles 
simply supported-simply 


if the radial edges of the sector were (1 
supported, (2) clamped-free, (3) simply supported-free, or (4 


clamped-simply supported. The analogous problem for a thin 


plate in a state of plane stress or strain is now considered for 


three ises, (a) « lamped- lamped, (b) free-free, and (c) clamped- 


will be shown that of these three cases, only the last 


have 


free, and it 


namely, the clamped-free boundary condition, may un- 


bounded stresses at the corner for certain vertex angles. 


MetTuop oF SOLUTION 


Following the extensional development for generalized plan 


stress in thin plates as given by Coker and Filon’ the polar dis 
rofessor, Guggenheim Aeronautical Laboratory, Cali 
of Technology 
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placements in the radial and circumferential directions, U, and 


ectively, may be written in terms of the biharmonic stress 


I 


function x and the harmonic function y; in the form 


Ox oy 


0 


2ul’s 


u is the shear modulus and ¢ 


io. Also, the stre I 


be expre ssed as 


where 


sses may 


1 O*x 1 Ox 


x is related to Y; by 


: n) oy 
vx o (; a 
The boundary conditions will be considered on two radial edges 
of a sector including a variable vertex angle a; the boundary con- 
ditions along the circumferential edge will be unspecified inasmuch 
is the stresses near the vertex will be locally determined solely by 
the boundary conditions along the radial edge providing the cir- 
cumferential boundary is greater than several plate thicknesses 
from the vertex. 


Let us assume solutions for 


aquation 


powers ol r b 


f iil y ' tri 
juating coefficients of like trigonomet: 


rms 


Substitution of Equations through | 


5} utilizing Equation 
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Having therefore a representation of the stresses and displac e- 


ments for the sector plate in extension, the effects of different 


homogeneous boundary conditions may be investigated 


Free-Free Evces 


If both radial edges are prescribed to be free, ¢,(0) = 7,60) = 0, 


ofa) = t,¢ a) = 0 which by and [14 
F(0) = F'(0) = F(a) = F(a) = O where the primes indicate dif- 
While F(@) contains four unde- 


Equations [13] require 


ferentiation with respect to @ 
termined constants 6,(i = 1, 2, 3, 4), 
are prescribed, the constants cannot be determined uniquely be- 


For there to be a 


and four boundary conditions 


cause the four equations are homogeneous 


solution, the determinant must vanish. In the case of the plate 
with free-free edges, this eigen equation is 


snz = 15 


where z = Aaand C; = +(sina@)/a. Equation [15] determines 
the value or values of the eigen value A a 

Inasmuch as the continuity of displacements requires A > 0, 
any value of Equation [15] satisfying this restriction will give an 
the extensional problem. Furthermore, 


to [14], a value of A such that 


a function of a 


admissible solution for 


as may be seen from Equations [12 


O<A 1 will give unbounded stresses near the vertex of the 
sector 
of any values of A (or its real part if X is complex) which lie in this 
minimum 


The purpose of this paper is to investigat the occurrence 


region Stated alternatively, it is desired to find the 
root of Equation [15] 
The results, showing min Re A as a function of a@ for Poisson's 


3/13) are presented in Fig. 1 


with the restriction that A > 0 


ratiov = 0.3,(¢ = 


CLamMPep-CLAMPED EpGes 


Fixed edges at 6 = 0 and 6 = a require that U,(0) = U,(0) = 0, 


Ufa) = Ufa) = 0. Upon using Equations [10} and [11] and 


again formulating the 
the eigen equation in this case again becomes 


Part 


four simultaneous homogeneous equations, 


or Eigen Va s Wirh Vertex ANGLE 


= Aaand 


where z 


sin @ 


ig ja 


for this case are also shown in Fig. 1 fo 


The min ReXa 
CLAMPED-F REE 


The mixed boundary condition of a clamped-free plate in exten- 
sion requires o,(0) = 7,60) = Ufa) = Ufa) = 0 
Equations [10], [11 13], and [14] the 


be of somewhat different form, namely 


gen equation is found to 


sin? a@ 


ig )a?* 


The minimum values of the eigen parameter for this case are 


also shown in Fig. 1 as a function of vertex angle for vy = 0 


CoMPARISON OF RESULTS 


\ study of Fig. 1 reveals that of the three cases considered, only 


the plate with mixed boundary conditions, namely, clamped-free, 


| 


may have a singularity if the vertex angle lies between 63 and 


degrees. 
As discussed elsewhere 2 this 
suse other higher eigenvalues from Equa- 


does not mean tha i singu- 


larity must occur, be« 
at 90 deg, for « xampole 


On the 


tion [17], will not introduce singular be- 
havior at the origin ther hand, an arbitrary loading 
along the circumferential boundary formed by a linear combina- 


tion of the eigen functions in the manner suggested by the author‘ 
i 


will contain the eigen function giving rise to the singularity and 


introduce unbounded 


hence locally in the vicinity of the origin 


stresses 
ingles between 180 and 360 degrees, all 


have 


For vertex 
considered may stress singularities 

‘**Theoretical and Experimental Effect of Sweep Upon the Stress 
and Deflection Distribution in Aircraft Wings of High Solidity Part 
6—The Plate Problem for a Cantilever Sector of Uniform Thickness 
by M. L. Williams, AFTR 5761, November, 1950 
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TABLE 1 


Boundary condition 


Free-free sinz Cz 


Clamped-clamped 


Clamped-free 


Another conclusion can be drawn from a comparison of the ex- 
tensional and bending results. For easy reference a table giving 
the eigen equations for both extension and bending is herein as 
Table 1. It is seen that the eigen equations for the free-free ex- 
tensional case are exactly the same as for the clamped-clamped 
bending case which means that locally a clamped bent plate be- 
haves as a free extensional plate. 

For the cases of generalized plane stress the eigen equations for 
the free-free bending and clamped-clamped extension cases, and 
for the clamped-free bending and extension cases are the same if 


v is replaced by —v. Southwell noted this association of Pois- 


Eigen equation 


DECEMBER 


1952 


EIGEN EQUATIONS FOR BENDING AND EXTENSION 


son’s ratio between the bending and extension cases® and, further- 


more, de rived the correspondence of the boundary conditions 
The point to be observed here is that the characteristic equation 
for the eigen values of the stress and deformation behavior are 
also analogous in the two cases, 

inalysis for the free-fre¢ 


at the 


In conclusion it is suggested that the 


case be applied to determine the ty pe of stress variation 


base of V-shaped notches in plates or rods 


Analogues Relating Exte 


Plate t R. V. Southwell, Quarterly Vechanics and 


ippaed Mathematics, vol. 3, part 3 ter ‘+r, 1950, pp. 257-270 
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The Stresses in a Flat Curved Bar Due to 


Concentrated Radial Loads 


By C. W. NELSON,? C. J. ANCKER, JR., 
This paper presents a Fourier integral solution for the 
plane-stress problem of a curved bar bounded by two con- 
centric circles and loaded by any combination of radial 
loads on the circular boundaries. It is an extension of an 
earlier investigation (1) which dealt with only the par- 
ticular case of a curved bar in equilibrium under the ac- 
tion of two equal and opposite radial forces, one on each 
boundary. Numerical results are given for one of two 
basic cases from which the stresses for any combination 
of concentrated radial loads may be obtained by super- 
position. An example is included to show how superposi- 
tion may be used to obtain the stresses for a loading condi- 
tion which may occur frequently in practical machine- 
design problems. It is believed that the procedures de- 
veloped in this paper will be useful in the solution of other 
elasticity problems by the Fourier integral method. 


INTRODUCTION 


N an earlier paper by one of the authors, a Fourier integral 


solution was prese nted for a portion of a cire ular ring loade 
l 
lied to the 
the 


In the present paper the Fourier 
I pay 
(hb 
' 


loading 


as shown in Fig a 


problem illustrated in Fig 
the 


solution for 


integral method is a; 
By 
shown in Figs 


solutions for two types ol 


the 


oads acting on a portion of a circular ring can 


superposition ol 
l 
concentrated radial | 
j 


stresses for Fig 


and (b 


a any combination of 
by subtracting one half of the stresses 
l(a . the 


vdding one half 


For example, 
half of 


be obt ane 


b) from the stresses for Fig 
9 


one 


for Fig. 


ire obtained. Similarly, by 


l 
Fig. 2(b 
1 und b 


a 


of the stresses for Fig 4) to one half of the stresses for Fig l(a), 


fc are obtained In the solutions for Fig 


] 


the stresses 
1(b) and Fig 
of the curved beam is not speci 
the sense that the solution does not hold in the immediate vicinity 


wall which 


r 
9 


2 tl ition of the wall at the built-in end 


‘ j 


The wall is a fictitious one in 


is shown only in order to indicate 
In 1 2 


of the wall and the 


end of the beam is supported Figs. 1 and 2 and through- 
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Fic 


out this paper, the thicknesses of the bodies perpendicular to th 


plane of the are always assumed to be unity so that an 


load P should be thought of as force per unit thickness, 


paper 


In the solution of the curved-bar problems illustrated in Figs 
and 2, the authors have been assisted greatly by results obtained 


2 1, 5, 6, 


by other investigators 3, 7) in the solution of straight 


beam problems 


Review or Generar Tueory 


In this paper, as in the earlier paper (1) where the problem o 
pay pt} I 

Fig. 1(a) was presented, the solutions of the plane-stress problems 

Airy’s stress function which 


the 


considered will be derived in terms of 
will be denoted by ¥. This stress function must satisfy 


harmonic equation 


bi 


vv =0 (1 


where J? stands for the Laplace operator which, in polar co-ordi- 


nates (r, @ 


18 


re) 


0? 


Vv : 
or? 


r 


or 


to be determined from the stress function by the 


The 
‘ quations 


stresses art 


T {4} 


o (1 ov) 
atid or \r d@ 


Stresses determined by the foregoing procedure will satisfy equi- 


520 
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librium and compatibility requirements. In particular 
problem, a proper combination of solutions of Equation [1] must 
be formed so that boundary conditions will be satisfied. 

The problem illustrated in Fig. 1(>) is not symmetrical with 
respect to @ because one end of the bar is built in while the other 


The stress function for Fig. 1(6 


any 


end is not supported. will be 
obtained by combining a well-known solution which is antisym- 
metrical with respect to @ with a symmetrical solution obtained 
in integral form by taking the limit of the sum of many terms of 


the form (8a 


where n is not necessarily an integer 


Basic ProBLem OF SYMMETRICAL BENDING 


Fig. 3(a) shows a portion of a circular ring with curved bound- 


aries r = a and r = 6 and radial boundaries which, for 


con- 


Fig. 3 


m@ radians. Radial 
3m, for example, would be 


venience, are taken at @ = 7 and at @ = 
boundaries at @ = 37 and @ = 
equally convenient and such a choice of radial boundaries should 
be regarded as being physically possible since the problem con- 
kness of the ring may be 
The ring 
B to 


These normal forces 


sidered is one of plane stress and the thic 
very small so that the ends may slip past eac h other. 
is loaded by normal forces uniformly distributed from @ = 
@ = 8 on both boundaries r = aandr = b. 
are compressive on the outer boundary and tensile on the inner 
the downward force 


boundary. Furthermore, in order to make 


resultant on the inner boundary equal to that on the outer 


boundary, it will be specified that, for re] 


After the stress function for Fig. 3(a) has been derived, the stress 


function for Fig. 3(b) will be obtained by letting 8 approach zero 
in the solution for Fig. 3(a), at the same time specifying that the 
downward resultant force on each curved boundary shall remain 
finite and of magnitude P. Thereafter, a known solution, pre- 
sented in 


Fig. 3(b 


the following, will be superposed on the solution for 


, 80 as to obtain the solution for Fig. 1( 


FUNCTION FOR SYMMETRICAL 


BENDING PROBLEM 


DERIVATION OF A STRESS THE 


The boundary-stress conditions for Fig 
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0 


In reference (1) the formula 


F (d) = = JI in / F(X) cos n@ cos nd dX 11 
rT 0 0 


F (@) asa 

c7) > in 
to the same function F (@ 
forming the inner integration in I 


which Fourier cosine integral, valid 


expresses 
the case of an even function of @ 


which occurs here. The result of per- 


quation was found to be 


(®@) = 


For the 
h 


It is not desirable to perform the remair 


limiting case when 8 becomes very smal! l load on ea 


boundary remains finite and equ ilto P jt ! 12) reduces to 


=) 


tions Vv, such as 

Boundary Conditions [7], [9], and [10 

When this is done, 

in Equation [5] will be 
The result 


lim F (@ 


ju 


Equation 13] is applic ible for Fig 

It is proposed to form a sum of many stress func 
given by Equation 5 
three 


can be satisfied separate ly by each ¥ 


of the 


four constants a,, 6,, a,", 5, eXx- 


pressed in terms of the remaining one 


14 


at E 


» essentially 


Considerable alge 
tion [14] h 


the same steps that are 


bra which is required in order to 
The steps omitted 


described in refer in 


jua- 
as been omitted 
the process 


of arriving at a similar result for slightly 


ditions. The stress 


boundary con- 


functior 


¥, ar 
n=0,4n,24 


infinite stress functions of the 


14], each multiplied by An 
Conditions [7], [9], [10 T 


obtained by forming ar 


series of 


type given by Equation will still 


satisfy boundary 


same is true of 


the stress function 
f 
¥ 


which is the limit of the foregoing infinite series of stress func- 
tions as An approaches zero 





NELSON, ANCKER, WU—STRESSES IN FLAT CURVED BAR 


wiere the subscript s has been attached to W to indicate that this 


ih 


A pplication 
mmetrical problem of Fig. 3 


Boundary Condition [8] remains to be satisfied 
2} to the stress function of Equation [15] gives 


of Equation [2 
1 Oo 1 O*y, 
¥ ve) in 16 
r Or r? og? 


is the stress function for the s 
Srress Function ror UNsymMerrical BENDING 


The stress function for the unsymmetrical bending problem of 
Fig. 1(6) will be denoted by Wy and it may be expressed as 


16] and appli ation ol! Equa- 


Substitutior 
i 
¥ 


tion lead 
17} 
from Equation [17] gives an equa- 


Subtraction ot 


tion of the form 


n)cosn@o@dn = 0 Is 


this equation is to hold for all values of @, it is necessary 


and, if 
that f(n) shall be zero, from which 


P 


where Wx is the known stress function for the case shown 


Fig. 4. The expression for Px is (8b 
quantity in the braces of Equation 


re new symbols 


where he stress function Py given by Equation [24] is valid for Fig 

1(b), except in the immediate vicinity of the wall Another limi- 
b) is that the derivation is based 
ly to the 


tation on this solution for Fig. 1 
m the assumption that the curved bar extends indefinite 

ght of the loads P in the figure. However, the stresses ob- 
tained from , will be sufficiently accurate for practical purposes 


; : °. 
extends as much as one beam de pth to the 


ri 


if the curved bean 
right of the loads P. This will become apparent from calcula- 
tions which will be given 

Curvep Bar Loapep ONLY ON INNER CincuLaR BouNnpDaRY 


l ‘ 1 1) is denoted by Wp, then 


9 


If the stress function 


the stress function for Fig 


sin @ 
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z cosh Bz 


(r? — a?) 
aln The stress function for Fig. 2() is 
sinh z 


2 + 2 . 
+ ( — sinh Be | 
a 


(b? — r*) hA 7 } cos Bz dz 
z cosh Az — 
cosn , 


b In |} In 
a a 


sinh Az 





sinh? z X22? 


sinh z 


[27] 


The corresponding stresses, derived by application of Equations 
z cosh Bz 


{2], [3], [4], are 


a+ ih ‘ : ' a 
P 2r + sin @ z 
r 
04 = ” 
b 4 « 2> 
a® b? + (a? + b*) In inh Bz 
a 
X ** 2 sinh Az cos ®z d: [sinh? 
b Jo sinh? z X*z2 
1 sinh z sinh Bz cos bz dz 
0 sinh? z X22? 





cosh Az cos bz dz 1 
“inh? = X22 X > sinh Bz cos @z d 
} -- ‘ sinh? z X*22 
z sinh z cosh Bz cos bz dz sinh z sinh Az 


sinh? z X22? 


sinh? z 


[29 


2 cosh Bz cos bz dz 


z? sinh Az sin De dz sinh? z X%2? 


sinh? z X*2? 
z sinh z cosh Az cos @z dz 


: sinh z sinh Bz sin Bz dz sinh? z — X2z* 


sinh? z X22? 
30 


Before considering these stresses further, it will be well to derive 


the stresses for Fig. 2(b) since there are several similarities be- 
tween the expressions for the stresses for Fig. 2(a) and those for 


Fig. 2). 
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z? sinh Bz sin @z dz 


X?2? 


sinh?® z 


z sinh z sinh Az sin @z dz 
Xz? 


sinh? z 
[35 


From Saint Venant’s principle, it is known that the stresses at 
one or two beam depths to the right of the load in Fig. 2(6) must 
Therefore, considering Equation [34] for instance, 
it may be surmised that for absolute values of ® greater than 


be very small. 


about 2, that part of ¢, —- og containing the integrals contributes 
about the same magnitude of stress as the first term containing 
the factor sin @ 
value of (¢, — ¢4) to approach zero as ® varies through negative 
The assumption that (o, — o% 


Only if this is true, will it be possible for the 


values of increasing magnitude 
approaches zero at moderate distances to the right of the load in 
Fig. 2(b) also implies that the value of (¢, 74) to the left of 
the load rapidly approaches the value 


a*h? 


2P sin @ 


r3 


h? + 


(a® 4+- b*) In 


when ® increases in the positive sense, 

Aside from such generalizations as the one just made, not much 
can be learned about the stresses given by Equations [28] to [30], 
and [33] to (35) by mere inspection. It is necessary to be able to 
evaluate the integrals before any practical use can be made of 
these equations 


EVALUATION OF INTEGRALS FoR ® Less Tuan Unity 


The numerator of the integrand in any of the integrals in Equa- 


tions [28) to [30], and [33] 
laurin series in powers of z 


can be expressed as a Mac- 
Thus the integral can be replaced by 
a series of integrals of the type 


ax 


2"dz 


where n = 2, 4, 
sinh?*z 


X27" 


6, 
0 


each multiplied by a polynomial involving products of powers of 
® and either A or B. By the partial-fractions method it can be 
shown that 


z**! dz 
’ [26] 
X#z? ; ‘ 136) 


inh® z 
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where 


z* dz 


sinh z + } 


z* dz 


sinh z 


H, = 
*  2(k) X: 


and the values of k which need to be considered are 
k = 1, 3, 5, 7, 


It should be pointed out that the integrals H, are not ordinary in- 
tegrals because the denominator of the integrand in Equation 
[38] passes through zero at a value of z = 2 such that 


H, should not be 


the following nota- 


According to mathematical convention (9), 
written as an ordinary integral and, instead, 
tion should be used 


z2* dz 
2Ak)H, = P = 
B sinh z Xz 


[ ea—h z* dz | 
- : [40] 
4 sinh z — Xz J Xz 


where the symbol / is used to indicate the special nature of the 


z* dz 


sinh z 


= lim 
Ao 


+h 


integral and is read as “the principal value of the integral.” This 
symbol P will be omitted hereafter in this paper since the letter P 
has already been used to represent force per inch of length along 
an element of the cylindrical surface of a curved bar and it hardly 
seems necessary to repeatedly call attention to the special nature 
of the definite integrals H,. 

The integrals ], were treated in reference (1). Table 1 of refer- 
ence (1) gives values of the coefficients a,, b,, and so on, for the 
Taylor's series expansion 


1X) = a, b{X 1) + ¢/(X 1)? df{X 
= {41} 


Table 1 of the present paper gives values of the coefficients a,, 
B,, Y», and so on, for the Taylor's series expansion 


HX) = a, + BAX 1)? + 6,(X 1)? 


1) + y(X 
Riiv« [42] 
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COEFFICIENTS IN TAYLOR SERIES FOR Ha(X 


be 
3265659036 
932437506 


ee 
240845284 0 
708242900 0). 543583773 
4867 0. 400187474 
114 4). LOV389888 
00” 0. 012520344 


” 
138263028 
420642023 
324610876 
097685997 
013375580 


000894736 
4) 000024232 
0 000000161 
0 000000001 


ge 
181212220 


003558326 0 


0 000585575 
000002264 0 000006083 
000000067 © 000000049 

0 000000003 0 000000001 

0 000000000 0 000000000 


000082834 000173383 0 
000004159 
000000264 
0000000 19 


00000000 1 
000000000 








534 JOURNAL OF 
The details of the derivation of the values of a,, 6, 
10 

The application of Table 1, together with Table 1 of reference 


45 


, and so on 


ire given in reference 


1), toward obtaining the stresses in a curved beam for values of 
® less than unity 
The method presented in the foregoing is comparable to the 


will be demonstrated in a later section 


procedure used by Howland (6, 7) in the treatment of straight- 


beam problems, while the method discussed in the next section is 


an extension of the method used by von Karman (2) and See- For the problet 
wald (3) for straight-beam problems. The latter method was dis- 


cussed in detail in 1904 by Dougall (11) in connection with similar TABI 2 VALU! 
integrals arising in flat-plate problems, but Dougal! did not give BOUNDA 


numerical results 


in\ 


? For a 
EVALUATION OF INTEGRALS FOR LARGER VALUEs oF ® ane 

00 
\ satisfactory method of integration for ® greater than unity, o 
and even for values of ® somewhat less than unity, is the method 0 000 


contour integration based on the residue theorem of complex 
12 


s which occur in | 


variable theory The method can be applied to any of the 
28 30 


‘he application of the contour-integral method to the evaluation 


integral juations to and [33] to [35] 


egrais 


a 


is presented in reference (15 
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NUMERICAL EXAMPLES 


In order to show some numerical results of the procedures de- 


scribed in the foregoing, further consideration will be given to the 


Oya, 


for the curved bar loaded as in Fig. 2 
} the 


tine 
rom the formula 


circumferential stress 09, 


boundary 
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of Fig 
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to the following 
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ng Equations 38 
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on the inner boundary 
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TABLE 3 V )F CIRCUMFERENTIAL STRESS AT INNER 


ALUES ( 
BOUNDARY FOR LOADING SHOWN IN FIG 


ora = 10 r 0.7 
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60 
UMFERENTIAL Stress og, aT INNER BouNDARY FOR 
LOADING SHOWN IN Fig. 2(b 
It should be noted that the error which results from using Equa- 
tion [47] to calculate a, at ® = K, is numerically the same as the 
error which results from taking og = Oat ® = —K 
The curves in Figs. 5 and 6 have been carried to comparatively 
large values of ® to help the reader in interpreting ® in terms of 
an angle @ measured in degrees or radians. For example, the 
point at which the cu: f = (0.7 crosses the horizontal axis 
(at @ = 8.808) in Fig. 5 corresponds to an angle @ = 180 deg 
for a = 0.7. Similarly, ® = 14.079 corresponds to an angle 
@ = 180 deg for a = 0.8, and ® = 29.818 corresponds to an 
angle @ = 180 deg fora = 0.9 
where 
A Practicat APPLICATION 


Fig. 7 shows a portion of a circular ring subjected to a loading 


condition approaching one which may actually occur in certain 





machine parts. The solutions developed in this paper make it 


possible to find the stresses at any point in the curved bar of Fig Equation [48] was obtained from Equations [29] and [34] by 


7. If the loads are concentrated as shown in the figure, ther using the principle of superposition. Equation [48] may be 
will be infinite stresses at each of the three points where the con- — written in the form 
centrated radial loads are applied. However, if the loads are dis- 

tributed over irea, as always would be the case in prac- 

tice, one may still use the formulas derived in this paper in order 

to cak ul te with good approximation the stress at point A in 

Fig. 7. Furthermore, there will be some cases, depending on the Values of Ay are given le 4 for v ( ng from 
material, where failure of a machine part loaded as in Fig. 7, 0 to 3.0 in increments of 0.2 and for values of ae 0.9, 
will be governed by the maximum tensile stress which occurs at 1.0 


T ] » »} ] atr . 
point A. The value of this maximum tensile stress is Additional results for tl llustrated 
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ABLE 4 VALUES OF Ka FOR EQUATION [50] 

Value of Ka in Equation [50] 

For a = 0.8 
1023¢ 
2058 
5027 


a=1.0 Fora = 0.9 Fora = 0.7 

o786* 1.0332¢ 

00v9 1.1298 

3309 1. 4060 

7279 8267 
2193 3487 
7680 >. 9333 
3469 5528 
9304 1901 
5379 8378 
1379 >. 4918 
7382 6.1514 

6.3384 6.8170 

6.9385 7.489 11 

7. 5386 & 1684 

8. 1386 8.8558 


8.7386 of) 


13.: 
15.51 
18.3079 


10.6059 
5521 11 6659 


At a point immediately adjoining A. The value of the stress exactly at 
rf 0, is minus infinity 


fo 


given in reference (14) which includes a partial photoelastic 


check of the calculated results 


CONCLUSIONS 


The Fourier integral method can be applic d to the plane -stress 


problem of a curved bar loaded by any combination of radial 


loads on the inner and outer circular boundaries. Numerical 
results for the stresses can be obtained by using procedures de- 
scribed in this paper and in an earlier paper (1) by one of the 
wuthors 

By superposition of the solutions presented in this paper, re- 
sults for various practical problems, such as the one illustrated 
in Fig. 7, can be obtained. In particular, the procedure used in 
this paper can be applied to problems involv ing distributed radial 
loads on the circular boundaries of a curved bar. 

All of the integrals encountered in the present paper can now 
be evaluated by procedures shown in this paper and in references 
1, 10, 18 


mvestigators in treating str tight-beam pre blems but considera- 


These procedures are based on those used by other 


ble original work was required for the evaluation of the integrals 


occurring in this paper. In any case, sinee the mathematical 


difficulties of the Fourier inte gral method have been overcome for 
the problem of a curved bar, it may be concluded that the solu- 
tion of other elasticity problems by the Fourier integral method 
‘onfidence than would have been 


may be attempted with more 


warranted before the present investigation 
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Gravitational Stresses on Deep Tunnels 


By YI-YUAN YU,’ ST. LOUIS, MO. 


Gravitational stresses around a horizontal tunnel open- 
ing are determined by means of Muschelisvili’s complex 
variable method for solving two-dimensional elasticity 
problems. The tunnel is located at a large but finite depth 
underneath the horizontal ground surface. It has the 
shape of a general ovaloid, including the rounded-cornered 
square, the ellipse, and the circle as its special cases. The 
surrounding material is assumed to be elastic, isotropic, 
and homogeneous. Two problems are solved. In one 
problem an unlined tunnel is considered, which has a 
boundary free from external stresses. In the other the 
tunnel has a rigid lining, and a perfect bond is assumed to 
exist between the lining and the surrounding material so 
that the displacements at the boundary are zero. 


INTRODUCTION 


Us¢ SHELIS\ ILT'S complex variable method of solving 
| two-dimensional elasticity problems consists in deter- 
mining for each state of stress two analytical functions 
from which stress and displacement components may readily be 


determined (1).2. The method also can be extended for solving 


gravitational stress problems. This will be shown in the paper, 
and two problems relating to a horizontal tunnel of the shape of a 
general ovaloid at a large finite depth underneath the horizontal 
ground surface will be solved by means of the method thus ex- 
tended 


Metuop 


When gravity acts along the negative y- 
direction, it effects, on any body located in its field, a body force 


Stress Function 


the components of which are 
X,=0, Y, u 
u being the specific weight of the material of the bod These 


components can be written as 


ov: ov 
Y, = ? 
or oy 


in which the potential function for the body force 


Vilry 


= wy 


is obviously harmoni If the stress function U’ is now defined by 


ot . ol ov 


= ' > . - Vi, 1 {1] 
or* ov" oroy 


in which 7,,, T,,, and T,, are the normal and shearing stress com- 

' Assistant Professor, Department of Applied Mechanics, Wash- 
ington University Jun. ASME 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at the West 
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Coast Conference of the 


Applied Me- 
1952, of Tue 


Discussion 


ponents in rectangular co-ordinates, it easily can be shown that 
the compatibility equation reduces finally to the same bihar- 
the case involving no body forces 2 


monic equation as in 


Thus, as shown by Muscheliavili, the stress function U can be ex- 
pressed in terms of two analytic functions ¢(2) and ¥ of the 


complex variable z = z + iy as follows 


2U = é oz (2) ye(2 : [2] 


in which the bars indicate the conjugates of the complex quanti- 


ties and 
¥Az) = SWle 
The 


Boundary Conditions. boundary conditions 


dr 
ds 


dy dr 
. 


*Y ds * ds 


in which 7, and 7, are the surface foree components and ds is an 
element of length along the boundary, will be seen to lead to some 
result different from what is obtained for the case having no body 
force. When stress components are substituted from Equations 


[1] into these conditions, we have 
dy i (2 ) 
ds as Ov 
dr d & ) 
ds = ds \ or 
We multiply the second equation by i and add up the two equa- 


The result is further multiplied through by i ds and in- 
making use of Equation [2], we obtain 


=i f(r, +it,)ds—S Vi(z)de. [4] 


is now in its complex form 


tions 


tegrated. Finally, 


in whéch the function V 


Comparing this with the boundary condition for the case of 
zero body forces we see that the body force may be conside red as 
As was observed by Biot (3), the 
equivalent surface force is a normal hydrostatic pressure equal to 
[3] that its 


equivalent to a surface force 


V;. It also may be seen by observing Equation 


components are 


_ dy dr 
J 1 and J r 
ds ds 


Stresses and Displacements. Stress and displacement com- 


ponents ean be derived in terms of the analytic functions in a 


similar manner following Muscheli§vili (4). Only the final re- 


sults will be presented here. The stress components are given by 


' ey) 
+ o (2)} 1a) 
91t0 16 
7 = sit Hi 


The z and y-components of the displacement u and v, are given 


by 
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on C 


in which 


- . ‘ ; wo as 7 4 - 
and A and uw are Lamé’s constants. The function ;(z) is con- ‘ a8 ¢'(é +) = Qu(g, + ige) (on ¥ 16 
w 


structed from V;(z,y) = wy and its conjugate harmonic func- 


fi yo = — act . . P 
tion Wi(z, y wz according to in which 2u(g: + igs) is now also a function of ¢. 


1 Thus, except with different definitions for the functions f; + 
j (Vi + «Wi )de ife and 2y(g: + tg:), the boundary Equations [14] and [16] as- 
sume the same forms as the ones for zero body forces. 


whic h yields 
TUNNEL PROBLEMS 


We shall be concerned with a horizontal tunnel of the shape of 
a general ovaloid located at a large but finite depth underneath 


the horizontal ground surface as shown in Fig. 1. The tunnel 


Conformal Vapping. Let the function 


[9] Y 





map the boundary C of a given region in the z-plane into the unit 


circle y in the {-plane. As a result of this, curvilinear co- 


ordinates (p, 8) are introduced into the z-plane which are the maps 
of the polar co-ordinates in the {-plane as given by [ = pe". 


The stress components Typ, Ta, and T,9 with reference to the 
derived from 


curvilinear co-ordinates thus obtained may be 


Equations [6]; thus 
= 2(6(¢) + &(F)] + 2V(0) 10] 


+ w'(F)W(F)] (11) 


may either be unlined, or it may have a rigid lining. In the 
former problem we consider the tunnel opening to be free from 
uny surface loading. In the latter problem we assume a perfect 
bond between the tunnel lining and its surrounding material so 
that the displacement at the boundar may be considered to be 
zero. Stresses due to gravity in the neighborhood of the tunnel 


Since these are plane-strain prob- 
be used. The co-ordinate axes 
the 


opening will be determined 
lems, the foregoing method may 
is shown in Fig. 1 with the origin 


lepth of the tunnel underneath the 


tunnel Th it 


sre choset st the center of 
upper Suriace 
is denoted by which is measured from the center 
a : The materi ounding the tunnel o 
Boundary Equations of Two Fundamental Problems In 4 . 
>» ti OF nad omogeneous, an 


first fundamental boundary-value problem of elasticity, 
t the boundary C of the body. If we define 


f(r it, )ds — JV ide 


the boundary equation is 


stresses 
he tunnel is obtained 


ire prescribed a 


to I quation } 


on ¢ 


g function |), v ii ! o-pia 
torn n? ‘ : ire with re 1 corners 
eliipae may 
vanish, the unit circle is simy 
transformed and is now a function sags . 


ly, the value of [ on the boundary ¥ 


n which f; + if; has also beer 
fo =e, namely, t 


In the second fundamental boundary-value problem the dis- 
placements are prescribed at the boundary We define 
Zula 4 Qual u 2(k l)y 
7 


and obtain the boundary equation from Equation 
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when the boundary is described from any point A on the bound- 
ary back to A in the positive or clockwise sense (1 This ex- 
pression may be applied to the tunnel opening when the depth d 
is large compared with its size. Since the body force has con- 
tributed to f; + if: an amount given by the expression in 
Equation [21], its equivalent surface load at the tunnel opening 


has a resultant given by 


We have also the integral 


which, according to 


function f; + ifs whic 


X+iY = 
= iwrK? ; } 24 


where rA%1 ” 3n?) can easily be shown to be the area of 


forces on 


the ovaloid-shaped opening. Since the actual surface 
the boundary are zero for the tunnel with no lining and are in 
equilibrium? for the tunnel with a rigid lining, the foregoing con- 
stitutes the only unbalanced force to be used in Equations [22 

. When the depth d is large, functions ¢°(¢) and ¥°(¢) may be 


considered to be analytic in the entire region exterior to the 


Forms of Analytic | on "he ft ‘ » opening and therefore have the forms 


which determine 


the forms 


whic! 


where @ and # are real constants 


By virtue of Equations [23] an 


tions [22! become 
re the same a ose for an intinite region exterior to some 


closed boundary and subje 1 toc tant stresses at infinity (1 


¢ 


In each expression the first term will be determined by the condi- ") = +. 1AC 


tion 


mire 


Av 


ing at the upper ground f is a hydrostatic pressure equal 


The negative sign in the second expression is due to the fact that 


a 


last term represents the analytic part of the tunctior 


t the upper ground su the second term will be deter- 


by the unbalanced f« it the tunnel opening, and the 


ording to our former discussion the equivalent surface load- 6) 


in which only ¢°(¢) and ¥°(¢) remain to be determined 

i Determination of o°(¢) and ¥°(¢ The boundary equation for 

u 

the unlined tunnel in the first problem has the form given in 

Equation [14]. Since surface forces 7, and 7, are zero, the fune- 
f 


tion fi + if, defined in Equation [13] consists of only the integral 


as evaluated in Equation [21 Function w(@) is given by Equa- 


») 
tion [18], and gf) and Yo) can be obtained from Equations 


[26 Substituting these into Equation [14] yields 


ds is positive when the boundary is de scribed with the body kept wdk iwk*1 


to the left and therefore has a sign opposite to that of dr The 


loading is thus seen to be a constant hydrostatic pressure over 


the entire upper boundar " principal stresses due to this 


loading are 


By means of n ib . l 


where @ is the angle between the z-axis and the direction of o; 


With surface load acting on the inner boundary of an infinite 


Terms including log ¢ are observed to cancel each other 
plying the equation through by 
. ! 


region, its resultant force (X, }) is given by 


where 


X 


3 The effect due to the weight of the lining will not be considered 
the bracket denotes the increase in the value J ; here but may be computed separately (6 








| 
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and integrating around ‘y, we obtain an integral equation, in 
which the integrals can be evaluated by means of several theo- 
rems developed by Muschelidvili (1). The result gives 
wdK n wdK m(1 + n) 
9 


° 


¢°(¢) 


n” 
c 
3mn < 4mn 
4 
. or rv 
>» 2¢? 4¢ ‘ 


Constants a, and 8; may be determined by comparing the co- 
197) 


efficients of 1/¢ on both sides of Equation [27]; thus 


a, = 


wdK m(1 + n) 
2 l n 


Therefore 


udK m(1 iwk? ( l m? 
¢(¢) = ; n 
l 
te 
l 


3mn 


2 k+l 
wdK 


» 


iwk? 4mn 3n iwk? n?* 


> . an 
2 ¢* 2 2g 


28] 


Formulating the conjugate of Equation [27], multiplying the 


result through by 
I la 
2mi 0 
and integrating around y, we obtain an expression for °(¢ 


which also includes some unknown constant terms. The sum of 


these constant terms can be shown to be zero by multiplying the 


conjugate of Equation [27] through by 


2w 


On? + 2Zimn 


j5mn + 15 n? 


and integrating around Y We thus have 


wdk 


ne 
9 


wdK m(1 + 
2 I 


iwk? 


Determination of ¢°({) and ¥°(¢) for the second problem, ir 
which the tunnel has a rigid lining, is entirely similar. Since we 


m )cos 20 On « 


DECEMBER, 1952 


have assumed zero displacements at the boundary, Equation 
15] reduces to 

2ul(a + ige 2(« lyfz) = 2K a) 
where y(@) is given by Equation [20 Substituting this together 
with g(a), (oc), and wa) into the boundary Equation [16], we 
may proceed to solve for the unknown functions ¢°({) and 
¥°(¢), which turn out to be 


wdK m1 
2 
wiK n 
2 «ft? 
wdk ' ! 
ne 
2 
wiK «km(l + wdk « wh? x 
; s = 4 
wdk mwA%1 


{[29) 

Boundary Stresses at Tunnel Opening. Since the boundary of 
the unlined tunnel in the first problem is free from external 
forces, the only nonvanishing stress component there is the 
normal stress in a direction tangent to the boundary, namely 


Tg. This is given by Equation [10 


Te), = 2[P(0 
Ww he re 


Substituting into this expression the functions go), ¢ 


wo), and V(e) according to Equations [26], [28], [18], and [19], 


Tee )pny = 2wKI[(1 


the expression reduces to 


Ax 
Pu d 4 > sin 6 


which is the same as was obtained by Mindlin (7) for a circular 
tunnel when the depth d is large. 

None of the stress components at the boundary vanishes in the 
second problem in which the tunnel has a rigid lining, and they 
can be computed by means of both of Equations (10) and [11 
Functions ¢°(¢) and Y [) as obtained in Equations [29] should 
now be used. The mathematical manipulation is rather tedious 
for the general case of an ovaloid. The results for the case of a 


ircular tunnel only are given here as follows 
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2wKx law to the boundary. It is also interesting to note the similarity 
(Toe + T = —2ud + 74% sin 0 between the two expressions of (79@),-) in Equations [31] and 
32) 


Tee T + ZiT p96 wd(1 F . 
- NUMERICAL EXAMPLES 


wk? wKk« 


i cos 8 — isin 0)—i 5 (cos 6 + isin @) In the following numerical examples the depth d is taken to 


c+! be 5K. Poisson’s ratio vy of the surrounding material is taken 
from which to be 0.15 (for instance, that of concrete), and thus we have «x = 
3 iy = 2.40 

The examples show only cases of the first problem of an un- 

\T00) p= lined tunnel having different shapes. The expression for the 

boundary stress (79), - 1 in each case is obtained from Equation 

{30} by a substitution of the proper numerical values of the con- 

stants. Figs. 2 to 5 show the results for the boundary stress 
plotted normal to the boundary in units of wk. 

(Tp )pmi = Example 1 (Fig. 2)—Circle (m = 0,n = 0 
It is noted that Toe)per= WK (1.413 sin 6 10 


Example 2 (Fig. 3)-—Ellipse (m = 0.2,n = 0 


v 
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(Toe), = wK ( 600 sin @ 


4.800 + 0.372 sin 6 — 0.160 sin *) 
0.520 — 0.200 cos 26 


Example 3 (Fig. 4 tounded-cornered square (7 
06 )pe, = wK (2 sin 8 + 0.200 sin 36 


4.550 + 0.418 sin 6 — 0.220 sin 36 + 0.300 sin 58 + 0.030 sin ) 


0.545 + 0.300 cos 46 


Example 4 (Fig. 5)—Ovaloid (» 3,n = 0.05 


= wk (2.000 sin 6 + 0.100 sin 30 


0.572 cos 26 8.962 0.538 sin 6 0.602 ; 0.420 sin 58 
113 + 0.690 cos 26 


It can be seen that as the depth d increases, the stress distribu- 
tion around the upper and lower halves of the tunnel tends to be- 
come symmetrical, 
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On a General Method of Solving Second- 
Order Ordinary Differential Equations 
by Phase-Plane Displacements 


By L. S. JACOBSEN,' STANFORD, CALIF. 


The phase-plane-delta method of solving second-order 
differential equations has been illustrated by numerous 
examples involving graphical constructions. Test cases 
show good accuracy for practicable size of steps, but, in 
general, the degree of approximation can be inferred em- 
pirically only. The delta method is extremely simple to 
apply, even to complicated equations. A subprofessional 
assistant can be instructed quickly in how to use the 
method, and ordinarily will develop enough speed to be- 
come useful in a short time. 


INTRODUCTION 


HE ot ject of 


method of solving second-order differential equations by 


this study is to present a simple, graphical 
phase-plane constructions. Three excellent textbooks on 
wared recently in English by Minor- 
,2 Andronow and Chaikin (2), and Steker (3). They deal 
to some extent with the graphical method of solution by 
they do 


that will be presented here 


nonlinear problems have apy 
sky (1 
iso- 
but a straightforward general method 


clines, not give 


method cannot be 


which 


amoén (4 


the 


the author 
he 


Originality claimed by 


since the 
in the 


ever, that 


germs trom it has been grown may found 


writings of I and Fuchs (5). 


the 


method as an efficient working tool have not been fully realized 


It appears, how- 
generalization and conscious formulation of the 
before 


The 
method 


will be referred the 


or simply the é-method. The phase plane will consist of 


es (¢ zr ) The geometry 
p 


ribed by 


method to as 


phase-plane-delta” 


the usual co-ordinat of the phase 


trajectories will be des« 1 series of circular arcs having 


their centers lo d on the z-axis only. This arbitrary restric- 


tion of locating the ares on the displaceme nt axis at 
6 gives the method 
Since there lrafting gadget by 


means of which a 
continuous ition in radius as well 


location O Car 


Vark is In center 


ished, we are forced to use an ordinary 


compass an to make the graphical process 


a ste p- 
diminish and their 


by 


wise one = the individual steps in size 


mber results obtained the method theoreti- 


il Engineering Depart: 
Mem. ASMI 
» the Bibliography at the 


fer t end of 
Mechanics Division 

rk, N. Y., Nove 

MEcHANICAI 
hould be addressed to 

t, New York, N. Y., and will 
' } 


cation at a later d 


and 
s0 


presented 
ber December 5 
EN 
j 


rY OF INEERS 


the Secretary 
| be accepted 


ate. Discussion 
> returned 
ivanced in papers are to be 


ns of their authors and not those 
ed by ASME Applied Mechanics 
No. 52—A-1 


dA: 


cally will approach those of an exact solution, but the possibility 
for purely graphical errors of the “personal-equation” type will 
There- 


fore a compromise must be made, leading to the philosophically 


usually increase when the number of steps becomes large. 


unsatisfying, but practically tenable, situation that the degree 
of approximation can be known only empirically. 
DEVELOPMENT OF SOLUTION 

Physically, the differential equation describing the force equilib- 
rium may be given by various terms relating to inertia, dissipa- 
Let 
herently or by a suitable division it is possible to reduce the 
Then 


tion, restoration, and driving us assume that either in- 
equation to a form where the coefficient for 2 is constant 
we have 

+ Giz, 7,t) = 0 


1] 


The method of solution is based on the assumption that it will 
always be found possible to separate out from the G-term or to 
add to it a positive linear component in z which, if added, will be 
of a fictitious nature. An alternative development, not depend- 
ent on the existence or artificial creation of a positive linear com- 
ponent has been worked out by Prof. K. Klotter and may be 
the 


Placing G(x, 2, t 


found it Appendix 


+ kz in Equation [1], dividing 


through by m, and i n p*, we obtain 


6) = 0 


in which the 


displ i 


The geometrical significance of Equation [2] in a phase-plar 
representation will be made clear by introducing the 


phase 


plane co-ordinates 


From the identities 


exist 


giving the geometrical relation 


In the 


vertical so a 


taken 


to facilitate subsequent projection of the displace- 


present stud 


the displacement axis x will be 


> 
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Fic. 1 


ment on a horizontal time axis. Fig. 1(a) shows that the slope of 
the line Q-P will be (z + 6)/v; consequently the equation of the 
normal to the line Q-P will be identical with Equation [4]. There- 
fore the phase trajectory will pass through P, and it will be nor- 
mal to the direction Q-P. 
that 6 be held constant for the step, an integration of Equation [4] 
gives the equation of a circle with its center at Q. 

The time element, of course, is implied by the phase trajec- 
An explicit expression for time can be obtained from the 


Moreover, since a step method requires 


tory. 
relation # = pv, namely 


This expression will be integrated by considering the differential 
geometry of the phase trajectory as shown in Fig. 1(b). Let 
p = Q-P, the average radius of curvature of the trajectory for the 


step, then 


o. V/ dz? + dv? 


p Vv? + (x + 6)? \ , ( 


Introducing this « xpression into Equation [5], we get 


This expression can be integrated for the duration of the step, 


and gives 
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It is therefore seen that positive time is proportional to the 
counterclockwise angular variation in the normal to the phase 
trajectory. If z had been taken horizontal and v = z/p vertical, 
positive time would correspond to clockwise angular variations 
in the normal to the phase trajectory. 

It is interesting to note that the Liénard method is a special 
case of the more general “delta” method. In Liénard’s analysis 6 
is a function of z only, and therefore not as general as given by 
Equation [3]. 

The graphical solution of Equation {2} therefore can be ef- 
fected by the stepwise construction shown in Fig. 1(b) if the 
operative displacement 6, Equation [3], is known. The follow- 


ing examples will illustrate the method, 
AvuTonomovs Systems 


Free Vibration of an Ideal Linear System With Positive Restora- 
Mon. 
obviously the preferred one for such a simple case 
ing-force diagram is a straight line with positive slope k. The 
phase trajectory is a circle of radius R, about the origin on which 


Fig. 2(a) shows the conventional method when 6 = O and 
The restor- 


the phase point will move with the angular velocity of VV k/m = p 
radians per sec, 

Fig. 2(6) illustrates the 6-method, 
number of arbitrary parameters capable of solving the problem. 


utilizing one of the infinite 
The parameter introduced is represented by a fictitious linear 


restoring force diagram of an “arbitrary” slope k,. The differ- 


ential equation then becomes 


mé + kr 


= 0 with 6 = ( 
ky 


The foregoing equation employs the arbitrary and physically 


:). 


fictitious, angular frequency of p; = VV k,/m radians per sec. 
Vethod of Construction 
lem is begun by first assuming an arbitrary value for |k/k;|, 


3/2, and plotting 6 = 2/2 against the z-axis of the phase plane 


A graphic al solution of a specific prob- 


say, 


The construction of a phase curve is then commenced by as- 
suming suitable specific starting conditions. Let the start occur at 
withz = R,. The initial value of 6 is then R,/2 which means 
that the center of the initial circular arc be located that 


distance Therefore the displacement R 


must 
below the 7/p,; axis. 
Assuming that for a finite step it decreases from 
use 6; = 0.45 R 


will decrease. 
R, to 0.8 R, with an average value of 0.9 R,, we 











JACOBSEN 


for the center location of the circular are describing the phase 
trajectory from R, to 0.8 R,. It should be remembered that 6, 
must be laid off in the positive 6-direction, i.e., in the negative z- 
direction. The angle 6, divided by p,; will then give the time it 
takes the system to move from z = R, tor = O8R,. For the 
second step we assume that z changes from 0.8 R, to 0.6 R, 
with an average value of 6: = 0.35 R,, and so on. 

The closed phase trajectory, made up of 5 circular ares for each 
quadrant, will describe the approximate motion of the system. 
Fig. 2(a) illustrates that for a simple system the 6-method is far 
more involved than the conventional representation, but it also 
shows that great flexibility in representation may be obtained by 
using fictitious restoring force diagrams with arbitrary slopes /; 

Free Vibration of an Ideal Linear System With Negative Restora- 


i 
tion. Fig. 3 gives the conventional ( 4 r) phase-plane repre- 
p 


sentation for such a simple system. The restoring force diagram 


is a straight line with negative slope k. The complete phase tra- 
jectory consists of four equilateral hyperbolas with vertexes on 
the co-ordinate axes and with asymptotes along the 45-deg axes 
The actual plotting of the hyperbolas can be aecomplished either 
by calculating points or by purely graphical means. Notice that 
for any specific start the phase trajectory is located within one 
of the four quadrants separated by the asymptotes. The origin 


is in this case a “saddle” point 


Stort \ 
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Fig. 4 illustrates the 6-method of treating the negative restora- 


tion problem by introducing an arbitrary, fictitious, positive 


restoring force diagram of slope f The differential equation is 


then 


1 in a specific case, we get 6 = 2r. Plotting 


Letting k/k, = 
the é-values against the z-axis, and taking starting condition 
we notice that as z increases from R, to 1.1 R, the average 6- 


value will be —2(1.05 R We therefore locate the center of the 
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at the distance 2.1 R, along the positive z-axis and 
» of radius 2.1 R R 


Similar reasoning enables us to draw another circular are 


circular arc 
swing the ar between the z-limits of R, and 
LIR 
between the z-limits of 1.1 R, and 1.2 R,, 


circular 


A phase tra- 


and so on 
arcs and approximating an equi- 
The time 
located on the trajectory by measuring the angles subtended by 
= WV k./m, 


point na- 


jectory made up of 


lateral hyperbola will be the result marks can be 


the component circular ares and dividing them by p 
The 


ture of the diagram and the implied instability of the system are 


Five specific starts have been shown saddle 

clear 
Free 

Gx, Z,t 


! 
01M 


Ideal Nor Systen Assume that 


is given by the str sight line and the se 


Vibration of an inear 


ond-degree para- 


rar 


If we use th " w vibrating system “stiffens” indefi- 


If we use minus sign the system “softens’’ toward 


at Tere = thk/a It has 


nitely 
zero restoration negative restoration 
for values of z larger than z 

Fig. 5(a) illustrates the nonlinear system with stiffening spring 
The construction of the é-curve from the restoring-force curve is 
clearly indicated by the distances labeled D. It is obvious thaf 
whatever be the start, a closed trajectory oblong on the z/p axij 
The free vibrational period of the system will de} 
pend on the st different 
family of trajectories and can be found for a specific member by 


adding the A@-values for one quadrant of the curve and dividing 


will result 


it will be for each member of the 


their sum by p/4. This system is stable for any start 


Fig. 5(b) shows the nonlinear system with a “softening” spring 
Again the transfer of the restoring-force curve into a delta curve 
is simple. It will be seen that a vortex point occurs at the origin 
and that any start of the system lying within the phase-plane 
area bounded by the closed part ol the critical curves passing 
through z = + k/a will have closed trajectories and therefore will 
be stable. These curves will be oblong on the z-axis Any start 
falling outside the critical curve, the separatrix, will result in the 
system being unstable 

Free Vibration of an Ideal Pendulum With Large 
Since the restoring moment is sinusoidal G(z, z, ¢) will be mgl 


We will take the initial slope mg/ to be the arbitrary refer- 


Amplitude 


sin zt 
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ence slope by which we calculate the fictitious, in this case basic, 
frequency p, = g/l. The delta curve is then related to the 
difference between the reference line of slope mgl and the sinu- 
soidal curve mgl sin z. 

Fig. 6 shows the construction for a pendulum swinging be- 
tween +3 radians = +172 deg. Since the accuracy of the 
graphical method can be tested in this case, one quadrant of 
the phase trajectory has been constructed by the circular arcs re- 
lated to 30 equal steps in z, i.e., Ar = 0.1 radians. The addition 
of the 30 unequal angles A@-gives 219.4 deg. Consequently, 


ahs 


x0 g 
5 p, or 0.410 s | ! 


219 


By tables of “elliptic integrals” of the first kind we find that the 
exact value of p should be 0.3875 V g/l. Our result is therefore 
5.7 per cent too high, an appreciable error. To reduce this dis- 
crepancy somewhat, let us reconstruct the first two steps in- 
volving the angles of 55.5 deg and 22.7 deg. It is obvious that a 
relatively long time must be spent by the system in getting 
started and that inaccuracies will occur by taking angles as large 
as 55.5 deg and 22.7 deg 

A second, fivefold enlarged, diagram of the cross-sectioned 
region appears on the left of Fig. 6. It will be seen that the first 
new angle obtained by using five additional subdivisions adds up 
to 66.3 deg, and the second new angle becomes 23.3 deg. The 
sum of the angles due to a reconsideration of the first two steps 
will be 230.8 deg and give a corrected value of p equal to 0.390 
V g/l. This is only 0.6 per cent higher than the exact value 

If the initial amplitude had been very nearly @ radians, the 
graphical method would of course break down since the starting 
motion would have been extremely slow. It can be concluded 
that in the immediate neighborhood of a saddle point the ac- 
curacy obtainable by any step-by*step method is poor 

Free Vibration of an Ideal System With Multilinear Restoration 
When the restoring-force diagram can be represented by straight 
lines within definite regions, the phase-plane methods employe d 
by Lamoén (4), Bruce (8) and others consist in drawing the phase 
trajectory In a multiphase plane where the co-ordinates (2/p,, z 
re used for the 7th linear region in which P; = V k/m. The step- 
vise Jumps in the 2/p, co-ordinate therefore require correspond- 
ing jumps in the geometry of the phase trajectory in order that 
velocity continuity may be preserved. For positive restoration, 


3 radians «x, 
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the trajectories are then circular arcs with their centers located 


on the z-axis, the actual locations of the centers being deter- 


mined from the restoring-force diagram. If the slopes of some 
of the straight lines in the restoring-force diagram are negative, 
the phase trajectories for those regions will be segments of hyper- 
bolas, while regions with zero slopes of restoring forces will be 
parabolas. 

The 6-method lends itself especially well to multilinear restora- 
tion problems by being capable of using the same graphical con- 
struction regardless of plus, minus, or zero slopes of the restoring- 
force diagram. As an example, a bilinear, stiffening elastic sys- 


tem is shown in Fig. 7. It is seen that a family of trajectories 
about the origin as a vortex point will describe the motion of the 
system. The smallest one of these is the circle representing the 
motion that can occur wholly within the /, 


The 


The free vibrational periods of the 


maximum harmonic 
region of the restoring-force diagram. isotemporal” line for 
t= 27; is labeled 90 deg. 
system in the various trajectories are proportional to the cyclic 
angles shown for one revolution, namely, 360 deg, 272 deg, 232 
deg, and 212 deg. It is obvious that the limiting period of the 
system for very large motion will be proportional to a cyclic angle 
of 180 deg since k2/k;, is taken equal to 4. 

The bilinear system in Fig. 8 has a linear region A followed by 
This is therefore a 

The isotemporal 


an indefinitely large region of zero slope. 


soft system with an infinite period as a limit 
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< 


line for ¢ = w/2p, is again marked 90 deg, and the cyclic angles 
for one revolution are shown 

Referring to the largest trajectory in Fig. 8, it is seen that the 
at 0 
circular segments from a to bh, on account of F’ 
constitute the 6-approximation of a parabola with vertex at } 


Since the vertex bisects the subtangent d-c, it is possible to obtain 


segment a’-a is circular with its center while the seven 


being constant, 


point 6 by calculation alone. For time-reckoning purposes the 


equivalent circular are of the parabolic segment a-b is given by 


the trigonometric tangent of the angle a-o-b. With the dimen- 
sions A = 0.6 in., o-a = 1.414 in., angle a-o-b becomes 64.9 deg, 
and the ca 
portional to 590 deg instead of the graphically obtained 584 deg 


Free 


ulated period of the largest trajectory becomes pro- 


Vibration of a Sysiem With Viscous Damping and Linear 


In this case the dissipative term will be given by 


restorative term by kz, consequently 


Letting 


we obtain, 
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The 6-curve is therefore a straight line of slope 2v on the z/p axis. 
Remembering that the positive 6-direction coincides with the 
negative z-direction, we construct the diagram for vy = 0.3 shown 
in Fig. 9a). 

\ solution involving 7 unequal steps for the first swing and 5 
unequal steps for the second is given. The calculated values of 
r at the 
determined by the 12-step graphical solution are 1.00, 0.37, and 
0.14, The 
angles A@ corresponding to the first half cycle or to the first seven 
steps is 188 deg; this corresponds to a natural frequency of 


z-axis intercepts are 1.00, 0.373, and 0.139, while those 
indicating a satisfactory agreement. sum of the 


180 


k 
»9 = 0.957 
iss / ' \ n 


which compares favorably with the calculated fre quency of 0.955 
k 


radians per sec 


” 

A time plot of r, rather than a time projection of r, will illus- 
trate the action of the dissipative term, in this case cr Fig. 9(b 
It is seen that the slopes of the 
They reach their 


negative maximums when the velocities are maximums 


shows time plots of r and of r? 
curves are zero at 0 = 0, 188 deg, and 376 deg. 


While the phase-plane-delta method illustrates clearly the 
energy variation in the system as well as the dynamic velocities 
and displacements, the step-by-step nature of the graphical 
solution with its involved time marking cannot be advocated for 
a problem as simple as the one outlined 

Free Vibration of a Linear System With Damping Proportional to 


Square of Velocity. The motion of the system is governed by 


= 0 


This gives 


m Pp P 


Fig. 10 shows the square velocity damping problem for the 
parameter s/n 1/2r,, and with the trajectory originally drawn 


to the scale of x, 5 in. The construction made use of 32 steps 
for the first convolution, 20 steps for the second, and 16 steps for 
the third. The circled points show excellent agreement with the 
Milne tables (9 


of 368 deg is 


The period corresponding to the first cyclic 


angle 4 per cent smaller than the one found by 
Milne’s analysis. 

Free Vibration of a Linear Systen 
With Positive Damping. As 
governed by the equation 


mi cr +8 i+kr=0 


With Well as 


an example consider the system 


Vegative as 


In the equivalent 6-form this becomes 
5) =0 
with 


- I s xr 
Oo = 2y 
p m 


PP 


The curve for the assumed parameters is plotted in Fig. 11, giving 


6 = Oatz/p = +2.5. An initial start with z,/p = O and z,’= 4 
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in. is seen to make the phase trajectory spiral inward about the 
origin for about one convolution; then it forms a closed curve 
The cyclic angle of the closed curve is 372 deg, corresponding to a 
period of 

7 


372 2r 


033 X 2r \ ser 
h 


and x 


360 p 
If we choose a start with z/p = 0, in., the resulting 
phase trajectory will spiral outward about the origin for about 
2 convolutions and join the closed curve already traced by the 
system set into motion by the first start. Any start lying outside 
the closed curve therefore will have a phase trajectory spiraling 
inward, while starts lying inside the closed curve will have trajec- 
tories spiraling outward so that any arbitrary start eventually 
will land the system’s phase trajectory on the closed one. For 
limit cycle 


this reason the closed-phase curve is called a 


trajectory.” The origin is an unstable focal point 
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Free Vibration of a Line System in Which Damping Is spends approximately 101/180 or 56 per cent of its period in the 
Function of Both Phase Co-Ordinales, Such a system may be second and fourth quadrants. A start outside the limit-cycle 
represented by Van der Pol’s equation trajectory of course will make the phase point spiral inward to 

reach the stable closed trajectory. 
mé — b(a* = * Solutions by Means of Auxiliary Backgrounds. An alternative 
way of dealing with problems in which 6 or a part of 6 is a prod- 
vas uct of the phase co-ordinates was employed by Fuchs (5 As 
, sume that the damping is proportional to z(z/p), so that 
Taking the parameters b/(mp 5 in.~?, and a? 2=(4— 
2 in.?, we plot 6, = (*/s)(2/p) along the (#/p) axis, and 


6:/5 = (4 z*)/10 along the z-axis in Fig. 12. The construc- 


tion then proceeds by reading off the average values of 6; and with 
6, for the estimated location of a phase-trajectory segment, 
multiplying the two to give 6, then locating 6 on the z-axis as 
a center, and striking the circular, segmental arc. 

It is seen that a start represented by a phase point near the 
origin, on account of the negative damping for small values of z, If the family of curves z(z/p) = c be plotted for equa! increments 
will make the point spiral out and finally move onto the limit- in c, the resulting contour plot, consisting of equilateral hyper- 
cycle trajectory. The construction center of the phase trajectory bolas, can be used as a “‘background” on which to construct the 
will be located at the origin when z/p = 0, and also when z = phase trajectory on transparent paper. Then the local contour 
+ a; this places the minimum and maximum radii of the limit- value multiplied by a/(mp) gives the operative displacement 6 
cycle trajectory as shown. It should be noted that the cyclic Two such backgrounds, Figs. 13 and 14, have been con- 
angle of the limit cycle, constructed in 28 steps, is 360 deg, mak- structed for the families 


ing the natural frequency equal to V k/m, but that the system 
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By means of identifying either u or v with either z or 2/p it is 
possible to use the two families as backgrounds for the following 


three combinations of phase co-ordinates 


The phase trajectories of the system in which damping is pro- 
portional to |z| #/p have been drawn by means of the background 
given in Fig. 13, and are shown in Fig. 15, Any start, originating 
with z/p lying between * mp/ a in the second and in the fourth 
quadrants, will never have any subsequent value of z/p exceed 
the limit * mp/a. This limiting value will be reached asymp- 
totically for all starts with large initial displacements. 


+x 6-6 








Van der Pol’s equation can be solved readily by using the 


background provided by Fig. 14. In this case we let 


6 = 6 


+ b, 
with 


ba? r 


mp 


This means that 5, is plotted as the straight line in Fig. 16 and 
that 6, is obtained from Fig. 14 by identifying z? with v*. The 
background method furnishes an extremely rapid way of con- 
structing the phase trajectory of Van der Pol’s equation. 


NONAUTONOMOUS SYSTEMS 


When time enters explicitly into the differential equation it is 
sometimes desirable to make a plot of the part of 5 due to the 
This is especially true if an arbitrary 


independent variable ¢. 
Let us now con- 


disturbance of external origin contributes to 6 
sider two well-known differential equations of the nonautonomous 
type. 

Solution of Bessel’s Equation 
tion of Bessel contains the independent variable ¢ explicitly 


1 (» 
I> 
t P 


The general differential equa- 
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value of n, but in our graphi- 


and write 


Changing this equation into the 6-form we ge 


’) 


1.00. This means that 


] ; 


As a start we let t = 0; z/p 


the initial value of 6 will be 


1 Az 
0, = lim 


Aé@ Pp 
From geometry it is seen that 
\ 
p 


Consequently the limit becomes 


ee 1 
0 = —s Aa 


Fig. 17 not only shows the phase trajectory of Bessel’s equation 
I J 1 


up to an angle of 12 radians, using increments of A@ = '/; radian, 
but it also shows angle or time projections of z and z/p in which 
the z-projection is equal to Jo( pt), and the #/p projection is equal 
to Ji(pt). Therefore we have obtained graphically the Oth 
and the first-order Bessel functions of the first kind. 

It is obvious that another start with z/p ~ 0 at ¢ = 0 will 
cause graphical difficulties by making 6, To take care of 
this situation we may assume a particular start by using any one 
set of computed values of the Oth and first-order Bessel func- 
tion of the second kind (Neumann functions). 

Fig. 18 shows the phase trajectory of Bessel’s equation for a 
start leading to the No{pt) and N,(pt) functions by simple angle 
or time projections. It is obvious from the geometry of construc- 
tion that the two trajectories in Figs. 17 and 18 will not be alike; 
resemble each other with a phase 


The circled points 


however, they will begin to 
lag of +/2 as the argument @ = pt increases 
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on the time projections have been obtained from tables of Jo, 
Ji, No, and N;. 
The reason for including the solution of Bessel’s equation 
in the examples is of pedagogical rather than of practical value. 
Solution of Weber's Equation and Its Associate. In the general 


form we have 
1 l 
i+in + + a} z= 0 
2 4 


Letting n = 0, a? = 1, and p* = '/, we get a specific equation 
+ (p? * p*?)z =0 


Which in the 6-form will be 


with 


Colculoted 
Points 
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The lower sign refers to the associate equation. Phase trajec- 
tories for both equations are shown in Fig. 19 for a pure dis- 
placement start and for angular steps of 10 deg. It is seen that 
Weber's equation gives an unstable solution while the associate 
equation represents an oscillatory, damped motion with a period 
that decreases with time. Thus the four first-half cycles are 
proportional to the angles 155 deg, 135 deg, 106 deg, and 93 deg, 
respectively. 

Systems With Distinct Driving Term. 
F(t) is a distinct external force acting directly on the mass, we 


If the driving term 


may write Equation (1] as 
‘ 
mi + G(z, 2,t) = F(t) 6] 


Rearrangement then gives 


from which 


[6d] 


Moreover, if the external driving term X(t) is a distinct 
ground displacement acting through the restoring element on the 
mass of the system, Equation [1] can be written 


mi + k(x X(t) + 6) = 0 [7] 


Denoting the relative displacement z X(t) of the mass with 


respect to the ground by y, we have 


Ll s 
¥+p*ly +64 X(t)} = 0 
p* 


bear = 5 4+ X(t) [7b] 
p* 


[7a] 


from which 


It is seen that the same type of expression for db. results for 
the two cases when the absolute displacements z are used in the 
force case and the relative displacements y are used in the ground- 
motion case 

Bilinear, 


line ar, restorative 


With Driving A bi- 
is shown in the left-hand diagram of 


H ysteretic 
force F 
When the displacement has extended into the second 


System Stepwise 


Fig. 20. 
linear region, a reduction in displacement or a return will not 


Weber 6 
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make the restoring force follow the same curve back. Instead, a 
new bilinear, inverted diagram will govern the force, as indi- 
The bi- 
linear hysteretic system is being driven by a stepwise force pulse 
F of four durations, indicated by a, b, c, and d in the time dia- 
gram on the right of Fig. 20. 

For the shortest duration of pulse a, the system remains in the 


cated by the arrows, and hysteresis will be present 


first linear region. The phase curve for this situation is not 
shown, but the time plot of the ensuing simple harmonic motion 
is labeled a. If the force acts for the durations 6 and c, the corre- 
sponding phase trajectories, their restoring-force traces, and 
their time projections have been indicated by band c. They both 
finally oscillate about the indicated positive displacement; or 
“permanent sets” b’ ande’. If the force continues to act for an 
indefinitely long time the phase trajectory, force trace, and time 
projection marked d will result. 

The construction of the trajectories is made according to Equa- 
tion [6b], the 6-part being obtained from the plots marked 6, 
6,, 6... It should be 


and 6,, and the F/k part from its time plot. 








noticed that the phase-plane-delta method gives a very compact 


solution and that the simplicity of the method is in no way de- 
pendent on the assumed bilinearity of the restoring-force dia- 
gram If a more compli« ated restoring-force diagram had been 
desired, its shape would have affected the 6-plots, but it would not 
difficulties. 
stress-strain curves therefore can be introduced easily 
Attention shouid be called to the fact that the 


have caused additional Experimentally obtained 


into the 
method. initial 
reference slope k of the restoring force curve F’ always should be 
drawn equal to unity in the diagrams 
Another bilinear restorative force F’ diagram is shown on the 
left of Fig. 21. In this case the second region is characterized 
by a negative slope. The physical reason for this may be due to 


instability or to other causes. Seven durations 


ited by 
foree displacement F 


gravitational 


of the rectangular force pulse are indi the numbers 1 to 


7 in the time plot of the k of Fig. 21 


Phase trajectories, restoring-force traces, and time projections 


are shown for the eight durations. The 


first of these keeps the 


system within its first linear region, while durations 2, 3, 4, and 5 
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produce the four permanent sets indicated. Durations 6 and 7 
make the system unstable, and duration 8—indefinitely long 
gives the system a continuous, positive acceleration Notice 
that one 6-curve is sufficient for the construction of all eight dia- 
grams, 

It can be concluded that the phase-plane-delta method is ex- 
tremely useful for problems in which stepwise variation of driving 


term can be postulated. 


CONCLUSIONS AND SUMMARY 
1 The phase-plane-delta method relegates all the terms of an 
ordinary second-order differential equation into the type form 


p? (x +6) = 0 


Consequently the variable displacement 6 is often a complicated 
function. 

2 Numerous examples show that the method is practical and 
that nonlinearity can be dealt with almost as readily as linearity. 

3 Terms involving z, 7, and ¢ can be analytically messy and 
still be simple graphically, as for instance a friction term pro- 
portional to the nth power of the velocity when n is any real 
number. 

$ Any graphically defined term can be introduced without 
first subjecting it to auxiliary analysis. Thus the plastic stress- 
strain relations of materials with their effects on the restorative 
properties of a system can be taken into account without any 
complication if they are experimentally known. 

5 Accuracy of the graphical method depends on a judicious 
choice of size of steps. Test cases involving elliptic integrals, 
Bessel and Neumann functions, show good accuracy for practicable 
size of ste ps. In a general case the degree of approximation can 
be inferred empirically only. 

6 Solutions involving long durations, as for instance in the 
Mathieu types of equations, will suffer in accuracy by the many 
steps necessary Consequently the method is not recommended 
for long-duration phenomena. 

7 Time projection of the phase trajectory in either the dis- 
placement or in the velocity direction is especially simple since 
the trajectory is continuous. Slope discontinuities in the tra- 
jectory will cause slope discontinuities in the velocity plot only. 

8 The delta method is extremely simple to apply, even to 
complicated equations. A subprofessional assistant can be 
instructed quickly in how to use the method, and ordinarily will 
The 


a scale, a compass, and a protractor. 


develop enough speed to become useful in a short time. 
drafting implements are 
Auxiliary implements in the form of an adjustable angle V, and 
various backgrounds can be constructed easily if found desira- 
ble. 
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Appendix 


the motion of the 


Let the differential 
system in question be 


equation governing 


#+ H(z, 2,t =0 8] 


Then, 


after choosing an arbitrary constant « (of dimension 7'~'), Equa- 


without specifying any particular kind of function H. 


tion [8] may be written as 
‘ 


z+ x A(z, 2,1 0 8a] 


with A of the same dimension as z Adopting the phase-plane 


co-ordinates z and y = 2/x, we may replace Equation [8a] by 


= «KY 19] 
j= wh | 


Dividing the second of these equations by the first one, we ar- 
rive at the differential equation of the trajectories in the phase 


plane 
[10] 


This 
indicates clearly that only the slopes of the trajectories are fully 


»~ 


Equation [10] is a differential equation of the first order 


determined. The tangent of the trajectory at point P, Fig 








Fia, 22 
will be perpendicular to the line QP. A graphical procedure, 
leading to an approximation of the trajectory by a sequence of 
straight-line segments, can be based on this geometric relationship 

It is apparent that if x (as used here) coincides with the quan- 
tity p (as used in the paper) the co-ordinates y and pr will coincide 
The length A may be split into the two components z and 6 so 
that h = z + 6. Equations [10] and [4] are then completely 
equivalent, and so are Figs. 1(a) and 22 

In the paper the trajectories are not approximated by straight- 
line segments but by circular-arc segments, the centers of which 
are located on the z-axis point Q since 6 was assumed onstant 
ntegration of Equation \4 In reality 6 is not 


in the con- 


stant. This means that the true centers of curvature will be 
located somewhere on the straight line passing through points P 
and Q, but not necessarily at qd. 

On the other hand, the increment of time is determined by the 
arc d@ measured at point Q, as indicated by Equation [5a] of the 


paper 














Torsion of Uniform Rods With Particular 
Reference to Rods of Triangular 
Cross Section 


By HENRY NUTTALL,'! BIRMINGHAM, ENGLAND 


A solution of the Saint-Venant torsion problem is pre- 
sented which is alternative to that usually adopted. When 
the cross section has the shape of an isosceles triangle the 
method also provides a close and useful Rayleigh-Ritz 
solution. The torsional rigidity has been evaluated for a 
range of section proportions, and simple expressions for an 
approximate evaluation of the maximum shearing stress 
are provided. Use is made of the hydrodynamic analogy 
to extend the application of these solutions to the problem 
of the flow of a viscous incompressible fluid in a tube of 
triangular section. 


HE variational approach to the torsion problem, when the 
cross section of the rod is simply connected, is to determine 
a stress function ¢g(z, y) which has a zero value along the 
boundary of the section, and for which the total potential energy 
of the deformed rod in the configuration of equilibrium is a*mini- 
mum. 
The total potential energy of a rod of length /, shearing modu- 
lus of elasticity G, twisted through an angle @ radians per unit 
length, is given by the expression 


SB i doy \* dy \' 
U = [ © 4 1GOo | dx dy 
2G Pe or Oy 
R 


If g(z, y) 
Euler equation of the problem which for this case reduces to 


is the stress function required, it must satisfy the 


0% fa hte) 
oy? 


2G0 

or? 

The procedure usually followed in the treatment of the torsion 

problem is to determine a stress function g(z, y) which has zero 

value along the boundary of the cross section and which satisfies 

Equation [2 The method to be discussed approaches the prob- 

lem by determining a function ¢,(z, y) which has zero value along 
the boundary and which satisfies the following equation 


V79,(z, y 


A,*¢,(2, i] 3 


If A,? and A,? are the eigenvalues corresponding to the eigen- 


and ¢,, an application of Green's theorem gives 


| / OVi¢g ¢.V'%¢,] drdy = A? r,? JS ¢,¢,drdy 
/ R* * 
= £ ¢g Ov. rr) oP, ds 
on * On 
r 


' Lecturer in Mechanical Engineering, The University. 

Presented at the National Conference of the Applied Mechanics 
Division, State College, Pa 19-21, 1952, of THe AmBeRICAN 
Soctety or Mecaanitcat ENGIngeERS 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1953, for publication at a later date. Discussion 
received after the closing date will be returned 


functions ¢, 


= () 


June 


5 5 t 


since ¢, = ¢, If A,2 = A,? the ortho- 
gonal relationship f / ¢,¢, drdy = O is satisfied 


= 0 along the boundary 


If the stress function ¢(z, y) be expanded in the form ¢ = 


>A,¢, and this expanded form be substituted ‘in the energy in- 


tegral Equation [1], after some simplification and the use of 


Equation [3] this gives ry 
1 


¢,? drdy 1Gé > A, 
J J ¢, drdy 
a 


The condition that U shall have a stationary value is that 


re) ) ol ol 
MC Oh oA, 


This condition provides the equations for determining the 
:.. thus 


i = 
\2 ¢, drdy 
. 4 
~p° 


stress function ¢ may 


ke? . . 
2G6 > h2 / J ¢, drdy \¢, 
R 


shown that this function satisfies the Euler equa- 


values of the constants 


2G0 


now be written as 


g= 


and it may b 
tion 

By this method, solutions of the torsion problem have beer 
obtained when the cross section of the rod has the shape of a rec- 
tangle, an equilateral triangle, a right-angled isosceles triangle 
a circular sector, and a curvilinear rectangle. In the former cases 
the eigenfunctions are trigonometrical functions but the two latter 
In order to illustrat 
the method, the main sté ps ol the two solutions for rods of tri- 


solutions are in terms of Bessel functions 
angular cross section are presented. A method also is outlined 
whereby the forms of these exact solutions may be used to ob- 
tain a close and useful Rayleigh-Ritz approximate solution when 
the cross section has the shape of any isosceles triangle. 

In the calculations which follow, the base of an isosceles tri- 
angle is taken to be of length 2a and the height from the center of 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, October 2,1951. Paper No. 52—-APM-27 
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the base to the vertex is taken as 3b. The length of each of the 
equal sides is denoted by « 

For an equilateral triangle a = by/3 
= 3h 


For a right-angled isosceles triangle a = 3b 


For a Cross SecTion In THE Form or AN EquitaTerat TRI- 


ANGLE 


2m nz 
sin 


G86 


rn 


9b°G8 


r 


Twisting momen 
toGAh* 
rv3 
The maximum shearing stress which occurs at the center 
side is given by 


( oy ) r » 1266 , 
or es ae +> n? 
~ 


l 7 


For a Cross Section in THE Form or a Ricut-ANGLED Isos- 


CELES TRIANGLE 


| m odd 
: neven 


| 


576b°GO 


7 


Twisting moment WV = 2 / fe dx 
/ 
82,944)°G8 y > ; 
Ever 


t 


Odd 


nmation term ir 


ible to the 


latter expression converges rapidly 


The series in this 


ily summed, giving 


Ge 
M = 8.4532b'G6@ 
38.328 


TORSION OF UNIFORM RODS 


TRIANGULAR CROSS SECTION 


where » length of equal sides of the triangle The maxi- 


mum st which occurs at the center of the hypotenuse 


is given by 


STOMA. SNS. co Nae /2 (mm 


0 sar 7 2 n 


\ Oz 1 
Odd Even 


means of the series* 


tion term in the stress may 


1.9482G0b, or r = 0.45919G6c 


qual sides of the triangle. 


Rayveicu-Rirz APPROXIMATE SOLUTIONS 
It is possible to obtain two Rayleigh-Ritz solutions of the tor- 
sion proble m when the cross section of the rod has the shape of 
any isosceles triangle In each case the ipproximate stress func- 
tion ¢ is written in the form ¢ >A, ¢, where ¢, is given by one 
or other of the following expressions 


2 sin mnz cos Thy 2rnz 


odd t 
ven { 


Each of these functions has a zero value along the boundary of 


the cross section and they also have the merit that Equation 


} 


4} gives an exact solution when a = 6 3 while Equation [5 
Vv i 


gives an exact solution when a = 36 


Each of the functions ¢, is of the form f ‘ und it may be 


shown that the following relationships are satisfied 
Vs : hw, 
V%o 


V%. = —d 


lationships les o considerable simplification when 


s substituted for ¢ in the energy integral Equation 


solution corresponding to Equation [4] gives 


G8a%h? 
Twisting moment M = 3.6 


a’* + 3)? 


(exact when a = bv/3) 
4 Course in Modern Analysis,” by lr. Whittaker and G. N 


Watson, §7.4 example 5, Cambridge University Press, London, Eng- 
land, 1946. 
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Maximum shear stress 
3G8a %h 


a® + 3b? 


oy = 3b 7 
7 
or /! 0 | 

(exact when a = by/3) 

A closer approximation to the value of the maximum shear 
stress is obtained by regarding V?¢ + 2G as the error arising at 
any point of the cross section when ¢ has any value other than 
the exact value. If the approximate stress function is taken in 
the form g = 2A,¢, where ¢, has the value given by Equation 
[4] ‘ 

Vio + 260 = > (A,V2¢9,) + 2G0 


) + 260 |? dr dy is to be a minimum 


{fl arre¢,) r 268 |V*¢, drdy = 0 
R r 


This gives 


6GGa*b*( 2a? + 6b?) 


Qa%? + 


SIV, dx dy 
BOO gms i 
J / (V2¢,)? dx dy 


R 


T'*na* + 9b) 


og \ z = 3b 


i or y 0 


G0a%(2a? + 


Maximum stress 


6b? 

a‘ + 2a%? + 9b 

(exact when a/b = V3 

The solution corresponding to Equation [5] gives 
55,296G8a%D* 


M= 
Tr(a? + 


duds 


m n mn 
Odd Even 242 4 


Qh? 


Oh? 
‘ 2 min? 
Ob? 


When a = 3h, the value of M given by Equation [9] is exact 


Accuracy oF RayLeicu-Rrirz SOLUTIONS 


In the following discussion the term “error by defect’’ is used 
to denote that a value obtained by calculation is less than the 
exact value, while “error by excess’? denotes that the calculated 
value exceeds the exact value 

The expressions for the twisting moment and shearing stress 
given by Equations [6] to [9], when evaluated for any given 


value of the ratio a/b have the form 


Twisting moment M = AGO6b‘* 


Maximum shearing stress T = BGO6b 


The constants A and B depend upon the ratio a/b of the cross 
section and also upon the expression used in the evaluation of 
VW and r. It is a fundamental property of the Rayleigh-Ritz 
solution of the torsion problem that the value of the twisting 
moment obtained is in error by defect of the exact value. Each 
of the two solutions which have been obtained is exact for one 
particular value of the ratio a/b and, therefore, each serves to 
check the accuracy of the other within the range +/3 < a/b < 3. 
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It is possible, using the two solutions to obtain values of A which 
are exact for a/b = +/3 and and for a/b = 3 and which are in 
error by defect of the exact value by less than 4 per cent for the 
range 1/3 <a/b< 3. 

A set of values of A corresponding to the range I <a/b< 
For values of a/b less than 1/3, Equation 


9 


is given in Table 1. 
[6] is used, while Equation [9] is more accurate for values of a/b 
greater than 3 For small values of the apex angle it is more ac- 
iGeb* 


TABLE 1 TWISTING MOMENT M 


"he Coho 


zx 
ee 


Wht Moron nnn 


hen a/t 


4 are exact when a/b V3 and w 
naximum error is not greater than about 4 pe 


» values of 
values of a/b the 


curate to use the exact solution for the torsion of a circular sec- 
tor,? and a comparison suggests that the value of the twisting 


moment given by Equation [6] will be in error by defect to the 
order of about 4 per cent when the apex angle is 40 deg, the mag- 
nitude of the error increasing for smaller ar . An estimate of 
the for large 
the 
where the apex angle is 120 deg 


Phe 


triangular mesh, i.e., 


error involved in the use of Equation [9 values of 


} 


upex angle is obtained by a relaxation calculation for the case 


by lattice of 
the 


relaxation solu 


relaxation solution was obtained using a 
i nodal 
distance between nodal points being 6/10. The 
19.255'G6 for the t 


v= 19 


obtained from I 


SIx strings meeting at point, 


tion gives a value of M wisting moment as 
npared 


with the value 35b'G@ obtained from Equa 


the 


Ravleigh-Ritz solution is in error by defect of the exact value, it 
1€, 
! 


tion |% since value quation [9] being a 


\ 


follows that Equation [9] gives a value of M which is slightly 


more than that obtained by relaxation 
The 
nitude of maximum shearing stress occurring 


side 


lattice 


wecurate 
the 


center of the 


relaxation solution also has heen used to estimate mag 
it the 
made on a 


to the vertex. This calculation was 


times finer than that used to calculate the twisting 


opposite 
three 
moment, and the value of the maximum shearing stress is 
estimated as 2.30 GOb 

The two expressions for the shearing stress obtained in Equa 
and [8] It will be noted that 
both solutions are exact when a/b = y 


estimates the magnitude of the stress when a/b > V3 


are compared in Table 2 
, but Equation [7 


ions |7 
over- 
whik 


I quation |S} gives i close ipproximation in error by excess whet 


TABLE 2 MAGNITUDE OF MAXIMUM SHEARING STRESS 
r BG@b 


¢ ? 
from from r 
Equation [7] Equation [8 exact 
3 3 K 
= Gob , GO Gob 
Q 
; Geb 


2G0b 1.948G06 
Relaxation 
estimate 
> 30G8b 


2.05G0b 


G@a%)(2a? + 6b? 


at + 2a%? + gb¢ 


* “Theory of Elasticity,” by S. Timoshenko, McGraw-Hill Book 
Company, Inc., New York, N. Y., 1934, pp. 250-253. 
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Thus the 
two solutions taken together provide a useful approximation to 


a = 3b and in error by defect at higher values of a/b. 


the value of the maximum stress 


FLow or a Viscous INCOMPRESSIBLE FLUID In A UNtrorM TuBE 


As stated by Boussinesq, * 
for a uniform rod are analogous to the equations which govern 


the equations of the torsion problem 


the flow of a viscous incompressible fluid through a uniform tube 
having the same shape of cross section as the rod. Because of 
this analogy it is possible to state the equation for the volume 

«* Etude nouvelle sur l’équilibre et le mouvement des corps solides 
élastiques dont certaines dimensions sont trés-petites par rapport A 
d’autres,"" by J. Boussinesq, Journal de Math. (Mathématiques 
Pure et Appliquées Series 2. vol. 16, 1871, pp. 125-27 


UNIFORM RODS 


TRIANGULAR CROSS SECTION 557 


flow through a uniform tube of triangular cross section in the form 


APb* 
on 
iLy 


In this equation P is the pressure drop over a length L of the 
The values of the con- 
stant A for different proportions a/b of the cross section are those 
given in Table | 


tube, and yu is the coefficient of viscosity. 
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Design Data and Methods 


It is important that the data contained in technical papers be made readily available to designing engineers. 
In order to satisfy these needs of industry, this section of the Journal includes a concise presentation of data 
and information drawn chiefly from papers previously published by the Applied Mechanics Division of The 
American Society of Mechanical Engineers. 


A Chart for Oblique Shock Waves in Water 
By REUBEN BOND' ann WERNER GOLDSMITH,? BERKELEY, CALIF. 


INTRODUCTION 


HE subject of shox vave propagation in water, witl front obhque to tie ¢ ction of incid 

particular emphasis on the effects of underwater explo- = - ingential velocity ¢ 

. = snectively. bh me the result 
sions, has received increasing attention in recent years. The POCeeveny s , sles 


reflections of these w at bounding suriaces, governed by Ang y DG Whe CeueCUOn angn 


I { I the subscripts 
»y the symbol M 


following geometrical relations 


the nonline ar equations OI Wave propag ation and the properties 
of the medium, frequently lead to the formation of oblique shocks. 
An analysis of these shock waves is quite tedious, and the numeri- 
eal evaluation is facilitated by the use of a design chart 


} 


Calculations for normal shocks in both fresh and sal 


1 t water 
based on empirical equations of state have been published,** but 
no information on oblique shocks for these media is available 
Oblique-shock charts for air, on the other hand, are a familiar tool 
in the ar ily sis Of shor k phenomena in this medium The dia- t Kc Vv substitution th at 
gram presented here for sea water is patterned according to the 
form fownd to be most ful for air shocks, but covers a con- 


iriables in view of the 





il properties ot the two media 


Meruop or CALCULATION 
The procedure emploved in the presen 
the superposition l | 
Values for this normal componer 1AV 1 tained from 
iter initiall 
io not imit 
are most con- 


the shock pres- 


tne OO 


» acoustic velocity 
ta of reference 4 
temperature of 20 ( 


Initial tempera- 


Discussion of this pape should be addressed to the Secretary 
ASME. 29 West 39th Street. New York, N. Y.. and will be accepted olation from.an wry figure 
until January 10, 1953, for publication at a later date Discussion D . 
, SCUSSIO 
received after the closing date will be returned Is¢ ‘ 
Nott Statements and opinions advanced in papers are to be ‘ ique shock chart for water exhibits the same features 
understood as individual expressions of their authors and not those 
of the Society. Manuscript ived by ASME Applied Mechanics ; 
Division, May 5, 1952 1} differen in the two cases are the larger pressures and 


hose found in the corresponding diagram for air The pri 
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smaller deflection angles which occur in water shock waves. The 


range of pressures vered by Fig 3 corresponds to that « xpected 


to be of significance in the propagation phenomena associated 
with underwater explosions 
The diagram demonstrates that a stationary oblique shock 


does not exist for every arbitrarily prescribed initial condition 





For a given initial Mach number, there is a maximum angle 


through which the flow may be d 


eflected and, conversely, a mini- 


mum initial Mach number exists for a given deflection angle 
W hen a stationary shor k w ave can exist, there are two possible 
solutions corresponding to different reductions in the flow ve locity 
The shox h exhi iting the larger velocity change 1s designated 
as a strong shock, while the term weak shock is applied to the 
other At the limiting conditions, these combine into a single 
solution with a supersonic emergent flow, but usually the strong 
shock exhibits subsonic emergent flow. Furthermore, there 
exist a minimum pressure for a given deflection angle and a maxi- 
mum deflection angle for a prescribed pressure Both these ex- 
treme values lic line A-B in Fig. 3 and always occur at a flow 
angle in excess 0 

The initial conditions are incompatible with the existence of a 
stationary oblique shock whenever they fal] outside the limite 
just described Under these circumstances, some other phenom- 


enon must arise, such as a detached shock, a Mach reflection, 
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or some other type of irregularity. The entire phenomenon ex- 
hibits features and limitations analogous to those occurring in the 
more familiar case of air shocks 

It may be observed that the spacing of the final Mach number 
This same nonuniformity ap- 


curves is somewhat nonuniform 
pears in the normal shock data and must be attributed to the 


properties of the medium 
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A variation of initial temperature is accompanied by a positive 
temperature coefficient of the acoustic velocity amounting to 
approximately 0.002/deg C. However, 
shock and acoustic velocity are much less sensitive to this varia- 


the relative values of 


tion. Furthermore, in view of the small differences of the prop- 
e ; ' 
erties of the fluids, it may be presumed that the chart also can_be 


employed for shock waves in fresh water 


Stress-Concentration Factors for Single Notch 
in Flat Bar in Pure and Central Bending 


By M. M. LEVEN? ann M. M. FROCHT®# 


Pure BENDING 
HE factors of stress concentration for a single notch in a 
field of pure bending have been investigated photoelasti- 
eally for flat bars. The maximum stress developed at the 


base of the notch is a function of the three parameters, r/d, D/d 
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Most of this work was done when both authors were at Carnegie 
nstitute of Technology, Pittsburgh, Pa. Recently, the work has 
been rechecked and amplified at the Westinghouse Research Labora- 
tories, East Pittsburgh, Pa 
Westinghouse Research Laboratories 
* Illinois Institute of Technology, Chicago, Ill 
Discussion of this paper should be 
ASME, 29 West 39th Street, New York, N. Y 
until January 10, 1953, for publication at a later date 
received after the closing date will be returned 
Note: Statements and opinions advanced in papers are to be under- 
! as individual expressions of their authors and not those of the 
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Mem. ASME 
addressed to the Secretary, 
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VARIATION OF ka WitH k ror Constant VALUES OF a@ 





BRIEF 


(or h/r), and a, where r is the radius at the base of the notch, D 
the 


is the over-all depth 
h is the depth of the notch,’ and @ is the notch or flank angle, 


d is the minimum depth of beam, 


Fig. 1. 
The curves in Fig. 1, giving the factors of stress concentration k 
are the basic experimental curves for the case in which the notch 


ingle @ is 0 deg. The range of r/d in these curves varies from 
= 0.5, 1, 2, 4, 7.5, and 8 


0.03 to 1.0 for notch-depth ratios of h/r = 
The maximum stress which occurs at the base of the notch, 
the 


1, Fig. 1, was obtained photoelastically and divided by 


nominal stress 


point 


Vi 6M 
/ td? 


to give the factor of stress concentration 
O max /Fnom 


The variation of k with r/d for constant values of D/d is shown 


in Fig. 2 
Fig. 3 shows the effect of 
For given dimensions, r, h, d, and D, the factor 


notch angle a, on the factor of stress 
concentration ka 
of stress concentration k for @ = 0 deg is obtained from Fig. 1 or 
Fig. 2. This value of & is then extended vertically until it inter- 


sects the desired curve for a, Fig 3, is read on the ordi- 


and kg 
nate. 

CENTRAL BENDING 
For the case of a notched flat bar which is simply supported and 


centrally loaded, an additional parameter L/D, the ratio of the 
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StTrREss-CONCENTRATION 


SHOWING VARIATION OF 
L/D, vor Various 


or Beam Span To Depru 
Test Mope.ts 


Fic. 4 Curves 
Factor, k, Witx Ratio 
IMPACT 


length of span to the depth of the beam, affects the factor of stress 


concentration 
Fig. 4 shows the effect of this parameter for four typical im- 


pact test models 
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Brief Notes 


On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/, double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published in the next issue of 
the Journal. The notes should be submitted to the 
Secretary of the ASME Applied Mechanics Division. 


Graphical Analysis of Axially 
Symmetrical Plates With 
Variable Thickness 


By P. F. CHENEA! ano P. M. NAGHDI? 


N recent times, considerable attention has been given to the 


bending of plates with variable thickness especially when the 
variation in thickness is linear.* Generally, however, it is diffi- 
cult to obtain analytical solutions for plates of variable thickness 


when the thickness variation is other than linear In such cases, 
the notion of splitting the plates into concentric rings has been 


Since the prot lems of rotating d and 


used quite frequently sk 
bending of axially symmetrical plate are mathematically analo- 
gous, Timoshenko‘ suggests, with reference to a paper by Gram 
of variable thickness when the 
The 


ently 


mel, the method for rotating disk 


plate is divided into concentric 
others and more re¢ 


rings idea of concentric 
by Gittleman.* 


rings has been used by 
the 


Even though the plate 
snalysis is somewhat 
This method is applicable to circular 
in thickness 
The 


and rapid 


rings in 
those 


is divided into concentric 


different fron 


present method, the 
of the previous authors 
axial symmetry 
within the of the 
numerical calculations involved are relatively simpk 
subjected to axially symmetrical 


variation 
ol 


plates with : and of any 


scope classical theory thin plates 


Let the radius of the plate, 
loading but otherwise arbitrary, be divided into n finite divisions, 
each of incremental length® (Ar), from the inner portion at radius 
Engineering Mechanics, Purdue University, Lafa- 


: Professor of 
Associate Professor of Engineering Mechanics 


yette, Ind.; formerly 
University of Michigan 

2? Assistant Professor of Engineering Mechanics, 
Michigan, Ann Arbor, Mich. Jun. ASME 

(a) “*The Bending of Symmetrically 
Variable Thickness by H. D. Conway 
Mecuanics, Trans. ASME, vol. 70, 1948, pp. 1-6 
cited ! Axially Symmetrical Plates With Linearly Vary- 
ing Thickness,”” by H. D. Conway AprpLiep MecHuanics, 
Trans. ASME, vol pp. 140 

***Theory of Plates and Shells,”” by S. Timoshenko, McGraw-Hill 
Book Company, Inc., New York N. ¥ 1941 7 

Circular Plates of Non-Uniform Thickness,’ 

Aircraft Er 1950, p. 224 


* It is not necessary 


University of 


Loaded Circular Plates of 
JournNAL or APPLIED 
and the references 
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JOURNAL OF 
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43, LYol 


p. 287 


by W. Gittleman 


gineering, vol. 22 


although con be 
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r, to outer radius r, (for a plate without discontinuity at the cen- 
ter r; = 0); let (Ag)/(Ar) and g/r be the normal and tangential 
curvatures’ and let M,, M,, and Q represent the conventional 
bending moments and transverse shear (per unit length); then 
the moment-curvature relations are 


Ag p p Ag 
M, = D( : +» £) anda, = o($ ty *) 
a . ar To illustrate the use of the preceding equations to a particular 


D being the flexural rigidity of the plate problem, let us consider the case of a clamped circular plate 
. without discontinuity at the center subjected to a uniformly dis- 
trii:ted load. In this case, r; = 0 and Equations [1], [3], and 

4 icv in order to 


VV. is the bending moment at the center of the plate. It 


easily seen that invariant (J, + M,) at any material point of 


plate is equal to the sum of twice the bending moment at the 





ind the variation of bending moment due to the action of 
ransverse shear. Since for a clamped edge ¢ = Oatr =r 


ust equation yields 


: te 
D 








Again with the aid of the moment curvature relations and 
Equation [5], there is obtained 
Fic - 
ais if + 2M 
The axial equilibrium of an element shown in Fig. 1 gives A(rQ) 
= prAr from which 





and the moment equilibrium yields 
Vv, U,Ar + r (AM,) + rQAr = 0 
From the moment-curvature relations, there is obtained 
l vy M, V,)Ar + r(AM, vAM,) = 0 
which, together with Equation [2] yields 


A(M, + M 


Substitution of t 


3] yields 


A(rg) = D - “ WrAr 4 4 or=r r this computation, any one of the well-known graphical integ 


procedures may be used 


’ The notation used is that of Timoshenko, reference 4, pp. 55-5 t is clear that the foregoing procedure may be applied to any 
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edge conditions, as well as to plates with discontinuity at the Errors greater than 2 per cent in the fundamental frequency 


center for which in Equation [3] and succeeding expressions the occur only for bars having one end either hinged or practically 
] ] 


quantity 2/7, should be rep iby (MW, + MV = unrestrained (9 < 0.9) and the other end clamped or very nearly 


To indicate the accuracy of the procedure outlined, it v fi > The absolute maximum error is obtained for a 


suffice to state that the exampk in Conway , for which the approximate fundamental fre- 
out and his results were checked within 1 per cent nthe quer en by Equation [4] is 1.50 f, and the true \ 


radius of the plate was divick 


When the end restraints are very small, i 


proaching zero, the value of C, is expressed 


A Simple Approximation for the by the relation 
Natural Frequencies of Partly 
Restrained Bars 


ner 
i the approximate value is always too lar 


By N.M. NEWMARK' and A. S VELETSOS,? URBANA, IL he approximate formulas am based or exact “ame 8 
ror i inary tl ! fexure of beams, wl 1 nei 


theory o 


j 


iring deformation and ot rotatory merti 


"T’HIS paper gives a simple approximation for the nat 


. ese neglected factors may be 


quencies of flexural vibration of a bar of constant m per ’ ' 
; \ m« , the present formulas should 
unit of length m, of cor nt flexural rigidity of cross secti 
. rard for limitations imposed by the 
EI, and of span length L | en supports whi 


ing but which offer a linear resistance to end rot I { the bar oe 
1 pproximate equations are similar to those give: 
Consider the bar to be oscillating in one of it t mi a 
‘ vious paper? relating to buckling loads for partly restrained bars 
of free vibration Let 6, and 6, be the angular 


the bar at the left and right ends, respectively, and L 1 Mp ACKNOWLEDGMENT 


the restraining moments at the corresponding ends 


Shoes Daiereae Ghene mnaenents anil the and velatiens ic om ; The calculations and detailed study were made as a part of a 
rogram sponsored by the Office of Naval Research (Mechanics 


by the equations . . 
ranch) in the Structural Research Laboratory, Department of 
Vi, K,6, and Mz = Kp 9, Civil Engineering, of the University of Illinois 


The stiffnesses of the restraints are related to the characteri 
ics of e bar by dimensionless coefficients 6 as follows ‘ + e » 
Se Lege-amieia Complementary Energy Analysis of 
‘ ant Bp = El 7. Sr ; ‘ 
Re = ght Se es Sane the Failing Load of a Clamped Beam 


For a hinged end 8 = 0, and for a clamped end § = infinity 
The frequencies f,, expressed in cycles per second, of f By N. J]. HOFF,' BROOKLYN, N. Y 
tically restrained bar can be stated as the product of a dimension- 
less coefficient C, multiplied by the fundamental frequency f “HE purpose of this note is to report on an investigation of 


of the same Dar t iassumptions of limit } s (or limit de- 
lamp» Is, but one end 
s permitted te ove ially to av ial i The cross see- 
tion 18 ar 
p : : : y rf rigid , 
From the results of numerical calculations base n the exac : 
‘ strain curve 1 straight line with slope E from 2« 
solution, the following simple approximation is deve 1 fe 
, t ‘ 1 str nd from there on a straight f 
coefficient C,, for the imental frequency (7 1) at il the 
. ' ractur the uniformly distribu 
higher natural frequencie ce indie ie el > alll 


This formula 
The maximur 


mental] and a lit 
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where m is the ratio of the bending moment M to the moment M, 
at which @, is reached, J the moment of inertia Ah*/4, z the axial 
co-ordinate measured from a fixed end, and the yielded regions ex- 
tend from z = Otoz = pand fromz = qtor = L/2. The bend- 
ing moment V can be calculated from 





n= 6Ri(2/L (1/L)*] +n [2 


where n is the ratio of the clamping moment N to the yield mo- 
ment M,, and R is the ratio of the load w to the value w, of the 
load at the onset of yielding in the clamped sections. From the 
requirement that the complementary energy be a minimum with 
respect to the clamping moment it follows that 


R }6(q/L)? H(q/L 6(p/L)*? + 4(p/L 


= pthe moment M is MV, and atz y. Hence 
6R{(p/L) —(p/L)*| 4 [4] 
6R\(qg/L (q/L)*| + ! - 15 R=w/w, 
Computations were carried out for wide-flanged I-beam 12 in 12 i4 r 18 20 S08 
< 10 in., weighing 64 lb per ft for which A = 18 83 sqin. and] = 
528.3 in.‘ The idealization was accomplished by assuming kh = 2 Variation oF Moments anp Deritections Wrra INcREA 
10.6 in. which is not a significant deviation from reality. The tna Loap 
See cei T length was L 12 ft The modulus was - 20 
p/t 
g/t 


0 4— 





ld stress 0 $8,000 psi, and C = 290, which correspor 


timate stress of 70,000 psi at an elongation of 32.1 per 
The numerical values plotted in Figs. 1 and 2 reveal that the 
| region increases from zero to only 1.12 per cer 
increased from w, to 1.4 u During th m 
g moment increases from M, to 1.08 MV d the mid-de- 


ction, calculated from the princip f virtual displacements 


ELASTIC 





eaches 0.42 in., which is not excessive MK t is 2.62 times tl 
ilue at the onset of vielding Atk 
vield and the lections from tl 
2.0% the Itimate stress is reached iy 
Hence th 
vithout ar e¢ cl 
1.4 At the ke orrespol 
PLASTIC 


ilue the beam loses its practical usefulness simultaneously 
1.6 18pe¥ 20 209 with the appearance of the third yield hinge The statements 
v I 


y 


contained in the last two sentences justify the fundamental as- 


Prastic Recions Wits Increastnc Loap sumptions of limit analysis. 








Discussion 


Stresses and Deformations of There are two special cases for which the solution is rather simpli- 
+; . . ~ mW . fied 
Toroidal Shells of Elliptical 
. i 2 ' (a) A small (in practice A « arbitrary @ 
4 ross Section (b) a—0, arbitrary A 


Watrer Wvuest.*? The Bourdon tube, invented in 1845 by The first limiting case a be called “mean pressure tube,” for 
the Ge rman engineer Sx hinz, h AS gained a wide field of applic a- this simplifi weedieten justin , : fer tunes bes gen yaa 
tion for industrial-pressure measurements. For a long time the = "*"®' % ing in practice approximately between 700 and 7000 psi 
tubes were manufactured quite empirically. The originally el- Phe eee theory of mean pressure tubes has oftea been 
liptical form of the cross section was changed to a form consisting are Kt ; B. Biezeno and J. J. Koch? have liscussed a numeri 
of two half circles and two straights During the last war the cal method for determining arbitrary cross sections By an itera 
latter form was investigated by thorough experiments in the "Y® Process they extended the range of validity of the clemen 
tary theory up to approximately A 3; but in practice values up 


to A 50 happen 
Also, in the other limiting ory is simplified 


Schaffer & Budenberg spring laboratory (Germany). The meas- 
ured values were found in agreement with theoretical results of 
the writer, who simplified and improved M. Tueda’s theory of 


Bourdon tubes. Some experimental results also were gained 


greatly 4 detailed an will | I by the 
writer to be publishe " ‘ nreure ‘ { the cross sec 


with Bourdon tubes of elliptical cross section 
sed to b 


It is now interesting to compare these experimental results with 
the theory presented in this paper. The theoretical results 
for the pressure sensitivity show about double the value of the 


measurements Also, taking into account that it is difficult f in odd function in 


to retain the exact elliptical form during the manufacturing proc- “nit quation tor the 
ess, this disagreement seems to be very high. Further measure- 
ments are needed to clarify this situation. Such measurements 
would be very interesting, because the results of the authors’ the- 
orv indicate an extraordinarily great influence of the form of the 
cross section 
The general theory of thin-walled Bourdon tubes is quite com- 
plicated. Apart from the elastic properties of the material the 
elastic behavior of such tubes depends for a given form of cross The boundary conditions 
section mainly on the following two geometrical parameters 
1 The ratio @ of the axes of the cross section 
2 The parameter A c*/ah with ¢ = great semia 
cross section, ¢ lius of curvature, A thickness of the wall 
iviour © So-Called Bourdo 
'By R rk, T. I. Gilroy, and E. Reissner, published in the Tube,” by r Koch, Proceedings 
March, 1952, i of the Journat or Apetiep Mecnantcs, Trans vol. 44, 1940 ! 
ASME, vol pI r ‘The I 
2 Max anch titut fur romur chung, Géttingen, Ger- Bourdon Tubes yy Wu 
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DISCUSSION 


in. per sec per | deg F, 7 the solid temperature, and ¢ the fluid 
temperature at z, the differential equation required is 


dt 


H(l 
dz 


j= Ge, 
This equation is easily combined with Equation [1] of the paper 
and the resulting differential equation in ¢ is solved easily. Or 
Equation [1] herewith may be used to estimate the order of error 
introduced by T = t. The finer the degree of sub- 
division of the porous body and the smaller G, the better justified 
the first that, with the 


coarser bodies and first 


assuming 
assumption. It cannot be assumed 
higher rates of flow G, the assump- 
tion will be justified 

The second assumption (regarding convection) may be con- 
When G is of the 


order of 0.10 Ib-mol of air per sq ft per hr, convection may be so 


siderably in error for low fluid flow rates G 


important that nearly all heating of the entering fluid takes place 
before the laminar film along the wall is reached. Obviously, if 
convection could carry heat to the surroundings, this effect would 
become important, 

The third assumption is substantially true (all heat conduction 
ind G 


G of the 


in the wall takes place in the solid) when &, is large and / 


are small. This is certainly not true for rock wool wit! 
order of 0.10 Ib-mol of air per sq ft per hr 

The fourth assumption (temperature independence of coeffi- 
cients) is nevessary to insure the exactness of the mathematical 
solutions Ir ut, most of these issumptions have as their aim 
the simplification of the studies which follow 

The conditions set by 


appropriate where Equation [2] (gas before entering the wall) 


Equations [3] and [4] of the paper are 


" 


applies. Those set by Equations [5] and [6] are quite special. 


It is implied that there can be no radiation from the surface at 
7, to the surroundings at 7». This condition effectively assumes 
that the porous body comprises a series of parallel slabs slightly 
with fluid entrance faces and fluid exit 
faces of adjacent slabs facing. Only 
where radiation escape 18 negligible, excepting adjacent to the 
For any 


spaced from each other 
under such conditions, 
edges of the slab, may these assumptions be justified 
arrangement permitting radiation from the surface at 7, to sur- 
roundings, at, say, 79, the effective entering fluid temperature for 
points within the porous body is less than 7) by an amount Q 


(Ge,) where , 18 the heat lost bv radiation from the surface at 7 


surroundings, If radiation occurs from the surface at 
in Equation 6) of the paper must be reduced by the 


Equation [6 that 


to the 
7 . then T. 
quantity Q,/(G@e,) 


Furthermore assumes 
there is no loss or gain of heat by radiation from the surface at 
T; to the surroundings 

We appreciate the importance of these simplified mathematical 
studies, but it is well to emphasize the nature of the omissions 
volved in the assumptions 

Above Equation [9] of the paper, it is stated that wall-tem- 
perature uniformity is desirable from the thermal-stress viewpoint 
Ifa single solid slab is used as an element, this statement has 
validity. If the heating element is subdivided, or permitted to 
subdivide under heating stresses, perhaps with the pressure drop 
a second layer of high heat conductivity 


controlled by presum- 


ably low or negligible heat generation, there is little limitation due 
to thermal stresses. 

Most of the work done by the writer has been limited somewhat 
to the lower rates of fluid flow so that laminar-flow resistance or 


the use of the first term only of flow Equation 13) of the pape ris 
adequate. Flows of the order of 2500 Ib per sq ft per hr will in- 
volve full use of Equation [13] 

It is noted that this study involves an extrapolation of vis- 


cosity data for helium. It is presumed facilities for test were not 


available. The properties of permeable bodies with heat flow and 
fluid permeation are such that apparatus may be set up quite 
readily for measuring such things as viscosity at high or low tem- 
perature and. likewise thermal conductivities at all tempera- 
Excepting for a purely mathematical study, such extrapo- 
lations as that used are scarcely warranted. Suffice that the part- 


ners measured, in 1941, rock-wool conductivity to 1000 F using 


tures 


relatively crude apparatus 

The conclusions reached in this paper are o! interest If the 
author were to refer to the specifications of our first patent® (first 
filed in 1933), he would find that there is nothing original in the 
heat-insulation suggestions offered and that even the so-called 
“sweat-cooling’’ of Duwez* was duly anticipated in our specifica- 
tions. Our patents were duly called to the attention of the Ne- 
tional Inventors’ Council in 1943, and it was suggested that the 
methods could be applied to rockets, gas turbines, and the like 
At that time the need for the cooling of atomic reactors was not 
known, or that might have been mentioned. We are pleased to 
that the 


method, which possibilities he has presented very well 


uppreciate the possibilities of the 


He ap- 


note author does 
pears to appreciate fully that our methods lead directly to the 
substitution of low-temperature materials for high-temperature 
work through principles of engineering design based on the prop- 
erties of these porous bodies with fluid flow from cold, through to 
This is 


clusion in view of the great efforts being made to develop ex- 


in extremely important con- 


and through, the hot face 
treme high-temperature structural materials when, by and large 
such materials are far from essential and require excessive amounts 
of materials of strategic importance 

It is regretted that space prevents the deserved favorable com- 
ments on the general « haracter of the paper and the 
cluded 


studies in 


thermal and dynami 


P. J 


of a hypothetical porous graphite helium-heating wall is investi- 


Scunermer.” The performance 


gated wherein the steady, one-dimensional temperature distribu- 
tion of gas and wall are computed from derived analytical solu- 


tions, and the familiar relations between system pressure, flow 


rate, and pumping-power /heat-removal rate uniquely exhibited 


The tractableness of the gas and wal] temperature-profile solu- 


tions stems from a number of initial thermal and geometric sim 


plific tions (Assumption 1) in the paper concerning equal gas 


and wall temperature is fully justified by the analytical study of 


Weinbaum Assumption (2) is controlled by geometry and mode 
of operatior and assumption (3) follows from specification of an 


wall bulk. 


for most materials which are likely to find application as porous 


equivalent porosity or Assumption (4) is permissible 


heat sources, althoug! temperature differences the in- 
heat 


f 


for large 
conductivity and 


he 


fluence of nonuniform thermal specific 
pronounced. in whic use the analytical device o 


becomes more } 


Kirchhoff might prove ust ful 


\ factor which was not taken into account, in the derivation of 


is that electrical heat 


Equation [7] for the 
} 


sources ordinarily exhi 


the author's wall 
tantial point-to-point variation in 
the generated Joulean heat at elevated temperatures. This non- 


uniformity stems from the temperature dependency of the elec- 


s approximately identified as a linear rela- 


AT) rofl 4 


viscous resistance 


trical resistivity, ar 
with the lo« vall temperature 7'( is 


wherein a» (not to be confused with the 


tion 


7 
Gigi } 


coefficient a) is a temperature coefficient of electrical resistivit 
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at a base temperature 7’ = 0. Exact analytical solutions analo- 


gous to Equations [7] and [8] of the paper, for g q(T) are 


found to be tractable but awkward to evaluate numerically. 


This in turn might suggest an alternate approach using the 
numerical-relaxation method of Emmons and Southwell 

Let a lin? section of the porous wall in Fig. 1 be subdivided 
geometrically into eight subregions as in Fig 1 of this discussion, 
choosing a finer subdivision in the region of expected maximum 
temperature gradient. These subregions are then replaced with a 
network of fictitious heat-conducting rods of appropriate thermal 
conductance K k,A/L Btu/see- I 


wall area normal to the assumed linear path ot steady heat flow 


leg F, wherein A lin? is the 
and L is this path length, and a similar network of fictitious pipes 
to transport the helium gas and its heat-content rate AGC,T 
$tu /sec 

For the case of uniform heat development q = 4%, choose q = 
10 Btu /sec-in*, Ge ,» = 05 X 10°? Btu /sec-in*-deg F, and ky, = 
10-* Btu/sec-in-deg F. Then the approximate heat residuals 
Q at nodal points in the network such as 1 and 2 are 


Q) . T + GC,T Gr oy i T Qui 


Q: i (T T:) + K;-T. T:) + GC,T, —GC,T2 + qa 
riting all such residuals for the eight nodal-point network of 
and evaluating each numerically gives 

27; + 25 2.57; 

27; + 50 1.57: 

27, + 50 

27, + 50 

T's + 75 

T; 


subregion volume 


DECEMBER, 1952 
7) = 0) obtained through relaxa- 
this set of residual equations are plotted in Fig. 1 of 
of the 
It appears that the two solutions are in substantial agree- 


Temperatures 7, through 7's ( 
tion ol 
this discussion, along with 7(z) given by Equation [7 
paper. 
ment 


For the 


simply sets g¢ = gol + auT 


extended case of nonuniform heat development one 
, or, in general, gg = 9q(7%), with @ 
The effect of a varia- 
ble heat source begins to exhibit itself with a 10 deg | 

The residuals Q; with @ = 4 X 10~* read 


Q’ = 


chosen appropriate to the wall in question 


2.497 


187 
= 2.57, 


1.57, + > + 100 


3.477 
2.467 
157¢ + 75 + 100 2.467; 
1.577 + 50 1.487’; 


and their relaxation gives the solution plotted in Fig. 1 of this di 
cussion, as Q@ = 0.0004. No data seem to be 


temperature coefficient of electrical 


available on the 


resistivity for graphite in 
particular, and the author does not list k and C, for helium gas 
used in his calculations. 


the incomplete units for k, in Table 1 


Also a typographical error appears in 


H.S. Tsren.* 


demonstrated the effectiveness of cooling a porous heat source 


The author should be complimented for having 


In view of its possible application to high temperature 


it 


by gas 
devices, where the experimental setup will be complicated, 
might be worth while to explore the theoretical approach more 
fully. 

The following remarks are motivated by this idea 

Equation [13] of the paper shows that the first term of the pres- 
sure gradient is proportional to a power ol temperature higher 
than 1 


the author will underestimate the pressure differential. 


Therefore the method of average temperature used by 
A more 
accurate result might be obtained by taking the viscosity as a 
linear function of temperature between the surface t« mperatures 
7 and T, 


tures where no experimental data are available, theoretical rela- 


To extrapolate the viscosity to higher tempera- 
tions from the kinetic theory as given by J. O. Hirschfelder® could 
be utilized 

The question of stability is intriguing. A theoretical solution 
based upon the concept of small perturbations could be made b 


starting from the following generalized equations for nonsteady 


flow through porous media 
—-Vp = apv + Spr 


Py 
y iOtoe wt 


] 
V(k, VT (p,f t+ vVc,T 
dt 


where v the velocity ve its magnitude, p, and « 


The 


ctor of the gas, 
the density and heat capacity ol the solid, re spectively. 
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theoretical analysis may be able to decide whether the high per 
formance given in the author’s paper is practically possible 


AUTHOR'S CLOSURE 


The author is gratified by the response to his exploratory study 
of heat removal from a power-producing porous solid, and wishes 
to thank Messrs. Richardson, Schneider, and Tsien for their con- 
structive In view of the prefatory nature of the 
study, the idealizations involved therein are certainly justified. 
Should a more detailed analysis of the problem be warranted, 


comments 


however, the refinements suggested in the foregoing discussion 


will indeed deserve consideration. 


Partially Plastic Thick-Walled 


Cylinder Theory' 


P. G 


theory, 


Reynoups.?- In analyzing test results in relation to 
it must be borne in mind that consistent test data are ex- 
ceptionally difficult to obtain. Most alloy-steel cylinders which 
ean be used for experimental work have substantial residual 
stresses locked in the metal as a result of the heat-treatment used 
These residual stresses, in some of our work, have been observed 
to change the pressure at which plasticity is initiated by as much as 
This in turn affects the 


vlinder until it is overstrained all the wav 


+ 50 per cent from the calculated value 
plastic behavior of the « 
through the wall. Consideration must be given to factors such 


as this when evaluating theories in relation to practical results. 
AuTHOR’s CLosUR: 


The author thanks Mr. Reynolds for his remarks, with which 


he is in general agreement 


An Alternative Formulation of the 
Laws of Mechanics' 


F. Kk. Brevirz ispect of a mathematical symmetry 


that 
though the basic principl 


A novel 
is often called duality is presented in these studies. Al- 
in be traced back to Clerk Maxwe ll, 
it is seldom mentioned in present literature 


luality 


on mechanics. In 


electrical circuit systems, however, such a is commonly 
emploved 
The method 


deserves to be recommended for appiication in engineering 


and 
The 
writer employed inverted equations for solving practical mechani- 
It has been his 


advanced in the paper has great advantage 


cal-vibration problems for more than 20 years 
experience that the inversion method very often leads to a quicker 
solution and in all cases offers new insight into the nature of the 


The inversion method establishes a new system analo- 
gous to the 


The author’s method provides a further short cut by 


problem 
interchanging mass and compliance 


tin 
wri ing 


original by 


inverted equations directly for the original system 
Two details seem worth mentioning as useful in applying the 
The 


with the loop-type analysis has its counterpart in the usual (nodal) 


new method. inertial reference system that is considered 


methods of analysis. Certain mechanical systems have two or 


more ground connections or other closed loops In some mem 


1 By M. C. Steele, published in the June, 1952, issue of the Jour- 
Nat oF Apptiep Mecuanics, Trans. ASME, vol. 74, pp. 133-140 

* Supervisor, Mechanical Research Section, E. I. du Pont de Ne- 
mours & Company, Wilmington, Del 

By H. M. Trent, published in the June, 1 issue of the Journat 

or Appttep Mecuanics, Trans. ASME, vol. 74, pp. 147-150 
Wright-Patterson Air Force Base, Components 
Dayton, Ohio 
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bers of such systems forces may be present even in the state of 
rest. This is a preload that does not have to be known, because 
it does not affect the motions of the nodal points; neither does 
the velocity of the inertial system affect the forces within the 
members 
Another detail which is brought to attention often may be 
encountered in the analysis of vehicle power plants It is a 
certain kind of branched system involving levers in the diagram; 
the actual components are reduction gears or other mechanical 
transformers. A loop containing such an element needs special 
consideration in setting the equations of the type of Equations 
11] in the author’s presentatior More details can be found in a 


publication by the writer This earlier paper is not easily 
available; and, except for amplifying on the different kinds of 
branched systems, it is contained within the wider range of the 
present paper 

C. Trvespe..* Fifty vears of vigorous controversy after the 


publication of the “Principia Mathematica’’ were required in 
order to demonstrate that the predictions of Newton's system 
were more or less in agreement with all mechanical phenomena 
known at 


Newtonian 


the time. The universal popular acceptance of the 


this ultimate scientific 


Voltaire 


method was caused less by 


accord than by the literary activities of und other in- 
terested laymen, 

Although the established practical success of the Newtonian 
formulation is admitted and admired, students of the prin iples 
ever after have sought to establish the same or nearly the same 
results fron clearer and sounder foundation. 


Thus many 


have been proposed 


a conceptually 
“alternative formulations,’’ not altogether equivalent, 


Every great geometer of the eighteenth 


century and several of the prin ipal physic ists of the nineteenth 
constructed his own mechanics Some of these are described in 
the interesting but unreli able ald book of M ach; a more trust- 
worthy but still incomplete account is given in a new book by 
R. Dugas 


are removed in the general theory of relativity 


respects the old fundamental difficulties 


I I 
In some 


Slightly of the author's system is that of Lazare 


Carnot,* 


suggestive 
since it, too, emphasizes the transmissibility of force 
The author, however, does not attempt to traverse the quick- 
sands of the foundations of mechanics, for his use of the v gue 
words transmitted force," and ‘‘measurable force’’ is 
that 


out ot the conventional Newtonian scheme an admirably easy 


loree 
customary in the Newtonian method. Rather, he draws 
method of setting up directly equations for the interaction forces, 


While the 


it does not seem that his postulate 3 is used in his example. 


wuthor’s analogy to Kirchhoff’s laws is interesting, 
The 
equivalent method of putting 


seems to be an 


following scheme 
into practice the author's ideas 
1 Divide to include an 


inertial reference 


the system into loops, taking care 
is a member of the svstem 

~e —» 
2 Writ dentities (a ‘ ‘ a 


_ 


down the algebraic 


4 = 0 for each loop, where a, is the acceleration of the ith 


particle. Th is gives the derivative of the author's EF uations [11 
3 Replace the foregoing differences by the data of the prob- 


lem if possible otherwise by the action of unknown forces ac- 


mechanischen 
Dresden, Germany 


deutach 
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¢ Professor of Mathematics, Graduate Institute for 
Indiana University, Bloomington, Ind 
le la Mécanique by R. Dugas 
1950 


“Die 
bilde,’ 
lished 
Berlin, 1934 


Schwingungsge- 
1934. Pub 
Ingenieure, Verlag 


Applied Mathe 
matics 

5 “Histoire 
and Paris, France 


§ “Essai sur les machines et 


Dunod, NeuchAtel 


général,”’ by Lazare Carnot, 1783 











570 


cording to Newton’s second law, taking care to note that that iaw 
=~ 


—_ — 


reads f; = m; (a; — ao), where naught refers to the inertial ref- 
erence. 


There result the derivatives of the author’s Equations [13], 


Since many engineering problems require determination of 
interaction forces, the author has done great service in showing 
how to write down equations for them alone, without having 
His use of the inertial reference is im- 
The fact that the equa- 


first to find the motion. 
portant and must be understood fully. 
tions for the forces are simpler than those for the positions makes 
the author’s work particularly valuable. 


AvuTHoR’s CLOSURE 


Bielitz in his comments has mentioned two concepts which are 
important in practice; so important that it is unfortunate they are 
relegated to a section on comments. These concepts are duality 
and perfect couplers. 

It appears that Bielitz has employed duality in the following 
manner: Suppose we have a linear system in vibration and we 
wish to compute the forces acting in the system. 
constructing a dual] system in which masses are replaced by com- 


We begin by 


pliances and vice versa. We now analyze this dual system in the 
conventional fashion; The 
velocities so obtained will be equal to the corresponding forces in 
This can be done in many relatively simple 
Such 


ie., we compute its kinematics. 
the original system. 
situations. However, there are two pitfalls: a duality 
exists on a one-to-one basis in a physically realizable form only 
if the connection diagram of the original system can be mapped 
on a plane without crossovers. In general, this cannot be done. 
If the one-to-one corresponde nee requireme nt can be relaxed sO 
that the conceptual addition of perfect unity-ratio couplers is 
permissible, then a dual can be found by mgthods summarized in 
a paper by Bloch.’ ‘ 

Another pitfall concerns the conceptual problem of conne« ting 
a mass between two moving junction points, which must be done, 
in general, if each spring is to be replaced by a mass when forming 
the dual. 
always connected to the inertial reference 


The paper shows that masses are to be considered as 
hence they cannot be 
connected as implied in all situations. A mechanical high-pass 
filter is a case in hand. The situation can be handle d, however, 
by the conceptual or actual introduction of perfect: unity-ratio 
couplers. A forthcoming paper* by P. Le Corbeiller and Ying- 
Wa Yeung is recommended reading for those interested 

It is seen that the proposal by Bielitz on duality can be carried 
through In any case, provided periect couplers are admitted into 
the situation. This tends to confirm the importance of Bielitz’s 
remarks on couplers. However, couplers go much deeper than 
this, for they are not only exemplified by levers and gears but 
they are the equivalent of a broad class of workless constraints 
Unfortunately, the literature does not contain, to the author’s 
knowledge, a systematic proc edure to treating these devices on a 
perfectly general basis, This deficiency gives promise of being 
corrected in the near future 

The remark by Dr. Truesdell on the author’s postulate 3 de- 
He des ribes a three-step process which 


His replace- 


serves some comment 


is correct. However, his step 3 contains a joker. 
ment process, to give a solv ible set of equations, must contain 
How does one 


third law or 


only an ‘‘independent’’ set of unknown forces 


get such an independent set? Either Newton’s 
On Methods for Construction of Networks Dual to Nonplanar 
Networks,"’ by A. Bloch, Proceedings of the Physical Society, London, 

England, vol. 58, 1946, pp. 677-694 
* ‘Duality in Mechanics,” by P. Le Corbeiller and Ying-Wa Yeung, 


to be published in the Journal of the Acoustical Society. 
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These two are equivalent in 


postulate 3 of the paper is invoked. 
Postulate 3 is 


the sense that one implies the other and vice versa. 
more in keeping with the spirit of a mesh analysis with its empha- 
sis on transmitted forces while Newton’s third law is in the spirit 


of a nodal analysis with its emphasis on the motion of points. 


Bending of a Circular Beam Resting 
on an Elastic Foundation’ 


M. ©. Ex.?. Some of the results of this paper have been 
checked by a method developed by the writer. This method 
was developed to solve such problems as thin flanges with 
widely spaced bolts and rocket-motor dome thrust rings with con- 
centrated thrust-mount loads; in these cases it is required 
that a twisting foundation coefficient Ky be taken into account 
as well as the deflection foundation coefficient K.* 

If the basic problem is considered to be a closed ring on an 
elastic foundation with a single concentrated load at @ = 0, then 


the series 


la] 


m3 = bh + } b,, cos n@ 


n=1 


satisfy the symmetry cpnditions about @ = 0, r 
The expressions for bending and twisting moment are then 


M, = f| bo + (b, + n*a,) cos n@ 


n=l 


M ” h } n(a, + 6,) sinn® 


The elastic energy V, due to the bending, twisting, and founda- 


tion effects, is then given by 


R\ 


2nRK’ 


+hnt+K 


By Enrico Volterra, published in the March, 1952, issue of the 
JOURNAL OF AppLiep Mecuantcs, Trans. ASME, vol. 74, pp. 1-4 
2 Supervisor, Applied Mechanics Unit, North American Aviation 
Ir Downey, Calif. Jun. ASME. 
Unless otherwise specified, the nomenclature is the same as in 
the paper. 
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follows that 


Superimposing four solutions of this type with the loads 90 deg 
against the author’s Table 2 for 
€,@ = 45 deg (same as @ = Oin 


apart, a check is obtained 
K, = 0,A = 100,46 =1=1 


the writer’s notation 


p/¥ vir M,/av 
0.00851 0.01087 


0.01082 


Volterra 
Writer 


2 terms 


0.1088 


0.00846 0.0862 


For 
applied at @ = 0, we 


concentrated twisting moment Mo, 


0, bo = M,/2r(f + K 


a singie 


the « 


obtain a> = 


Although this method is approximate in the sense that its 
accuracy depends on the number of terms used in the series, a 
good check of the values in the author’s Table 2 was obtained. 
It has the advantage of taking into account, when necessary, 
the foundation twisting coefficient Ko. 

It is felt that-a real g ap in the theory of 


by this paper. 


rings has been filled 


AuTHOR’s ( 


The author thanks Mr 
discussion of his paper 
May 5, 1952, ix 
receipt of Mr. Ek’s comments, he sent to the Applied Mechanics 
Division of The American Society of Mechanical Engineers a 


LOSURE 


Ek for his valuable contribution to the 
However, he wants to point out that on 
more than one and one-half months prior to 


paper under the title “Deflections of Circular Beams Resting on 
Elastic Foundations Obtained by Methods of Harmonic Analy- 
This paper, which will be presented at the 1952 Annual 
Meeting of the Society, will be published in the JouRNAL or Ap- 
PLIED MECHANICS, 
of trigonometric series for the problem in absence of symmetric 


sis’. 
In the new paper a solution is given in terms 


restrictions. This solution offers a simple approximate method 
for evaluating 


moments for any case of external] loading 


angles of twist, bending and twisting 
In order to facilitate 
the necessary computations, numerical tables are presented giving 
the first twenty-four terms in the required series development for 


leflections 


different beam characteristics 


Lateral Vibrations as Related to 
Structural Stability’ 


E. A. Ricuarpson.? Several years ago a set of whiskey racks 


designed under the direction of F. E. Fahy,* was tested by the 


the 
195 


issue of 


74, pp. 


1 By Harold Lurie, published in the June, 1952, 
JourNaL or Appiiep Mecuanics, Trans. ASME, vol 
204 
? Publications Department 

Mem. ASMI 


Engineer, Research Department 


Bethlehem Steel Company, Bethlehem 
Pa 


Bethlehem Steel Company 


571 


Writer's company consulted wi to cer 


Having been 


tain aspects of the design, the writer was preset bserver 


tiers high, loaded with whiskey barrels 
1 to whiskey-barrel 


but the upper two tiers were 


These racks were five 
lower three tie 


water-fill rs were 


weight. The 
mgitudinall, unbraced 
the rigidly fastened rails and 


stiff 


eros 


members 


adequately without such longitudinal 


est with the full load in place, a small longitudinal dis 


turbance gave rise to longitudinal oscillations of large amplitude 
which were so slow the period amounted to several seconds, 
er noted that the extremely slow oscilla 


In his report, the wri 


tions of large ide proved that the structure had very little 


lling such oscillations; hence full longi- 


rested 


ivior of columns as the critical load is 


should be provided TI is observation 


on the known bel 


ipproac hed It is well known that such a critical load is charac- 


terized bv the mere 


deflection It is ¢ 


ise without limit of a slight imposed lateral 
lso well known that the imposed de flection is 
limited at lower loads substantially according to the formula 


(1 P/Ps) 


given by the author. With a very small available 


oree, obviously the frequency of oscillation 


must be 


onversely, finding the ar off 


period long, failure is not fe 


wuthor is to be congratulated on his comprehensive stud) 


The 
of the relations between oscillation frequencies of structures and 
The ible 


these contributions in touched 


the loads upon them writer is particularly to appre 


ciate view ol the tact he 


them relatively qualitatively without recognizing the 


possi 
bilities for further work and wide generalizations in the field 

The emphasis upon the vibration method, because it makes due 
allowance for actual boundary conditions, is important. Thoug 


some allowance was made for joint rigidities in the case of the 


whiskey racks, it was of the routine type 

The use of constant cross sections for the truss members tested 
seems open to question The jomt rigidity of the more lightly 
lo. aded me mbers could exert an indue effect upon the behavior of 
those more heavily loaded. This could result in unduly wide de 
parture of the relation between square of the truss frequency and 


the lo ad thereon } urthermore, the solid sections of members used 


do not have the relatively high stiffness of built-up membe 
pe, based on This would affect individ 


ual member frequencies and might influence the behavior of the 


of open ty i given k vding 


truss as a whole It seems well to consider these points 

In the case of pl ites emphas 8 was placed on the need for the 
employment of the theory of large deflections for securing better 
the 
‘as exhibited in Fig 11 of the paper, with 


agreement between theory and practice Comparison ol 
studies of Massonn 
the results of tests shows the import ince of such considerations 
The practical application of such theory seems open to question 

It happens that the writer served as a member of the American 
Iron and Steel Institute committee which drew up the handbook 
the 


formulas developed by the Committee on 


Steel Sections In view of the nature of 


of “Light Gage 
stress and deflection 
Specifications, he reviewed some seven years of tests, carried on by 
Dr. George Winter of Cornell University for the latter commit tec 
which served as the basis for the formula. Failures were largely 


the vield determined the 


material. In failure, flat-plate 
stiffened on the longitudinal edges ranged in behavior from theo 


determined by exceeding point for 


such compression elements 


retical flat plates supported along the longitudinal edges to those 
clamped along these edges. (It will be recalled that the effective 
plate width is used in design.) 


Voilement des Plaques Planes Sollicitees dans leur Plat 
Massonnet, Final Report of the Third Congress of the Inter 
Asso on for Bridge and Structural 
1948 


Engineering, Liége 
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In two cases, plate curvature so increased on loading that the 
sections behaved substantially as solid sections up to the yield 
point. In all other cases the distribution according to actual flat- 
plate edge condition lay quite at random between the two limiting 
conditions. It would seem that there would be little to gain in 
such a case through study based on large deflection methods, at 
In view of this 
observation based on beam behavior with thin, stiffened flanges 


least in so far as practical design is concerned. 


and quite random types and amounts of initial curvature, it 
would seem necessary to correlate a relatively large number of 
tests of normally fabricated plates loaded and subject to vibra- 
tion to ascertain adequately the range of behavior to be expected 


in practice 
AvuTHoR’s CLosURE 


The author first wishes to express his thanks to Mr. Richard- 
son for his interest in the paper. 

In reply to the points raised in regard to the truss tests, the 
relationship between the frequency and the loading should be 
valid Irrespective of the particular cross sections employed in 
the trusses. If the members fail purely by elastic instability, 
one should be able to use the vibration method in general, con- 
stant and solid cross sections not excepted. 

The plate experiments were conducted to determine whether, 
for thin plates, the theoretically linear relationship between the 
square ol the frequency at d the applied load was obeyed in prac- 
The tests showed that it ind the results of the 
large deflection theory to explain the 


tice. Was not 


were introduced merely 


discrepancy It was not proposed that such theory might be 


the basis for practical application 
omments, two 


Regarding Mr. Richardson's final 


dealing with the vibration method applied to normally fabricated 


reports 


plates have become available since the presentation ol this paper 
rhe first of these, 


buckle 


conducted on solid web bridge girders de- 
confirmed the inapplica- 
The 


and the panels were 


signed to between stiffeners, 


bility of the method to nonlinear systems second” Was 
conducted on stiffened plating for ships, 
designed so that the plate-stiffener combination would buckle. 
In this the 


predicted by the vibration method 


case, general instability was accurately 


point of 


Heat-Exchanger Tube-Sheet Design 
2—Fixed Tube-Sheets' 


The author’s original suggestion, in 1948, that 


G. Horvay.? 
perforated-sheet deflections be calculated by solid-plate formulas, 
replacing in the various expressions the solid-sheet bending 
stiffness 


D = ET?/12 (1 la} 
by the effective stiffness 
dD, ND [1b 


Resistance to Buckling of 
Massonnet, Bulletin Centre 
67-240, 1951. 

s Column or Stiffened 
E. E. Johnson 
Taylor Model 


‘Experimental Investigation of the 
the Web of Solid Web Girders,”’ by Ch 
Etud, Constr. Génie civ. Hyd. Fluviale 5 

A Determination of the Critical Load of 
Panel in Compression by the Vibration Method,” by 
and B. F. Goldhammer, Report 800, The David W 
Basin, Washington, D. C., February, 1952 

By K. A. Gardner, published in the June, 1952, issue of the 
JouRNAL oF Apptiep Mecuanics, Trans. ASME, vol. 74, pp. 159 
166 his will be referred to hereinafter as reference I 

Development Engineer Knolls Atomic 
The Knolls Atomic Power Laboratory is operated by 
Electric Company for the Atomic Energy Commissior 

Heat-Exchanger Tube-Sheet Design," by K. A. Gardner, JouRNAI 
or Apptiep Mecuantics, Trans. ASME, vol. 70, 1948, p. 377 


Laboratory. 
the General 


Power 


DECEMBER, 1952 


of the perforated sheet, represented an important advance over 


earlier design procedures. In Equation [1b] me may be an ex- 
perimental constant, as it was in the 1948 paper, or it may have 


ti ] 


a semiempirical-semitheoretical value, as it does in reference I, 


equation [40 In the present paper the author further utilizes 
the idea of representing tube sheets by equivalent solid sheets, and 
solves several problems of practical importane: 

The 


of simpler, and at the same time more reliable expressions for Dp 


writer’s comments will be concerned with determination 
than 
and the 
a third set of 
introduced to denote 


both for the case of triangular pitch, and for square pitch 


available heretofore Since the author’s use 
writer's use of the symbols A, H, ete., 
symbols, 7’, 2A, 2R, I;, J, B, C, T, 


tube-sheet thickness, average ligament width, tube pitch, mo- 
ment of inertia of solid sheet per unit Jength (7/12), 


were 
is conflicting, 


will be 


moment of 

E1), tor- 
quantities 
12(1 y?), 


A, in refer- 


, bending stiffness of ligament 
(C/B These 
approximate), P, h® 


2R, Is,1, B,C 


inertia of ligament (2A/; 
stiffness (GJ), stiffness 
lenoted by h, P d + 2t 
, in reference I, and by H, 2h 


sional ratio 
were 
ence II.4 

The bending rigidity of a pe triangular layout 


II. It 


basis of reference II Equations [2], [3], in 


rforated sheet of 


determined—though not stated —in reference 


on the 


been 


has 


ean be writt n, 


l + 
»,)EX/R 


effective Poisson ratio, Young's m | shear modu- 


perforated sheet, respectivel value of the 


Poisson ratio », varies, by 1 quation [15], 


for very flat ligaments, 7'< ery tall liga- 
>A: all the time it is assumed t! he ligaments are 
R), its replacement by the 


few innocuous places it still appears in the 


actual 1 ~0.3) value 
deflection for- 
mula (as for instance in the formula 

6 = (5 y ‘ + »,)D 

a uniformly loaded simply supported 
This then fully 


deflection 


for central deflection of 


circular pl it does not cause a significant error 
bears out the author’s observation that soli I-plate 
formulas can be used for pertorate 1 pl ites, OF 1 the substitution 
D— D, must be made 

The situation for the case of 
While it is clear from Fig. 1 of this discussion, 
and torques M,, My, May Very 


to thes , moments and 


delicate 


that when moments 


squar pit 1s 


more 
per inch length) are applied 


iges of such a plate orques 


MV, = 2RM,, 
VM, = 2RM,, 


2RM,, 
2RM, 


the ligaments whicl bending and twist 


= 2M,R/B, vy = 2T,R/C 


of paper, “Bending of Honeycom! d of Perforated 

Apptiep Mecuantces, Tr ASME, vol. 74 

pp. 406-407 lo be referred to hereinafter as II 

> Needless to that rigidity of plate 
om the stiffening effect of the taker 

crease of B and ¢ 
Labeling of M, 


JOURNAL OF 


results 


which 
ure of by suita- 


say, increased 


tubes, can be 


V2 on the right of Fig. 1 should be changed t 


Vv 
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K, = ¢:/2R = 2RM,/B, «x, = 2RM,/B 


Ky = ¥i/2R = 2RM,,/C, ky, = 2RM,,/C 


a comparison with the solid plate-moment curvature relations 
IK, = M. v,M, 
Jl = M, 1M 
2G,,1«,, = M 


ty ty 


= 


now leads to the equivalent elastic constants 


vy, =v, =0 =», E, = E, = EX/R 


G,, = (*/:) TEX R a@ 
ind to the equivalent bending rigidity 
D D, = B/2 : D, 9} 
which (except for 1) no longer adhere to the condition of iso 
tropy 


Vv, 
Indeed, the plate-deflection equation now assumes the form 
Dy, D 
(07/dr? + O7/oy 


and, when written in polar co-ordinates, it involves, for T +1, 


the azimuth angle ¢, explicitly. Because of the ensuing compli- 
cations the equation does not lend itself readily to a Gardner 





type of elastic-foundation analysis Nevertheless, a simple ap- 
praisal of the relative merits of tube sheets of triangular pitch and 
of square pitch can be obtained by comparing their ceniral de 
flections when they are in the form of simply supported tare 
plates. By Timoshenko,* the deflection, for uniforia load gq, side 


length a, is 


32ga* 2 + 21 > sin (*/2) mw sin (*/2) nw 
— WB/R1L +3 


2 * —— uM 
I mn(m? +- 1 





when the pitch is triangular 








32 ya ab te 
wB/R mn=135 
)mm sin ('/2) nw . 
; {12 
mn(m? + n®)? + 21 1) (mn 





when the pitch is square. In Fig. 2 of this discussion we plot 
v,/U, Versus the stiffness ratio T when the B/R ratio of the two 
sheets is the same. It is seen that for  < 1 the sheet of tri- 
angular pitch is stiffer, for [ > 1 the sheet of square pitch is 
stiffer. 





AvuTHOR 's CLOSURE 


The author is indebted to Dr. Horvay for his discussion con- 
tributing to the evaluation of the flexural efficiency ,, in the 
tube-sheet design equations. Since his result differs from that 





derived from Malkin’s paper (reference 3 of the paper), it may 

















be helpful to include a comparison of the two 


In the proof of isotropy of a perforated plate for which the con- 
stants »,, E, of the x-direction repeat at some other angle a( Journal 


or Apeptiep Mecuanics, June, 1952, p. 229) H. Poritsky and the According to Malkin a plate perforated uniformly by 


writer failed to point out that for the s ial case a = x/2 only the 
relations E, = Ey, » v, are established (but these now consti- 
tute merely a restatement of the assumptions), and the third relation 
G = E,/2 (1 + »,) of the proof degenerates into 0 = 0. Thus,in by 
the case of a = 7/2 isotropy cannot be proved, and, as the present 
example indicates, where Dy /4 = r+11)D, = D, whenT + 
1, it need not exist 

* “Plates and Shells,"’ by 8. Timoshenko, McGraw-Hill Book Com- 
pany, Inc., New York, N. Y., 1940, p. 118 

* Tbid., p. 192 


holes on 


a triangular layout 


may 


by 


) 


e treated 


BYSAIl 
(2R)* 


whose effective modulus of elasticity and Poisson ratio a 


2.0 


circular 
id pl ite 


re given 
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The corresponding flexural efficiency may be computed as eived from England a preprint of a paper” by Dr 


V3Al pears 
1h? hose presented in the paper under discussion here. Miller has 


G. Miller in which he has derived, independently and 
equations for fixed tube-sheet design identical to 


le strain measurements on a tube sheet of a 


‘ I 
Ww, sil he suggests defining the mean ligament width x lengtl 
: tate lefining the mea $e = B"  floating-head-type exchanger which show very good agreement 
product (2A/) as (R8/+/3) [1 (wv 3d?/24R? : 
ith hat would be predi ted from the author’s original paper 


» tangential strains are not so 


8+T)(1 v ry 3d? in t of radial strains; the 
~ 1 j ) (Malkin e to theory so, as a result, the comparison between predicted 


6 »2 
radial stresses is not so good as between pre- 


bserved radial strains. However, Miller in effect 


For the same conditions, Horv 
use of a flexural efficiency (and a ligament effici- 


perforated on a triangular pitch, and the 
from which | results referred to are based on the use of 
For the example, in the paper under 


ould give a numerical value of 0.489. 


If Malkin’s suggestion as to the evaluation of the mean liga- A \ ariational Principle for the 
nt width (2A = 2R 0.952d) is adopted, the result is T _— ; 
ment width ( ) is adopter e re 8 gad Mesh- | ype Analy sis ot a 
a +3r)(1i—v d . . 1 
ar? aod (: — 0.952 a) (Horvay) Mechanical System 
2 
In the first part of the paper the author 
In a discussion of Malkin’s paper, the author indicated that the — stematic method for carrying out Dr. Trent's scheme of 
normal range of I’ lay between 0 and 0.12, so that the final com- writing down directly equations for the interaction forces in a 
parisons become mechani yvstem It would be interesting to see how extran- 
brought in by the method which the author 


ad? ' 7 : “ai 
: (1 0.908 =) (Malkin) just mentions 
“he thor ubsequent derivation of a new variational prin- 


and 


d cipl ining equations for the forces in any system subject 
=0.5 952 rvav) 
Ne = 0.50 | 1— 0.952 P (Horvay only to conservative mutual forces and linear internal damping is 


ind brief. Some worked-out examples would 


where the error in the numerical constant due to variation in T 
is approximately +2.5 per cent in the former and +10 per cent e Design of Tube Plates in Heat Exchangers,” by K. A. G 
in the latter. For the example given in this paper the numerical r, to be published in the Transactions of The Institution of 
results are 0.171 and 0.143, respectively. The author does not 


feel competent at the moment to act as arbiter between the two _ published in the June, 1952, issue of the 
JOURN Fr Apptiep Mecnanics, Trans. ASME, vol. 74, pp. 151-152. 


> s ‘ e ots ~“ iscuss as e shed.* . 
methods; a more detailed discussion has been published. Saute f Mathematics, Graduate Institute for Applied Mathe- 
In conclusion it should be mentioned that the author has only ties, Indiana University, Bloomington, Ind 











Book Reviews 


Drag 
Arroprnamic Drac. By Sighard F. Hoerner. Published by the 


author, 148 Busteed, Midland Park, N. J., 1951. Cloth, 6 X 9 in., 
illus., index, bibliography, tables, v and 259 pp., $5.50 


ReviewepD By Pavt A. Lipsy! 


“HIS book is a collection of data on aerodynamic drag pre- 
sented within the framework of aerodynamic theory. The 
devotion of an entire book to such a specialized aspect of aeronau- 
tical engineering is rather unusual. It may be useful, however, as 
collateral reading in a graduate course in viscous flow theory and 
as a reference book for practicing engineers in the aeronautical, 
civil, mechanical, and marine fields. 

The material is arranged in the following manner: Drag due 
to incompressible viscous effects is treated first Thus skin- 
friction and pressure-drag data for blunt and streamlined bodies 
are presented. Induced drag is discussed next and is followed 
by a presentation of drag data for various aircraft components; 
vehicles such as cars, trains, and soon; and internal! flow systems. 
Compressibility effects on low-speed drag characteristics, super- 
sonic wave drag, and drag in free molecule flow are treated in this 


order. 


Analytical Mechanics 


ANALYTICAL Mecuanics For Encineers. By Fred B. Seely and 
Newton E. Ensign. John Wiley & Sons, Inc., New York, N. Y., 
fourth edition, 1952. Cloth, 5'/: & 8'/¢ in., xiv 443 pp 
569 figs., $5.50. 


and 


REVIEWED By NicHoLas GROssMAN? 


\ JITH memories mellowed by time, the reviewer recalls the 

days when he was initiated into his first ‘‘engineering”’ 
course through an earlier edition of “Analytical Mechanics,” 
which has served many fledgling engineers since its first publica- 
tion in 1921. The present edition retains the salient features 
which have made this work a classic among the abundant texts in 
this field, namely: the emphasis of physical entities and comely 
everyday experiences; 
end; reiteration of the free-body concept; a great wealth of well- 
which are neither 


mathematics utilized as a tool, not as an 


balanced and profusely illustrated problems 
to cause undue overconfidence nor 
review questions 


involved or 
at the 


too easy too 
lengthy to discourage students; 


the chapters; a consciencious effort to make each chapter self- 


end of 


contained and in toto, thus avoiding cross references, the latter 
being objectionable in elementary texts 

One cannot constructively review this textbook without ef- 
fectively evaluating both the subject matter and its traditional 
method of presentation. The reviewer feels that a more « ompact 
and unified presentation of the chapters on the resultants of force 
systems and the equilibrium of force systems would enhance the 
clarity and purpose of the whole text. In the same tenor the 
equilibrium of coplanar and noncoplanar force systems could be 
advantageously integrated into an over-all treatment of statics. 
This would aid students in grasping basic and general ideas of 
spacial force systems instead of subdivisions and special cases, 
The treatment of first moments and second moments is the 


weakest section of the text. Here the authors fal] short of their 


! Associate Professor of Aeronautical Engineering, Polytechnic In- 
stitute of Brooklyn, Brooklyn, N. Y. 

? Mechanical Engineer, Sylvania Electric Products, Inc 
L.L,. N.Y. Mem. ASME 


Bayside, 


avowed purpose of making this an engineeringly tangible presenta- 
tion rather than an adjunct to mathematics. One fails to derive 
an organic unity between this appendix and the main body of the 
text. This poses an additional problem for the instructor and a 
psychological handicap for the students. The text on moments 
is not sufficiently complete and product of inertia should not have 
been omitted and Mohr’s circles for inertias might be introduced 
at this level as a powerful tool in the general] field of mechanics. 

As for some minor points, the reviewer feels that relative motion 
and Coriolis’s Law can be more advantageously assimilated in 
kinetics, than in kinematics, especially if it serves as preliminary 
to rotation in space and gyroscopes. The merit of including a 
short chapter each on vibration and balancing is a moot one. 
They seem too lengthy to be incorporated into an already over- 
crowded sophomore course, yet not self-sufficient to serve as a 
textbook in those fields. The reviewer feels that elements of 
mechanical vibrations should be integrated with the text in the 
appropriate sections. 

The reviewer could not fail to observe with growing alarm that 
with the steadily increasing textbook prices there has been a con- 
comitant reduction of marginal space, resulting in less legible, 
more eye-straining texts, a most serious handicap for students. 

In this fourth edition of “Analytical Mechanics for Engineers” 
the authors have retained or successfully improved all those 
features of this text which have made it a clear, concise, and well- 
balanced introductory book in mechanics. 


Engineering Mathematics 


Apvancep ENGINEERING Martuematics. By ( R. Wylie, Jr. 
McGraw-Hill Book Company, Inc., New York, N. Y., 1951 
Cloth, 6 X 9 in., xiii and 640 pp.., illus., $7.50. 


Reviewep sy R. F. Rinenarr® 


"THIS work provides a treatment of “those branches of mathe- 

matics with which the average analytical engineer must be 
reasonably familiar to carry on his own work effectively and keep 
abreast of current developments in his field.””. The author has 
made a good selection of materia] for this purpose, and the book 
should serve admirably as a text for a one-or-more semester course 
for upper-level undergraduates in science and engineering. 

The book opens with three chapters on ordinary differential 
equations and one on applications to mechanical and electrical 
circuits. There follow chapters on Fourier series and integrals, 
and the Laplace transform with application to the development 
Chapter 7 deals with partial dif- 
Chap- 


of the Heaviside methods. 
ferential equations with emphasis on the wave equation 
ter 8 is devoted to Bessel functions. Chapters 9 through 14 con- 
tain, from the standpoint of the engineer, an excellent and com- 
plete treatment of functions of a complex variable, culminating 
One chapte r each is de- 
An appendix 


with applications to fluid mechanics. 
voted to vector analysis and numerical] analysis, 
contains selected refresher and supplementary material from 
algebra and calculus for the student's reference. 

The presentation of the materia] maintains a high pedagogical 
Proofs are written for maximum understandability by 
the reader. Motivations are usually given for any tack in a proof 
which might otherwise be obscure to the student. Refreshing 
phraseology, a departure from the customary language of mathe- 
matical proof, increases the intelligibility. The excellent exposi- 


standard. 
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tion has been achieved without any reduction in the level of rigor 
attained by the better books in this field. 

Some 950 exercises of graded order of difficulty illustrate most 
of the text 
need of supplementing some of the lists. 

The typography is good and few printing errors were noted. 
The major shortcoming in the format is the practice of printing 
statements of theorems without any distinguishing features, either 
This 


seems an unnecessary inconvenience to inflict upon the reader 


Vibration 


Mecuanics or Visration. By H. M. Hanser 
John Wiley & Sons, Inc., New York, N. Y., 1952 
$s. 


material. Some instructors will doubtless feel the 


in type or in spacing, relative to the rest of the text matter. 


and Paul F. Chenea. 
Cloth, 6 X 9 in., 
tables, figs. problems, index, xiii and 417 pp., 


Reviewep By: G. Horvay* 


6° THERE appears to be a need for a treatment of vibrations 
designed primarily as a textbook.” This statement of the 
where they explain the reason for writing 


He was under the 


authors in the preface, 
the book, took this reviewer quite by surprise. 
impression that there are a number of very commendable texts on 
the subject. 

What 


In this reviewer's opinion, 


Since the authors aim so high, they invite close scrutiny 
are the ingredients of a good textbook? 
at least, it must teach the student how to recognize a problem, it 
must teach him how to formulate a problem, it must teach him 
how to solve a problem, and it must teach him how to utilize the 
solution of the problem 

Acquisition of the knack of recognizing the variables of a prob- 
lem, of recognizing the parameters of the problem, of recognizing 
and discarding the irrelevant features of the problem requires 
training and self-discipline. So does the formulation of the equa- 
tions of equilibrium or of motion, and the determination of the 
correct boundary conditions. And so does the skill in drawing 
conclusions from solutions which do not fit the existing situation, 
Neverthe- 


less, many textbooks spend all their energy on the easiest task, 


or in generalizing the implications of partial results. 
number 3, the teaching of the routines of the solution, and leave 
the more vital steps 1, 2, ar d 4, l irgely unattended. The present 
book is no exception. 

This is the problem, these are the pertinent differential equa- 
tions and boundary conditions—is the way a topic is usually in- 
troduced in the first 120 pages (which deals with systems of one 


Then 


comes a lengthy discourse on how to solve the problem (as if a 


degree of freedom and of several degrees of freedom). 


person who knew how to set up his problem needed further in- 
doctrination on how to solve linear differential equations with 
constant coefficients), and then an overlengthy explapation—not 
of the implications of the solution, but rather of its various mathe- 
matical and geometrical niceties. 

Considering the presentation as a reference book, such an ap- 
proach invites much less criticism. But then some other short- 
comings of the presentation become apparent, such as limited 
coverage of the subject, lack of literature references, insufficient 
correlation with the work and terminology of other authors. 

After a brief section on Lagrange’s equations there follows the 
main feature of the book, discussion of the mobility method (80 


pages). The method utilizes, as most readers will know, the 


analogy that exists between electric circuits and mechanical sys- 
tems (charge corresponds to displacement, voltage to force), but 
only to define the notion of mechanical impedance as force per 
The analogy is 


unit displacement, with proper phase relations. 
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then discarded (its further use would constitute an unnecessary 
drag), and mechanical systems are analyzed as such. The authors 
give a very thorough presentation of this laborsaving device, and 
illustrate the technique of setting up problems by numerous ex- 
amples. They treat exhaustively complicated multimass systems, 
branched systems, lever systems, and platform problems. It 
should, however, be remembered that the impedance concept, as 
used, is limited to systems where all elements translate in one 
direction only, and where, correspondingly, rotation occurs only 
about an axis which is perpendicular to the translation axis 

The third part of the book (100 pages) consists of brief chapters 
on the solution of the frequency equation, on systems with dis- 
vibrations, and on nonlinear 


tributed constants, on transient 


vibrations. In short accounts like these, where the author is 


hampered by space limitations, there arises the question of what 


to include, what to omit. Perhaps this reviewer will be pardoned 


for suggesting two items that could be readily replaced by things 


more (such as more extensive discussion of systems 


important 


with continuous parameters, or of nonlinear problems ) One ts 


the lengthy explanation of Graeffe’s method in solving for the 


complex roots of an equation. Quite apart from the fact that the 


method is usually explained also in other courses, and that its use 
depends on the availability of a first-class computer who makes no 


numerical mistakes, there really never arises—in the vibration 


problem of a slightly damped system—a need for such an un- 


pleasant method of solution \ preferable procedure is to solve 


first the undamped 


in the form 
the 


frequency writing it 


then 


equation, 


( P,*) (w?—p,?) approach the factored form oi 


damped equation (w?+aw+ :)(w?+ aw+ 8)... by means of 
Horner type synthetic divisions, using quadratic factors (the un- 
damped factors are the first approximations), as explained ir 
Milne’s Numerical Analysis 
When a mass is attached to a spring of 
mass m, Rayleigh’s rule gives w? k/(M +m 


When one attempts 


page 54 The second suggestion Is 
somewhat personal 
stiffness k 3) for 
the approximate squared natural frequency 
to extend this formula to multimass systems, there arises the need 
for first determining the nodes of the system (with respect to 


This is 


quite a laborious job 


which the masses m must be counted) with the one ex- 
eption that is treated by the authors 
There exists, however, another method of lumping the distributed 
constants of the and this method requires no knowledge 


of the 


spring 


of the node locations. The method consists in lumping 


total shaft mass m into each end as concentrated mass, and re- 


placing the shaft stiffness k by an effective stiffness k + mw?/6 


For the one-mass system the squared frequency w? = (k + mw?/6) 
VU + m/2) to the Rayleigh formula 
for more complicated systems the appearance of w? in the 


Holzer 
the calculation of a new set of spring constants for each 


is readily seen to reduce 
spring 
terms causes no difficulty, since in a (or some other) 
scheme 

issumed frequency causes but a small increase in labor 
There are three sections in the book which particularly im- 
pressed this reviewer. One is the valuable account of the mobilits 


method 


tributed phvsical constants’ 


the second, the lively presentation of ‘systems with dis- 
the third, 


it the end of the book, of some 350 problems, with solutions 


the remarkable collec- 
tion 
included. These problems, by no means trivial, and frequently 


challenging, are a tribute to the authors’ thorough familiarity 
with the field 
the practicing engineer, as he will be enabled to relate many of 
his problems to the the collection. It is 


hoped that future editions of the book will further enhance the 


They are likely to prove also of invaluable aid to 
examples treated in 


value of this section, by providing more “hints for solution.” 


Horvay and J. 
ASME, Vol 
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RESOLUTION CHART 


100 MILLIMETERS 


INSTRUCTIONS Resolution 1s expressed in terms oft the lines per millimet I recorded by 1 particular 
film under specified condition Numerals in chart indicate the number of lines per millimeter in adjacent 


P-shaped”’ yroupings 


In microfilming, it is mecessary to determing the reduction ratio and multiply the number of lines in the 
chart by this value to find the number of lines recorded by the film As an aid in determining the reduction 


ratio, the line above is 100 millimeters in length Measuring this line in the film imave and dividing the length 


into 100 gives the reduction ratio Exampl the line 1s 20 mm. long in the film wave, and 100 20 De 


IE xamint I shaped’ ling yroupings ino the film with MIC TOSCOPe ind note the number idjacent to finest 
lines recorded sharply ind distinetly Multiply this number by the reduction ftacsor to obtain resolving power 
in lines per millimeter Exampk 7.9 group of lines is clearly recorded whil lines in the 10.0, group are 
not distinctly separated Reduction ratio is 5, and 7.9 x § 39.5 lines per millimeter recorded satisfacto 
rily LOO x § 50 lines per millimeter which are not recorded satisfactorily ider the particular condi- 
tions, Maximum resolution is between 39.5 and 50 lines per millimeter. 


Resolution, is me sured on the tilm, is a test of the entire photog: iphi sVsten ine udinyg lens, exposure, 
processing, and other factors These rarely utilize maximum resolution of the film Vibrations during 


exposure, lack of* critic il focus, ind exposures vielding very dense Nevatives are ivoided. 
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